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Abstract
In this paper, we introduce the concept of fuzzy BG — ideals in
BG — Algebra and we have discussed some of their properties.
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1.Introduction

Y. Imai and K. Iseki introduced two classes of abstract algebras:
BCK — algebras and BCI — algebras. It is known that the class of
BCK - algebras is a proper subclass of the class of BCl —
algebras. J. Neggers and H.S.Kim introduced a new notion,
called B — algebra. C.B.Kim and H.S.Kim introduced the notion
of the BG — algebra which is a generalization of B — algebra. In

this paper, we classify the fuzzy BG — ideals in BG — Algebra.

2. Preliminaries

In this section we site the fundamental definitions that will be

used in the sequel.

Definition 2.1
A nonempty set X with a constant 0 and a binary
operation ¢ » ¢ is called a BG — Algebra if it satisfies the
following axioms.
1. x «x =0,
2. X =0 =X,

3. (X*y)+0=y)=x,V xyeX

Example 2.1
Let X = {0,1,2 } be the set with the following table.
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* 0 1 2
0 0 1 2
1 1 0 1
2 2 2 0

Then (X, =, 0) isa BG — Algebra.
Definition 2.2

Let S be a non empty subset of a BG -algebra X , then
Sis called a subalgebra of X if x«yeS, forallx,yeS.

Definition 2.3

Let X be a BG-algebra and | be a subset of X ,then I is

called a BG-ideal of X if it satisfies following conditions:

1. 0el|
2. xxye land ye I= xe |,

3. xe landye X= x»ye |, IxXcl
Definition 2.4

A mapping f: X — Y of a BG-algebra is called a
homomorphism if f(x=y) =f(x)«f(y) V x,y € X

Remark:
If f: X > Y is a homomorphism of BG-algebra, then f(0) = 0.

Definition 2.5
Let X be a non-empty set .A fuzzy sub set p of the set

Xisamappingu : X — [0,1] .

Definition 2.6
A fuzzy set p in X is said to be a fuzzy BG — bi-ideal if

pxew«y) 2min {p (x), u(y)} v xyw e X.
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3. FUZZY SUBALGEBRAS
Definition 3.1

Let u be a fuzzy set in BG — Algebra. Then p is called a fuzzy
subalgebra of X if

px=y)zmin{p (), ny)}v xyeX
Example 3.1
Let X = {0,1,2, 3 } be the set with the following table.

* 0 1 2 3
0 0 1 2 3
1 1 0 1 1
2 2 2 0 2
3 3 3 3 0

Then (X, =, 0) is a BG — Algebra. Define a fuzzy set u : X —
[01]byp (0)=p (1) =toand p (2) = p (3) =tiforto, t1 € [ 0,1]

with to> t; . Then p is a fuzzy subalgebra of X .

Definition 3.2
Let u be a fuzzy set in a set X. For t € [ 0,1], the set
w={xe X/un(x)=>t}iscalled alevel subset of p .

4. Fuzzy BG - Ideal
Definition 4.1

A fuzzy set p in X is called fuzzy BG — Ideal of X if it satisfies
the following inequalities.

L u(0)=p(x),
2. p(x)zmin{p(x~y), uN}

3o px=y)zmin{u ), pM}V xyeX
Definition 4.2

Let A and u be the fuzzy sets in a set X . The Cartesian
product A X p : X X X — [0,1] is defined by

(e X Wxy) =min {A(x), n (M} V xye X
Theorem 4.1
If A and p are fuzzy BG — Ideals of a BG — algebra X, then

A x pis a fuzzy BG — Ideals of X x X.
Proof

For any (x,y) € X X X, we have
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(A X'u)(0,0)

min{ 2(0), u (0)}

v

min {4(x), u (Y)}

(X 1) (xy)

Thatis, (1 X 1)(0,0) = (X p) (x.y).

Let (x1,X2) and (y1,y2) € X X X. Then,

(X 1) (X1, %)

= min { A(Xa), 1 (X2)}
> min {min{ A(x1+y1), A (yo)}.min{u(Xz+y2), 1 (y2)}}

= min {min{ A(x+y1), u(xz+y2)}min{’ (y1), w(y2)}}

= min {(A X w)( (Xeyn, Xor¥2) ), (A X p)( Y1, ¥2)}

= min {(x X w)((x1,%2) = (yry2) ), (0 X w)(y1, y2)}

That is,

(X ) (X1, %2) )

= min {(A X pw)((X1,X2) = (Y ¥2) ), (O X pw)(ys, ¥2)}

and (A X p)((X1,%2)  (Y1Y2))

(A X )(Xaxy, Xoxy2)

min { A( Xi+y1), B Xa+y2)}
= min {min {A(x1), 2 (yn}, min {p (x2), 1 (y2)}}

min {min {L(x1), u (x2)}, min {& (1), 1 (y2)}}

min {(x X ) ((x1.x2) ), (2 X w)((yry2)}

Thatis, (A X pu)( (X1, %2) * (Y1,¥2))

= min{(A X ) (X, x2), (A X )y, y2)}

Hence A X p is a fuzzy BG — ideal of X X X.
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Theorem 4.2 Now u (). min {& (0) ,u (X)}

Let A and p be fuzzy sets in a BG — algebra such that & x pis a
fuzzy BG — ideal of X x X. Then

i. Either M(0)2A(x)orp(0)=2p(x) V xe X.

(- X 1)(0.x)

ii. FA0)=A(X)V x e X, then either p (0) > A (x) or 2 min {(A X p)((0,x)~(0y)), (2 X pn)Oy}
1 (0) = p (X).

iii. If w(0)>p (x)V x e X, then either % (0) > A (x) or = min {2 X p)((0+0,x~y), (A X n)(O0.y)}
A (0) = 1 (X).

Proof =min{(A X p)((0,x~y), (A Xu)0,y}

i. Assume A(x) > A(0) and p (y) > n (0) for some x,y € X . = min {0 X 1)((0+0,%+y) . (0. X 1)(0 )}

Then (A X pu)(x,y) = min { A(x), n ()}
> min{ 2(0), u (0)}

= (2 X)(0,0)

= min{u( x~y), )}k
Thatis, p(x) = min{u( x+y), )}

Therefore (1. X w)(x, y) > (% X 1)(0,0), VX, ye X. wix-y) = min{2(0), u(x-y) }

Which is a contradiction to & X p is a fuzzy BG — ideal of (A X ) (0, x *y)
X X X.

Therefore either A(0) 2 A(x) or p (0) > p (X) V x € X.

(A Xu) (00 ,x~y)

ii. Assumep (0) < A(x)andp () <u(y) VX yeX.

(X u1)((0.x)«(0y))

Then (A X ) (0,0) min{ (0), 1 (0)}

px=y) 2 min{(A X ) (0,x), (A X u)Oy)}

= u(0).
And (A X w)(xy) = min{A(X), 1)} >p0) = min{u(x), 1Mk

= (A X p)(0,0). Thatis, p(x~y) 2min{u(x), ¥}
This implies (A X w)(x, y) > (L X w)(0, 0). This proves that p is a fuzzy BG-ideal of X.

Which is a contradiction to A X u is a fuzzy BG — ideal of Secondly to prove that 2 is a fuzzy BG — ideal of X.

XXX Given L X p is a fuzzy BG — ideal of X X X, then by
Hence if If L(0) > A(X) V x € X, then either

W(0) =% () or 1 (0) > () Theorem4.2(i), either L (0)> A (X)orp (0) > p (x), V x € X.

iii. This proof is quite similar to (ii). Let A (0)>2x (x)
Theorem 4.3 By theorem 4.2(ii) then either 1 (0) > 2 (X) o 1 (0) > u (X).
If L X u is afuzzy BG —ideal of X X X, then A orp N
is a fuzzy BG — ideal of X. ow,
A() = min{u(0), A(x)}

Proof

(- X 'W)(0, x)
min {(2 X 1)((0.x) = (0.y)), (2 X u)(O0.Y)}
min {(0 X w)((0+0,x+y), (A X u)(0,y)}

= min {(A X )0, x+y), (A X )0}

Firstly to prove that p is a fuzzy BG — ideal of X.

Given L X p is a fuzzy BG — ideal of X X X, then by
Theorem4.2(i), either L (0) > L (X) or p (0) > p (x), V x e X.

Let u (0) > p (x).

v

By theorem 4.2(iii) then either A (0) > & (x) or A (0) > p (X).

28



min {(A X w)((0<0, x+y), (A X u)(0,y)}

min{ A ( x-y), % ()}
Thatis, A (X) = min{A( x=y), A (y)}

A (x»y) = min {u(0), 1 (x~y) }
(X 1) (0, x+y)

= (Xu)(0-0 ,x~y)

= (X u)((0x)+0y)

A(xxy) = min{(x X ) (0x), (A Xpu)0y}
= min {2 (x), » ()}

Thatis, A (x=y)2min{A (x), A (Y)}.

This proves that A is a fuzzy BG-ideal of X.
Theorem 4.4

If wis a fuzzy BG — ideal of X, then p; is a BG — ideal
of Xforallte [0, 1]
Proof:

Let u be a fuzzy BG — ideal of X. Then

L u(0)2p(x),

2. u () 2 min{ u (X ~y), n(y)}

3ux«y)zmin{p(x), ny)}Vv xyeX
To prove that p; is a BG — ideal of X
We know that p = { x/ n(x) > t}
Let X, y € yur and pis a fuzzy BG — ideal of X .
Sincep (0) > p ()=t Implies0 e w, Vte[0,1].
Letx+y e w andy €
Therefore, p (X =y) >tand p (y)>t.
Now p (X) 2 min{ pu (X +y), u(V}=min {t,t}>t.
Hence p (X) > t.
That is, X € .
Letx e ,ye X.
Choose y in X such that pu (y) >t .
Since X € primplies p (x) > t.
We know that p (x+y) = min{p(X), uy)}
min{t, t}>t.
p(X+Yy) > t impliesx =y e p.

v

That is,
Hence L is a BG — ideal of X.
Theorem 4.5

If X beaBG —algebra, Vte [0, 1], and p is a BG - ideal of
X, then p is a fuzzy BG — ideal of X.

Proof :
Since p is a BG - ideal of X .
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i. 0 € w,

ii. X+«y e andy ey implies x € pu,

ili. XxXep yeXimplies x+y e .

To prove that p is a fuzzy BG — ideal of X.

i. Letx,yepthenp(x)>tandp (y)>t.

Let u (x) =tiand p (y) =t2, without loss of generality let t; < t,

Then X € py.
Now X € pp andy € Ximplies X =y € py .
Thatis, p(X=*y) =1t
= min{t, -}

min {u (x), uy}-
> min {p(X), ny)}

Thatis, p(x+y)

ii. Let p (0) 1 (X*x)
min {u (x), u(x)} ( by proof (i)
2 p(x).
p(x) VvV xe X.
p((Xx~y)«~(@0=~y))
min{u (x «y), n(0=~y)}(by(i)
min{u (x «y), min{p(0), 1y}t
min{p (X =y), 1)} (by ().
K (x) min{p X =y), 0}

Hence p is a fuzzy BG — ideal of X.
Theorem 4.6

Every fuzzy BG — ideal is a fuzzy BG — hi-ideal.

v

Thatis, p(0)
ii. Let p(X)

(\VZ0 \ VAR | VA | B 1

v

Proof
Itis trivial.
Remark:

Converse of the above theorem is not true. That is
every fuzzy BG — bi —ideal is not fuzzy BG — ideal. Let us prove
this by an example.

Example:
Let X = {0,1,2 } be the set with the following table.

* 0 1 2
0 0 1 2
1 1 0 1
2 2 2 0

Then (X, =, 0) is a BG — Algebra.

29



We define a fuzzy set p : X — [0,1] by p(0) = 0.8 and
wx) =0.2 VvV x #0.

Clearly p is fuzzy BG — ideal of X . But p is not a BG — bi-ideal
of X.

For, Letx=0,w=1,y=0. Then

px ~w=y) = (0+1+0) =p(0~1) = p(1) = 0.02.

min {u(x), u(y) } = min{p(0), n(0) } = u(0)=0.8.
Hence  p(x~w=+y) <min { p(x), n(y) ;-

Hence p is not a fuzzy BG — bi-ideal of X.

Definition 4.3

Let f: X—>Y be a mapping of BG —algebra and p be a
fuzzy set of Y then p is the pre -image of p under fif u' (x) =
f(X)V x e X.

Theorem 4.7

Let f: X—>Y be a homomorphism of BG — algebra if p is a fuzzy
BG — ideal of Y then ' is a fuzzy BG — ideal of X.

Proof
Forany x e X, we have
) =p(f(x) < u(0)=u(f(0)=u (0

Let X, y € X, then

min {u (f (x = y)) , u (F(Y)) }

= min{uf(x)«fy), nFEW}

min { u (x ~y), u' (Y)}

< u(fX)
= u'X
Thatis, u'(X) > min{u' (x~y), 1" (V)}

min{u (f (x)) , u (F () }
< p(fE-fy)

= pn(f(x~y)

= W(x+y)

min {u' (x), 1 (¥) }

Hence p'is a fuzzy BG — ideal of X.

min {0’ (x), u' (Y) } =

Thatis, ' (x=y)

A%

Theorem 4.8

Let f: X—Y be an epimorphism of BG — algebra. If ' is a fuzzy
BG —ideal of X, then p is a fuzzy BG —ideal of Y.

Proof

Lety e Y,3x e Xsuchthatf(x)=vy,
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Then u(y) = u(f(x)
= 1)
< u1'(0)
= u(f(0) = pn(0).
Again let x, y € Y then 3 a, b € X such that
f(a) = x and f(b) = v.
It follows that p (x) = u(f(a))
= 1)

min { u'(a - b), n'(0)}
min { u(f(a ~ b), n(f(b)}
min{u(f(a)-f(b)), n(f(b)}
min { u (x~y), u(y)}-
Thatis, p(X) = min{pX=~y), uy)}
and p(x~y) = u(f(@) - (b))
u(fta ~ b))
w(a-b)
min{ u'@), n'(0)}
min{ u(f(a), u(f(b)}
min {n (), 1 ()}

Hence u (x+y) = min {p(x), pu(¥)}
Hence p is fuzzy BG — ideal of .

1 1 [\
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