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ABSTRACT
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and characterize soft uni-groups as regards this definition and
we prove a number of results and give some alternative for-
mulations about soft uni-groups by using the the concepts of
normal soft uni-subgroups, characteristic soft uni-groups, con-
jugate soft uni-groups, soft normalizer and commutator of a
group, which are analogs of significant results in group theory.
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1. INTRODUCTION

There have been a great amount of research and applications in
the literature concerning some special tools like probability theory,
fuzzy set theory [1} 2], rough set theory [3| 4], vague set theory
[S], interval mathematics [6, [7] and intuitionistic fuzzy set theory
[8L 9], which were established by researches for modeling uncer-
tainties. But these theories has its advantages as well as limitations
in dealing with uncertainties as mentioned by Molodtsov [10].
Soft set theory was introduced by Molodtsov [10] for modeling
vagueness and uncertainty and it has received much attention
since Maji et al. [11] and Ali et al. [12] introduced and studied
several operations of soft sets. Soft set theory has many potential
applications in [[13 114} {15} 164 [17]].

Firstly, Rosenfeld [18] studied fuzzy sets in the structure of groups
and obtained some analog results in group theory. Since then, many
followers [19, 20} 21} 22| 123 [24] studied the fuzzy substructures
of different algebraic structures.

Cagman et al. [25] introduced a new kind of soft group, called soft
int-group, which is based on the inclusion relation and intersection

of sets and studied its basic properties. Some more studies are avail-
able especially for normal soft int-groups [26]. Mustuoglu et al.
[27] defined one more new kind of soft group, called soft uni-group,
which is in fact based on the inclusion relation and union of sets and
more functional for obtaining results in the mean of soft group the-
ory. In the study, they introduced the concepts soft uni-subgroups,
soft normal uni-subgroups, e-left coset set of a soft set and anti im-
age of a soft set and investigated these notions with respect to soft
uni-groups and they obtained some relations and significant char-
acterizations between soft int-groups and soft uni-groups.

In this paper, first we give the definition of soft uni-product for
soft uni-groups and characterize soft uni-groups by using this new
notions. Moreover, we extend the study of soft uni-groups by in-
troducing the concepts of characteristic soft uni-groups, soft conju-
gate, conjugate soft uni-groups and soft normalizer. And we prove
a number of results about soft uni-groups by using these concepts
which correspond to significant results in group theory. We also
give some alternative formulation for uni-soft group in terms of
commutators.

2. PRELIMINARIES

In this section, we present the basic definition of soft set theory and
operations defined on soft sets. Throughout this paper, U refers to
an initial universe, F is a set of parameters, P(U) is the power set
of Uand A, B,C C E.

DEFINITION 1. ([l13|]) A soft set fa over U is a set defined by
fa: E— P(U) suchthat fa(z) =0ifz ¢ A

Here f 4 is also called approximate function. A soft set over U can
be represented by the set of ordered pairs

fa=A( fa(x)):z € B, fa(x) € P(U)}.

DEFINITION 2. ([lI3l]) Let fa and fp be soft sets over U. Then,

fa is a soft subset of fp, denoted by faCfp, if fa(z) C fp(x)
forallxz € E.

DEFINITION 3. ([13)]) Let f4 and fg be soft sets over U. Then,

fa is a soft equal to fg, denoted by fa = fp, if fa(zx) = fs(z)
forall x € E.



DEFINITION 4. ([13)]) Let f4 and fg be soft sets over U. Then,
union of fa and fp, denoted by foUfg, is defined as foUfp =

faop, where fagp(x) = fa(x) U fp(z) forall x € E.
Intersection of fa and fp, denoted by fiNfp, is defined as

falfs = farp, where famp(x) = fa(z) N f5(z) forall z € E.
From now on, G refers to a group structure.

DEFINITION 5. ([27)]) Let G be a group and fg € S(U). Then
fa is called an soft union-group over U if

i) fa(zy) € fa(z)U fa(y) forall z,y € G,
ii) fa(z71) = fo(x) forall x € G.

For the sake of ease in mathematical manipulation we denote a soft
union-group by soft uni-group in what follows.

EXAMPLE 1. ([27)]) Assume that U = S5, symmetric group,
is the universal set and G = Dy = {< z,y >: 22 = y? =
e,xy = yx} = {e,x,y,yz}, dihedral group, is the subset of set of
parameters. The group table of D5 is known as

ez oy yx
ele = y yx
Tz e yr y

yly yr e =«
yrlyr y x e

Now, we can construct a soft set fg by

fa(e) = {(13)}

fa(z) = {e, (12),(13)}
fG(y) = {6,(13),(23)}
fa(yz) = {e (12),(13),(23)}.

Then, one can easily show that the soft set fq is a soft uni-group
over Ss.

PROPOSITION 1. ([27)]) If f is a soft uni-group over U, then
fa(e) C fa(z) forall z € G.

THEOREM 6. ([27)]) A soft set fg over U is a soft uni-group
over U ifand only if fo(zy™') C fa(z)U fa(y) forall z,y € G.
DEFINITION 7. ([27]) Let G be a group, H be a subgroup of

G and fg be a soft uni-group over U. If fy, the soft subset of fg,
itself is a soft uni-group over U, then fy is said to be a soft uni-

subgroup of fa over U and denoted by fu<, fa.

DEFINITION 8. ([27]) Let fo be a soft uni-group over U.
Then, fg is called an abelian soft uni-group over U, if fa(xy) =
fo(yz) forallz,y € G.

DEFINITION 9. ([27]) Let fq be a soft uni-group over U and

fN ufG fn is said to be a normal soft uni-subgroup of fa over
U if fn is an abelian soft uni-group over U. This is denoted by

fn<ufe

3. SOFT UNION PRODUCT AND SOFT
UNI-GROUPS

In this section, we define soft union product and study its properties
as regards soft uni-groups.

DEFINITION 10. Let (G, -) be a group and fg and hg be soft
sets over the common universe U. Then, soft union product fa+hg
is defined by

(fG*hG m{fG UhG )"LL'U:$, U7D€G}a
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L of f is defined by
fHa) = fa™)

and the inverse [~

foralz e G

Note that soft union product is abbreviated by soft uni-product in
what follows. Soft uni-product was defined for semigroups in [28]
and for rings in [29] before. However, since the algebraic struc-
ture of semigroup and ring differ from group, the definition and
the properties of soft uni-product change, too. Especially, since ev-
ery group has a unit element and every element in the group has
its inverse, the definition of soft uni-product for soft groups has its
characteristic properties.

EXAMPLE 2. Consider the additive group G = Zs. Let U =
Dy = {< x,y > 22 = y? = e,xy = yz} = {e,7,y,yx}
be the universal set. Let fo and hg be soft sets over U such
that fG(O) = {€7y7y$}7 fG(l) = {6,$}7 fG(Q) = {y:yl’}
and hg(0) = {z,y}, hc(1) = {e,yz}, ha(2) = {yz}. Since
1=14+0=0+1=2+2, then

(faxha)(1) =
{fa(D)Uha(0)} N{fc(0)Uha(1)} N{fa(2) Uha(2)} = {y}

Similarly, since0 =0+0=142=241and2=141=
042 =240, then (fo*hg)(0) = {e,yz}, (faxhe)(2) = {yz}.
THEOREM 11. Let fo,gc, ha be soft sets over U. Then,
) (fa*96) *ha = fa * (9c * ha).
ii) fa*gc # gc * fa, generally. However, if G is abelian, then
fa * 96 =g * fc.
i) fo*(9cUhc) = (fc*9c)U(fa*he) and (fcUge) *he =
(fe * ha)U(gc * he).

) fo*(9cNhe) = (fa *96)N(fa*he) and (faNga) *he =
(fa *ha)N(ga * ha).

v) Iffgégg, then fq * hgégg * hg and hg * fgéhg * gg-

vi) If tg,lq € S(U) such that t¢Cfo and lcCgg, then tg *
leCfe * go-

Proof: 7) follows from Deﬁnitionand Examp]e Let G be an
abelian group and z € G such that = uw. Then,

(fa*g9a)(@) = [(fs(w) Ugs(v) | uv = z)
= gs() U fs(u) | vu =2)
= (96 * fo)(x)

Hence fc * 9o = gc * fa-
i4i) Let @ € G such that @ = zy. Then,

(fa * (9¢0ha))(a) = [({fe(x)u gGOhG)(y)}

({fe(=) (y) Uha(y)}

Nl(fo (@) Uga®) U (fa(z) Uha(y))]

= [Nfe(@) Ve U[(fo(z) Uha(y))]

= (fe*g9c)(a) U (fa * ha)(a)
[(fa * 9a)U(fe * ha)l(a)

Thus, (feUge) * he = (fa * ha)U(ga * hg) and (iv) can be
proved similarly.

a

)
)
(
)T

Av



v) Let z € G such that z = yz, then

(fa *he)(@) = [(foly) Uha(2))

C gs(y) Uha(2)) (since f(y) € ga(v))
(96 * ha) ()

Similarly, one can show that he * faCha * gg-

N

(vi) can be proved similar to (v).

In Definition[3] the soft uni-group is defined as regards the elements
of G. Now, we give an equivalent definition for soft uni-groups in
terms of soft uni-product.

THEOREM 12. Let fq be a soft set over U. Then, fq is a soft
uni-group over U if and only if fo * fa2fg and f5' = fa.

Proof: Assume that f¢ is a soft uni-group over U and a € G such
that @ = zy. Then,

(fo* fa)@) = [ (fo(@) U fa(y))

a=xy

() fa(zy)

a=xy

N fe(a)

a=zy
= fa(a)
Thus, f& * fo2fe. Moreover, by the definition of soft uni-group
f&' (@) = fa(z™) = fa(w). HeNnce, ot = fe.
Conversely, assume that f * fo 2 fg and f5' = fg. Letz,y € G

and a = xy~! (since G is a group, every element has an inverse).
Then, we have:

fa(zy™)

U

fa(a)
C (fe* fe)(a)

(N (fe@ Ufaly™)

-1

Nl

fa(z)U faly™)
fa(x)U fa(y)

Hence, f is a soft uni-group over U. This completes the proof.

N

THEOREM 13. Let A, B C G and fa, fB be soft uni-groups.
Then

(faxfo)t=fg'*fa
Proof: Let x € G. Since G is a group,
(fax fB) ' (x) = (faxfp)(z™")
(N(fa@) U fe(v) [uvo=a"", u,ve G}
() U fatu) [w=2", uveG}
ﬂ{fs (U fau ) o et = 1)
(' ufat@?) v e =g}
(f5"* fa')(=)

In group theory, we know that if H and K are subgroubs of G, then
HK is asubgroup of GG if and only if HK = K H. Now , we have
an analog theorem for soft uni-groups.
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THEOREM 14. Let A, B C G and fa, fp be soft uni-groups.
Then, fa * fg is a soft uni-group if and only if fa x fg = fg* fa.

Proof: Let f4 and fp be soft uni-groups. First, assume that f4 * f
is a soft uni-group. Then;

foxfa=f5"*fa' = (fax )" = fax f.
Conversely, suppose that f4 * fg = fp * fa. Then;

(faxfB)* (fa*xfB) = fax(fe*fa)*[B

= fax(faxfe)*fB
= (faxfa)*(fB*fB)
D fax*xfm
and (fa* f) ' = (fe*fa) = f1" *f5" = fa* fp. Hence,

fa * fp is a soft uni-group.

In group theory, we know that if NV is a normal subgroup of G and
H is any subset of GG, then NH = HN. Now , we have an analog
theorem for normal soft uni-groups.

THEOREM 15. Let A,B C G and fa be a normal soft uni-
group and fp be any soft set in G. Then, fo x fg = fB * fa.

Proof: Let x € G. Then,
(fax f5)(@) = [(fa(w) U f5(0) [uo =2 u,v € G)

Since f4 is a normal soft uni-group (that is, abelian) and uv = x
implies u = zv~1, then

(fax* fB)(z) = ﬂ{fA v
:m{fB YU fa(v ') |v(v'z) =2, veEG)
(fB * fa)(z)

In group theory, we know that if N is a normal subgroup of G and
H is a subgroup of G, then IV H is a subgroup of G. Now , we have
an analog theorem for normal soft uni-groups.

HYufe@) | (v Hv =2 ve G}

THEOREM 16. Let f4 be a normal soft uni-group and fg be a
soft uni-group. Then fa * fp is a soft uni-group.

Proof:
(faxfB)* (fa*xfB) = fax(fe*fa)*[B

= fax(faxfe)*fB
= (faxfa)*(fB*fB)
2 fax[fB

Now, let x € GG.Then,
(faxfB)(@)

N{fa(@) U fa(v) |w =2, uveG)
NFaw ) U fa ™) o u ! =2}
N ™) U falw™) ™ ot =2}
Nirs! (v*l) Ufal@ ) o et =)
Nifsw U faw™) v =2}

(fB * fa)(z)
(fax fB)(=)

ey



Thus, fa * fp is a soft uni-group.

4. SOFT CHARACTERISTIC FUNCTION AND
SOFT UNI-GROUP

Soft characteristic function was defined for semigroups in [28]] and
for rings in [29]] before. Now, we give the definition for group struc-
ture and we obtain the subgroups of o group by using this definition.

DEFINITION 17. Let X be a subset of G. We denote by Sx-
the soft characteristic function of the complement X and define as

[0, if zeX,
ch(x)*{U, if zeG\X

THEOREM 18. Let X and Y be nonempty subsets of a group
G. Then, the following properties hold:

i) IfY C X, then SxcCSy-e.
ll) SXCﬁSyc = SXCHYC: SXCOSYC = SXCUYC.
Proof: i) is straightforward by Definition[I7}

11) Let g be any element of G. Suppose g € X“NY“. Then, g € X°¢
and g € Y. Thus, we have
(SxeNSy<)(g) = Sxe(9)NSy<(9) =UNU = U = Sxeny<(9)
Suppose g ¢ X°NY*<. Then, g ¢ X¢or g ¢ Y°. Hence, we have
(Sx<NSy<)(g) = Sxc(g) NSyc(g) =0 = Sxenye(s)
Let g be any element of G. Suppose g € X°U Y*“. Then, g € X°
or g € Y. Thus, we have
(SxcUSye)(g) = Sxe(g) USye(g) = U = Sxeuye(g)
Suppose g ¢ X°UY*“. Then, g € X and g € Y. Hence, we have
(Sx<USy<)(g) = Sx(9) USye(g) = 0 = Sxeuye(9)

It is easy to see that if fg(z) = 0 for all z € G, then fg is a soft
uni-group over U. We denote such a kind of soft uni-group by 0.1t
is obvious that = Sge, i.e. 8(z) =@ forall z € G.

LEMMA 19. Let fg be any soft uni-group over U. Then, we
have the followings:

i) 6026
i) fa* aigand 0 * fcjg
iii) fond =0 and fc00 = fe.
THEOREM 20. A non-empty subset H of a group of G is a sub-
group of G if and only if the soft subset fq defined by

oo ={ & i eI

is a soft uni-group, where o, 3 C U such that o O (3.

Proof: Suppose H is a subgroup of G and =,y € G. If x,y €
H, then zy~! € H.Hence, feo(zy™') = fo(z) = faly™) =
faly) = Bandso, fo(zy™') C fa(x) U faly). o,y ¢ H,
then zy~' € H orxzy~! ¢ H.Inany case, fo(zy~!) C fo(z) U
fa(y) = a. Thus, fg is a soft uni-group.

Conversely assume that f¢ is a soft uni-group of G. Let x,y €
H. Then, fa(zy™') C fo(z) U fo(y) = B. This implies that
fo(xy™') = 8. Hence, zy~! € H and so H is a subgroup of G.
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THEOREM 21. Let X be a nonempty subset of a group G.
Then, X is a subgroup of G if and only if Sx. is a soft uni-group
of G.

Proof: Since
U if zeG\X,
Sxe(r) = { 0, if z€X

and U D 0, the rest of the proof follows from Theorem

S. CHARACTERISTIC SOFT UNI-GROUPS,
CONJUGATE SOFT UNI-GROUPS AND SOFT
NORMALIZER

In this section, we define characteristic soft uni-groups, conjugate
soft uni-groups and soft normalizer and study their basic properties.

DEFINITION 22. Let fg be a soft uni-group over U and © be
a map from G into itself. We define a map

f&:G — PU)
by
& (z) = fa(O(x)), vz € G.

Then, fq is called a characteristic soft uni-group over U if f =
fa for every automorphism © of G.

THEOREM 23. Let fg be a soft uni-group over U and © be a
homomorphism of G. Then, f& is a soft uni-group over U.

Proof: We need to show that f§(zy) C f&(x) U f&(y) for all
xz,y € G.Letz,y € G. Then,

f&(zy) = fo(O(zy)
= fe(0(x)O(y)), since © is a homomorphism.
€ fa(©()) U fa(©(y)
= fE(z) U &)
Again,
féa) = fa(0(a™))
= fa(O(x))™!
= fa(6(z))
= [&(2)

THEOREM 24. Let fq be a soft uni-group over U, where fq is
a bijective mapping and © be an epimorphism of G. Then, f& is an
abelian soft uni-group over U if and only if G is an abelian group.

Proof: Let fo be a soft uni-group over U, © be an epimorphism
of G and G be an abelian group. In above theorem, we show that
if fe is a soft uni-group over U and © is a homomorphism of G,
then fg is a soft uni-group over U. Thus, we only show that fg is
an abelian soft uni-group over U. Let z, y € G, then

fE(xy) = fa(O(zy))
fa(O(yx))
= f&(ym),

which shows that fg is an abelian soft uni-group over U.
Conversely, let & be an abelian soft uni-group over U where © is
an epimorphism of G. Let z, y € G, then

& (wy) = & (yx) = fa(0(2)O(y)) = fa(O(y)O(x))
= 6(z)0(y) = 6(y)O(x).



It follows that G is an abelian group, since © is an epimorphism of
G.

THEOREM 25. If fo be a characteristic soft uni-group over U,
then fq is an abelian soft uni-group.

Proof: Let z,y € G. We need to show that f(zy) = f(yz) for
all z,y € G. Let © be an automorphism of G defined by,

O(z) =z 1gz, Vg € G.

It is well-known that © is an automorphism of G, called inner auto-
morphism. Since f¢ is a characteristic soft uni-group over U, then
= fg. Thus, we have

Ja(zy) =

1

QT Q QA

HoR R MC

w8 8
L s
=~

B &

TN

<

3 B

&

=

= falyz)
Hence, f is an abelian soft uni-group.

DEFINITION 26. Let fg be a soft uni-group over U, fg and
fx be soft uni-subgroups of fc. We say that fi is soft conjugate
to fx if for some x € G, we have

fu(g) = fx(z7'gz), Vg € G.

THEOREM 27. Conjugacy is an equivalence relation in the
family of soft uni-subgroups of a soft uni-group.

The family of soft uni-subgroups of a soft uni-group is a union of
pairwise disjoint classes of soft uni-subgroups each consisting of
soft uni-subgroups which are equivalent to one another. We shall
now obtain an expression giving the number of distinct conjugates
of a soft uni-group. First we give some preliminaries.

Let fc be a soft uni-group over U and g € G. We denote by f&
the map

f:G— P(U)
by
fé(x) = fa(g7tag), Vo € G.

THEOREM 28. Let fq be a soft uni-group over U. Then, f2 is
a soft uni-group over U for all g € G.

Proof: We need to show that f&(zy) C f&(x) U f&(y) for all
z,y € G.Letx,y € G, then

fe(zy) = falg " (zy)g)
falg x(9g )yg)
fa(lg ' zg) (9 yg))
(
(

N

falg ™ ag) U falg 'yg))
fé

z) U f&(y)
Again,
f&@™) = felga"g)
fc;((g tzg)™h)
felgtzg),
= f&(x)
DEFINITION 29. The soft uni-group f¢, in the above theorem

is called conjugate soft uni-group over U determined by fa and
x € G.
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DEFINITION 30. Let fg be a soft uni-group over U. Then,
N(fe)={9€G: f& = fc}
is called the soft normalizer of fq.

THEOREM 31. Let fg be a soft uni-group over U. Then
N(fg) is a subgroup of G.

Proof: Let a,b € N(fc). Then,

& (@) = fo((ab) 'wab)
= fa(btatzab)
= fo(b ' (atza)b)
= f&(a wa)
= fe(a 'zma), since be N(fq)
= f&(x)

= fa(z), since a € N(fc)
Thus, f& = fe, implying that ab € N(fg).
Again, letz € N(fg) and lety = z~!. We show thaty € N(fc).
For any w € G, we have
Jé(w) = faly™ wy)
= fa

I
—
Q

I
as

Il Il
oy s
Q Q
SR BRI A ALK A
8
g
&

Thus, f& = fe,soy € N
group of G.

THEOREM 32. Let fe be a soft uni-group over U. Then, fq is
an abelian soft uni-group over U if and only is N(fg) = G.

Proof: Let fo be an abelian soft uni-group over U, g € G. Then
for any w € G, we have

f&(w) = fo(g™wg)
= fo((g tg9)w), since fo is abelian.
= fa(w)
Thus, f& = f¢ implying that g € N(f¢). It follows that N (fg) =
G

Conversely, let N(fg) = G and z,y € G. To prove that fg is an
abelian soft uni-group, we need to show that

fa(zy) = fa(yz)
for all z, y € G. We have
fo(zy) = fo(zy(za™))
= fo(a(yz)z™)
= fgl(y:r), by definition of fgl
= felyz)
since N(fg) = Gandsoz™' € N(fg), implying that fgl = fa.

Thus, f is an abelian soft uni-group.

The above theorem illustrates the motivation behind the term nor-
malizer, and also it shows the analogy with the fact that a subgroup
H of a group G is normal in G if and only if the normalizer of H
in G is equal to G itself. Again, the following theorem is an analog
of a basic result in group theory.



THEOREM 33. Let fo be a soft uni-group over U. Then, the
number of distinct conjugates of fc is equal to [G : N(fg)), that
is, the index of N(fg) in G, provided that G is a finite group.

Proof: The proof of this result is based on the same technique used
to prove the corresponding analogous result for groups. Consider
the decomposition of G as a union of cosets of N(fg):

G = 131N(fg) U JIQN(fG) U...u l‘kN(fg),

where k is the number of distinct cosets, that is [G : N(fg)]. Let

x € N(fg) and choose 4 such that 1 < ¢ < k. Then for g € G,
fe(g) = fc((w'w)’lg(ww))

a7 gui)x)

9171)

Ygx;) since x € N(fa)

fe(z™
f&(z;
fa(

7
:I:Z

& (9)

Thus, we have

[ (g) =

So any two elements of G which lie in the same coset z; N (fg)
give rise to the same conjugate of f£' of f. Now we show that two
distinct cosets give two distinct conjugates of f. For this, suppose
that

oi(g),forallz € N(fg),1<i<k.

fe =g,
where ¢ # jand 1 <1i <k, 1 <j < k. Thus,

Ti

& =1fd & f&9)=fd(9), VgeG.

& fola;'gr:) = fola; gz;), Vg eG.
If we choose g = x; t:c;l, it follows that,
fale; tajte; a;) = fG(:v;lxjtx;.lmj)
= fc;((m;lxi)flt(a:;lxi)) = fa(t), VteG.
~ 157N = fe(t), Ve G

= x;lxi € N(fG)
N(fe) =z;N(fe)
However, if i # j, this is not possible when we consider the decom-

position of G as a union of cosets of N(fg) Hence the number of
distinct conjugates of fg is equal [G : N(fg)]-

= T;

THEOREM 34. Let fg be a soft uni-group over U and fn be a
soft uni-subgroup of fa. Then, fy is a normal soft uni-subgroup of
fc ifand only if fn is constant on each conjugate classes of N.

Proof: Suppose that fx<, fg. Then,
fn(x)

for all z,y € N. Conversely, suppose that fx is constant on each
conjugate classes of N. Since fn <, fg, then it is itself a soft uni-
group, therefore it is enough to show that fy is abelian. Let z,y €
N, then

In(y tey) = fn(y lye) =

In(zy) = fr(zy(ez™))
= fy(z(yz)a™)
= fN(yw)v

which shows that f is a normal soft uni-subgroup of fg.
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THEOREM 35. Let fa be a soft uni-group over U and fn be a
soft uni-subgroup of fq. Then,

/N ={z e N | fn(x) C B}
is a normal subgroup of N, where 8 C U and 8 D fn/(e).

Proof: Since 3 O fn(e), thus e € fj%ﬁ and ) # fl%ﬁ C N. Now,
letx,y € f]%B. Then, fx(z) C B and fx(y) C B. It follows that

In(zy™) S fa(z) U fa(y)
C pup=p,

implying that zy~! € fy . Now assume that z € f” andn € N.

Since fn<, fg, fn is constant on each conjugate classes of NV by
the above theorem. It follows that

fn(z) CB

foralln € N and z € f5”, which shows that nzn ! € fl%ﬂ. So,
this completes the proof.

We now give an alternative formulation of soft uni-group in terms
of “commutators” of a group. First we recall that if G is any group
and x,y € G, then the element z~'y~!zy is usually denoted by
[z, y] and called the commutator of x and y. If G is abelian, then
[z,y] = eforall z,y € G. This motivates the following proposi-
tion:

fy(nan™t) =

PROPOSITION 2. Let fg be a soft uni-group over U. Then we
have the following:

i) If fa is an abelian soft uni-group over U, then fg|x,y] =
forallz,y € G.

i) If falz,y] = fa(e) forall z,y € G, where fg is a bijective
function, then fq is an abelian soft uni-group over U.

fa(e)

Proof: i) Let f be an abelian soft uni-group over U. Then,
felz,y) = fa(z 'y tay)

fal@ (v ty)x)

fa(e)

ii) Let z,y € G. Then,

=fale) & vty tay=e¢
& yr = Ty,
< folyz) =

implying that f is an abelian soft uni-group over U.

felz,yl = fa(z 'y tay)

fa(ry)

THEOREM 36. Let fq be a soft uni-group over U. Then, for all
x,y € N, fn is a normal soft uni-normal subgroup of fg if and

onlyis fn[z,y] C fn(z).

Proof: Suppose that fy is a normal soft uni-subgroup of fs and
x,y € N. Then,

Inlz,yl = vty tey) © fa(e ) U fn(y tay)
= fn(x) U fn((y ty)a)
= fn(z)U fn(z)

= fn(z)

Conversely, suppose that fx[z,y] C fn(z) forall z,y € N.In
order to show that fx<, fg, it is enough to show fy is constant on



each conjugate classes of N. Let x, z € N, then we have

fn(a™ler) = fn((z ’1)96’1296)

C fn(z(z7'a " za))
C fn(x) U fnlz, 2]
= fn(2)

Thus,

Again, we get

fn(z) = fy((at)z(za™t))
= fy(z(z tzz)z™h)
C fn(@)Ufn(ztze) U fu(zh)
In(@) U fy(z tzz) U fn ()
= fn(x)U fn(z t2x)

If fn(x) U fx(z7t2x) = fn(z), then we obtain that fi(2) C
fn(z) for all x,z € N, implying that fy is a constant function
and in this case, obviously fy(z7tzx) C fn(2) is satisfied as
well, thus the result holds immediately. So we consider the case
when fn(z) U fn(z7t2x) = fn(z t2x). Then,

fn(2) C fn(z7tzx), and so fy(z7tzx) = fn(2).

Hence, fy is a normal soft uni-subgroup of fg.

Let f N<u fc and fx be an abelian soft uni-group over U. Then it
is obvious that fx<, fg. In fact, since fy is an abelian soft uni-
group, then by Proposition 2 (i),

Inlz,y] = fn(e) C fy(z) forallz,y € N.
Since
fnlz,y] C fn(x), it follows that fx <, fo by the above theorem.

fa(e) = {(13)}
fG(‘T) = {67(12)7(13)}
faly) = {e,(13),(23)}

6. CONCLUSION

Soft int-groups and its related properties was first introduced and
studied in [25]] and soft uni-groups and its related properties in [27].
In this paper, first by defining soft uni-product, we have investigated
this concept as regards sof uni-groups and we have obtained some
significant relations between subgroups of a group and and soft uni-
groups. Moreover, we have extended the study of soft uni-groups.
We introduced the concepts of characteristic soft uni-group, soft
normalizer, soft conjugate and conjugate soft uni-groups. We have
proved several results and made some characterizations about soft
uni-groups by using these concepts which correspond to significant
results in group theory. We also gave some formulations for uni-
soft groups in terms of commutators. To extend this study, one can
further study the soft cosets and normal soft uni-subgroups in the
mean of quotient groups.

7. ACKNOWLEDGEMENT

This paper is a part of the MSc thesis of the first author at
Amasya University,Graduate School of Natural and Applied Sci-
ences, Amasya, Turkey.The first and second authors acknowledge
the financial support by the FMB-BAP 16-0227 Project, entitled
”Construction of normal soft union groups and quotient groups”
carried out by Amasya University, Turkey.

International Journal of Computer Applications (0975 - 8887)
Volume 155 - No.10, December 2016

8. REFERENCES

[1] L.A. Zadeh, Fuzzy sets, Inform. Control 8 (1965) 338-353.

[2] L.A. Zadeh, Toward a generalized theory of uncertainty
(GTU)-an outline, Inform. Sci. 172 (2005) 1-40.

[3] Z.Pawlak, Rough sets, Int. J. Inform. Comput. Sci. 11 (1982)
341-356.

[4] Z.Pawlak, A. Skowron, Rudiments of rough sets, Inform. Sci.
177 (2007) 3-27.

[5] W.L. Gau, D. J. Buehrer, Vague sets, IEEE Tran. Syst. Man
Cybern. 23 (2) (1993) 610-614.

[6] M.B. Gorzalzany, A method of inference in approximate rea-
soning based on interval-valued fuzzy sets, Fuzzy Set Syst. 21
(1987) 1-17.

[7] K. Atanassov, Operators over interval valued intuitionistic
fuzzy sets, Fuzzy Sets Syst. (64) (1994) 159-174.

[8] K. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets Syst. (20)
(1986) 87-96.

[9] L. Zhou, W.Z. Wu, On generalized intuitionistic fuzzy rough
approximation opeartors, Inform. Sci. 178 (11) (2008) 2448-
2465.

[10] D. Molodtsov, Soft set theory-first results, Comput. Math.
Appl. 37 (1999) 19-31.

[11] P.K. Maji, R. Biswas, A.R. Roy, Soft set theory, Comput.
Math. Appl. 45 (2003) 555-562.

[12] M.L Ali, E. Feng, X. Liu, W.K. Min, On some new operations
in soft set theory, Comput. Math. Appl. 57 (9) (2009) 1547-
1553.

[13] N. Cagman and S. Enginoglu, Soft set theory and uni-int de-
cision making, Eur. J. Oper. Res. 207 (2010) 848-855.

[14] F. Feng, W. Pedrycz, On scalar products and decomposition
theorems of fuzzy soft sets, Journal of Multi-valued Logic and
Soft Computing, 2015, 25(1), 45-80.

[15] F. Feng, J. Cho, W. Pedrycz, H. Fujita, T. Herawan, Soft set
based association rule mining, Knowledge-Based Systems,
2016, 111, 268-282.

[16] X. Ma, J. Zhan, Applications of soft intersection set theory
to h-hemiregular and h-semisimple hemirings, J. of Mult.-
Valued Logic and Soft Computing, 25(2015) 105124

[17] J. Zhan, B. Yu, V. Fotea, Characterizations of two kinds
of hemirings based on probability spaces, Soft Comput,
20(2016), 637648.

[18] A. Rosenfeld, Fuzzy groups, J. Math. Anal. Appl. 35 (1971)
512-517.

[19] W. Liu, Fuzzy invariant subgroups and fuzzy ideals, Fuzzy
Set Syst., 8 (1982) 133-139.

[20] W. N. Dixit, R. Kumar and N. Ajmal, On fuzzy rings, Fuzzy
Set Syst., 49 (1992) 205-213.

[21] H.K. Saikia, L.K. Barthakur, On fuzzy N-subgroups of fuzzy
ideals of near-rings and near-ring groups, J. Fuzzy Math. 11
(2003) 567-580.

[22] K.H. Kim, Y.B. Jun, On fuzzy ideals of near-rings, Bull. Ko-
rean Math. Soc. 33 (1996) 593-601.

[23] S. Abou-Zaid, On fuzzy subnear-rings and ideals, Fuzzy Set
Syst., 44 (1991) 139-146.

[24] B. Davvaz, Fuzzy ideals of near-rings with interval-valued
membership functions, J. Sci. L. Iran. 12 (2001) 171-175 .



[25]

[26]

(27]

(28]

[29]

N. Cagman, F. Citak and H. Aktas, Soft int-groups and its
applications to group theory, Neural Comput. Appl., DOIL:
10.1007/s00521-011-0752-x.

K. Kaygisiz, On soft int-groups, Annals of Fuzzy Mathemat-
ics and Informatics, Volume 4, No. 2, (October 2012), 365-
375

E. Mustuoglu, A. Sezgin, Z. K. Tiirk, N. Cagman, A.O.
Atagiin, Soft uni-group and its applications to group theory,
submitted.

A. Sezgin, A new approach to semigoup theory I; Soft union
semigroup, ideals and bi-ideals , Algebra Letters, Vol 2016
(2016), Article ID 3.

A. Sezgin Sezer, A new view to ring theory via soft union
rings, ideals and bi-ideals, Knowledge-Based Systems, 36,
2012, December, 300-314.

International Journal of Computer Applications (0975 - 8887)
Volume 155 - No.10, December 2016



	Introduction
	Preliminaries
	Soft union product and soft uni-groups 
	soft characteristic function and soft uni-group
	characteristic soft uni-groups, conjugate soft uni-groups and soft normalizer
	Conclusion
	Acknowledgement
	References

