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ABSTRACT
The purpose of the sliding mode controller for a vehicle suspen-
sion system is to reduce the discomfort sensed by passengers
which arises from road roughness and to increase the ride han-
dling asso- ciated with the pitching and rolling movements. This
necessitates a very fast and accurate controller to meet as much
control objec- tives, as possible. This paper deals with introduc-
ing a new technique such as Propor- tional Integral Sliding Mode
controller(PISMC), sliding mode con- troller(SMC) and PID ap-
proaches to Half-Car Active Suspension to design a stability to
meet the control objectives. The advantage of this controller is
that it can handle the nonlinearities faster than other conven-
tional controllers. The approach of the proposed con- troller is
to minimize the vibrations on each corner of vehicle by sup-
plying control forces to suspension system when travelling on
rough road. Simulation results and a comparison with a calssi-
cal PID con- troller are presented and discussed. We studied
the stabil- ity of the three used controllers in the presence of
distur- bances. A good performance for the sliding mode controller
(SMC) is achieved in simulation studies despite the disturbances.

General Terms
Vehicle, Sliding mode control

Keywords
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1. INTRODUCTION
A car suspension system is the mechanism that physically separates
the car body from the wheels of the car. The suspension system can
be categorized into passive, semi-active and active suspension sys-
tem according to external power input to the system and/or a con-
trol bandwidth [1]. Active suspensions differ from the conventional
passive suspensions in their ability to inject energy into the system,
as well as store and dissipate it. Various control strategies have
been proposed by numerous researchers to improve the trade-off
between ride comfort and road handling that occurred when passive
car suspension is used. A number of researchers have suggested
control methods for vehicle suspension systems. A linear controller

was designed for a quarter or half vehicle[2],[3],[4],[5],[6]. Due
to its robustness, the author used a H1 controller for car active
sus- pension with electric linear motor in order to provide com-
fort and safety for the passengers [7]. In reference [8], the authors
presented the optimal semi-active pre- view control response of a
half car vehicle model with magnetorhe- ological damper in order
to minimizes a performance index. Oth- ers authors used a non-
linear controller, such as a nonlinear optimal control law based on
quadratic cost function which is developed, and applied on a half-
car model for the control of active suspension system[9]. In [10],
a mathematical models of a seven-degree of freedom sus- pension
system based on the whole vehicle are established and the fuzzy
controller of vehicle semi-active suspension system is de- signed.
A large class of fuzzy approches for vehicle suspension sys- tem
are developed[11],[12],[13],[14],[15],[16]. A lot of researches have
suggested control methods for vehicle suspension systems which
combined two intelligent controls, fuzzy logic and neural network
control[17],[18]. In order to achieve the desired ride comfort and
road handling and to solve the mismatched condition problem due
to the na- ture of the road disturbances, a proportional, integral slid-
ing mode control technique is presented to deal with the system
and uncertainties[19]. In this paper, a SMC strategy is developed
based on the proportional sliding surface which is very quickly to
achieve the desired trajectory than the proportional integral sliding
sur- face which was presented in the last reference. The arrange-
ment of this paper is as follows. The dynamic model of the half
car suspension is given in the second section.Strategies of control
for the hal car which are the Proportional Integral Sliding Mode
con- troller(PISMC), sliding mode controller (SMC)and calssical
PID controller are presented in the third section. Simulation results
are introduced in the fourth section. Finally, conclusion and future
works are given in the last section.

2. ACTIVE SUSPENSION SYSTEM
Modeling of the active suspension systems in the early days con-
sidered that input to the active suspension is a linear force as[20].
Recently, due to the development of new control theory, the force
input to the active suspension systems has been replaced by an in-
put to control the actuator. Therefore, the dynamic of the active sus-
pension systems now consists of the dynamic of suspension system
plus the dynamic of the actuator system. Hydraulic actuators are
widely used in the vehicle active suspension systems as considered
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in [22], [23], [24]. The active suspension system of the half car
model is shown in figure 1. Let and be the force inputs for the front
and rear actuators, respectively.

xbfxbr
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xwr

wfwr

θb

Ib mb

fffr

cbfcbr

kbfkbr
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mwr
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Fig. 1. Active suspension for the half car

Therefore, the motion equations of the active suspension for the
half car model may be determined as follows [25]:

mb

L
(Lf ẍbf + Lrẍbr) + cbf (ẋbf − ẋwf )

+kbf (xbf − xwf ) + cbr(ẋbr − ẋwr)

+kbr(xbr − xwr)− ff − fr = 0 (1)
Ib
L
(ẍbf − ẍwf ) + Lf [cbf (ẋbf − ẋwf )

+kbf (xbf − xwf )− ff ]− Lr[cbr(ẋbr − ẇr)
+kbr(xbr − xwr)− fr] = 0 (2)

mwf ẍ− cbf (ẋbf − ẋwf)− kbf (xbf − xwf )

+kwf (xwf − wf ) + ff = 0 (3)
mwrẍwr − cbr(ẋbr − ẋwr)− kbr(xbr − xwr)

+kwr(xwr − wr) + fr = 0 (4)

Equation (1)-(4) can be written in the following form:

MhẌh(t) + ShẊh(t) + ThXh(t) =

DhFh(t) +EhWh(t) (5)

where,

Xh(t) =
[
ẋbf (t) ẋwf (t) xbr(t) xwr(t)

]T
; (6)

Wh(t) =
[
wf (t) wr(t)

]T
; (7)

Mh =


Lrmb

L
0

Lfmb

L
0

Ib
L

0 − Ib
L

0
0 mwf 0 0
0 0 0 mwr

 ; (8)

Sh =

 cbf −cbf cbr −cbr
Lfcbf −Lfcbf −Lrcbr Lrcbr
−cbf cbf 0 0
0 0 −cbr cbr

 ; (9)

Th =

 kbf −kbf kbr −kbr
Lfkbf −Lfkbf −Lrkbr Lrkbr
−kbf kbf + kwf 0 0
0 0 −kbr kbr + kwr

 ; (10)

Eh =

 0 0
0 0
kwf 0
0 kwr

 , (11)

Dh =

 1 1
Lf −Lr

−1 0
0 −1

 , (12)

Fh =
[
ff fr

]T (13)

To integrate the actuators dynamics to the half car suspension sys-
tem, the following mathematical approach is proposed. The deriva-
tion starts with rewriting the motion equation of half car active sus-
pension in equation (5) into the following form,

Ẋh +M−1
h ShẊh +M−1

h ThXh =

M−1
h DhFh +M−1

h EhWh (14)

Defining the new state vector:

xh(t) =
[
Ẋh(t) Xh(t) fh

]T (15)

xh(t) =



ẋbf (t)
ẋwf (t)
ẋbr(t)
ẋwr(t)
xbf
xwr

xbr
xwr

ff
fr


, (16)

Let the rate of change of the control forces for the front and rear
hydraulic actuators can be written as:

ḟh = F1hfh − F2hẋh + F3hu (17)
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where,

fh(t) =
[
ff fr(t)

]T
; (18)

xh(t) =
[
xbf xwf xbr xwr

]T
; (19)

xh(t) =
[
uf ur

]T (20)

F1h =

[
− 1

Aef
0

0 − 1
Aer

]
, (21)

F2h =

[
−Ayf

Aef

Ayf

Aef
0 0

0 0 −Ayr

Aer

Ayr

Aer

]
, (22)

F3h =

[
1

Aef
0

0 1
Aer

]
. (23)

Therefore, by augmenting equation (7) and equation (9) the state
space representation of the half car active suspension system with
the hydraulic dynamics may be obtained as follows: Ẍh

Ẋh

ḟh

 =

[
−M−1

h Sh −M−1
h Sh −M−1

h Fh

I 0 0
−F2h 0 F1h

]
[
Ẋh

Xh

fh

]
+

[
0
0
F3h

]
u+

[
M−1

h Eh

0
0

]
Wh

(24)

The dynamic equation for the hydraulically actuated active suspen-
sion system for the half car model in state space form as follows:

ẋh = Ahxh +Bhu+ fh (25)

where,

xh(t) =



ẋbf (t)
ẋwf (t)
ẋbr(t)
ẋwr(t)
xbf
xwr

xbr
xwr

ff
fr


, (26)

;

Bh =



0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0

0.885 0
0 0.885


(27)

fh =



0 0
1160 0
0 0
0 0.72
0 0
0 0
0 0
0 0
0 0
0 0


[
wf

wr

]
(28)

Ah is a matrix (10×10); fh represent the road disturbance applied
to the half car. The road disturbances ω(t) representing a double
bump may be given by the following equation:

ω = a(1− cos(8πt))if1.5 ≤ t ≤ 2.5 (29)
ω = b(1− cos(8πt))if6.5 ≤ t ≤ 7.5

ω = 0otherwise

where a and b denote the bump amplitude.

3. CONTROL STRATEGIES
The aim of this section is to make comparison between STFIS and
Zigler-Nicholas PID controller. The next two subsections of this
section present the PID controller and the STFIS control system.

3.1 PID controller
PID controller consists of proportional P (e(t)),integral I(e(t))
and derivative D(e(t)) parts. Assuming that each amplitude is
completely decouped and controlled independently from other am-
plitudes, the control input u(t) is given by:

u(t) = Kpe(t) +KI

∫
e(t)dt+KD

de(t)

dt
(30)

In equation, e(t) is the control error:

e(t) = xd(t)− xa(t) (31)

where xd(t) is the desired response and xa(t) is the actual
response.Kp is called the proportional gain, KI the integral gain
and KD the derivative gain.Zeigler-Nicholas methods are used to
determine the optimum PID gain parameters.

3.2 Structure and proportional integral sliding mode
controller(PISMC)

In sliding mode controlled systems, nth order tracking problem
is transformed into first order stability problem, which makes the
problem easy to cope with. The control action has the state errors
progress on stable and unstable trajectories and reach the sliding
surfaces. Then, state errors quickly reach the zero value.
The proportional integral sliding surface for a half car suspension
model defined as :

s = Chxh −
∫

(ChAh + ChBhKh)(τ)d(τ) (32)

where, Bh ∈ Rmn is the input matrix for a half car model, Ch ∈
Rmnand Kh ∈ Rmn are the constant matrices,respectively, m is
the number of inputs andn is the number of system states. Thus, it
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can be seen that the active suspension sytem for the half car model
has two sliding surfaces.
The sliding mode controller law is proposed as:

u(t) = ueq(t) + us(t) (33)

where, us(t) is the switching control,ueq(t) such as ṡ(t) = 0;

us(t) = −(ChBh)
−1ρsgn(s(t))

ueq(t) = (ChBh)
−1(s(t)− Chfh(t) + ChBhKhxh(t))

where, ρ:positive constant, Kh is defined by using the poles place-
ment method:

Ch =

[
2 4 3 5 6 8 9 2 1 4
7 1 3 5 4 2 7 5 4 3

]
Stability analysis

s(t) = Chxh(t)−
∫

(ChAh + ChBhKh)x(τ)d(τ) (34)

and

ṡ(t) = Chẋ(t)− Ch(Ah +BhKh)x(t) (35)

ueq such as ṡ(t) = 0

s(t) = Chxh(t)−
∫

(ChAh + ChBhKh)x(τ)d(τ) (36)

s ˙s(t) = s(t)(Chẋ(t)− Ch(Ah +BhKh)x(t))

= s(t)(ChAhx(t) + ChBh(ueq(t) + us(t))

+Chfh − Ch(Ah +BhKh)x(t))

= s(t)(ChAhx(t) + ChBh((ChBh)
−1(s(t) (37)

−Chfh(t) + ChBhKhxh(t))

−(ChBh)
−1ρsgn(s(t)) + Chfh − Ch(Ah

+BhKh)x(t))

After simplification we have:

sṡ = s(t)(s− ρsign(s)) (38)

= −s2(ρsign(s)
s

− 1) ≤ 0 (39)

Thus, the hal-car system is stable.
The following figure shows a control architecture which uses SM
controller.

u ye
yd

SMC Half-Car Suspension
desired
trajectory =
0

+

-

w

Fig. 2. Sliding mode controller architecture

3.3 Conventional sliding mode controller(SMC)
The state space form of a non-linear dynamic system can be written
as,

ẋh = Ahxh +Bhu+ fh (40)

For a control system, the sliding surface can be selected as,

s(t) = Ce(t) (41)

Here e(t) is the difference between the reference value and system
response. C includes the sliding surface slopes and has positive
elements. For stability, the following Lyapunov function candidate,
which is proposed for a non-chattering action, has to be positive
definite and its derivative has to be negative semi-definite.

V (s) =
sT s

2
> 0 (42)

dV (s)

dt
= ṡT s ≤ 0 (43)

If the limit condition is applied to equation (44), and from equation
(41) and equation (42) the controller force for the limit case is
obtained:

ueq = (CBh)
−1(−CAhxh − Cfh) (44)

Equivalent control is valid only on the sliding surface. So an addi-
tional term should be defined to pull the system to the surface. For
this purpose the switching control us(t) is selected as follows:

us(t) = (CBh)
−1ρsgn(s(t)) (45)

Therefor, the proposed conventional sliding mode is given as fol-
lows:

u(t) = (CBh)
−1(−CAhxh − Cfh)

− (CBh)
−1ρsgn(s(t)). (46)

4. SIMULATIONS AND RESULTS
Simualation for controller of active half car suspension model is
done by using MATLAB simulink. Three type of controllers are
applied, they are PID controller which is tuned by Zigler-Nicholas
PISMC and conventional SMC.We have considered a total mass
of the body equal to mb = 1794:4Kg. Fig.3 indicates that the sus-
pension deflection controlled by SMC smaller than that of passive
and PID and it achieved the desired trajectory very quickly than
the PISMC. From fig.4 and 6,it is ob- served that the amplitude of
the wheel velocity(front and rear) for an active suspension based
on PISMC and SMC shows consider- able improvement compared
to the passive travels. Fig.5 and8 il- lustrates how effectively the
active suspension with PISMC and SMC absorbs the vehicle vi-
bration compared to the passive system. Fig.8 shows that the curve
using SMC achieve the desired trajec- tory before the PISMC and
its amplitude is very small than the PID controller. Finally, fig.9
shows the conventional sliding surfaces(s1; s2) ap- plied to the half
car vehicle. Thus the active suspension with SMC scheme could
greatly contribute to the improvement of the vehicle ride comfort
and marginally contibute to the road holding ability and also it is
very quickly to achieve the desired trajectory than the PSMC and
the PID controller.

5. CONCLUSIONS
A comparison between the PISMC,SMC and the PID controller
shows the validity of the proposed and the technique of the
SMC.Thus, simulation results demonstrate the effectiveness of the
proposed controller. SMC based active suspension provides higher
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ride comfort and road handling qualities when compared to exist-
ing passive and other controllers such as PISMC and PID controller.
Future works will essentially investigate the possibility to control
the vehicle by the renewable energy.
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Fig. 3. The suspension deflection for the half car

Fig. 4. Front body velocity for the half car

Fig. 5. Front wheel velocity for the half car

Fig. 6. Rear body velocity for the half car

Fig. 7. Rear body displacement for the half car

Fig. 8. Rear wheel displacement for the half car

Fig. 9. Conventional sliding surfaces
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