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ABSTRACT

The coupled Fibonacci sequences are new direction of
generalization of Fibonacci sequence. The concept of coupled
Fibonacci sequence was first introduced by Atanassov, K. T.
in 1985. He deliberated multiplicative coupled Fibonacci
sequences of second order in 1995. Multiplicative coupled
Fibonacci sequences are less known and popularized now
days. Generalized Multiplicative Coupled Fibonacci
sequences of second order are defined by the recurrence

relations  ¢,,, = pp,.,08, and 3., =re,,Sa,, N =0
with initial conditions ¢, =a, f, =b, o4 =c¢, B, =d, where
p,q,rand sare real numbers. In this paper, sum identities of

generalized multiplicative coupled Fibonacci sequences of
second order are presented and derived.
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1. INTRODUCTION

The Fibonacci sequence is probably one of the most famous
and most widely written about number sequences in all of
mathematics. The Fibonacci sequence has been defined by the

recurrence relation F =F ,+F ,,n>2with initial

conditions F, =0&F, =1. In the recent years, there has

been much interest in development of knowledge in the
general region of Fibonacci numbers and related mathematical
topics. In last decade, additive coupled Fibonacci sequences
are popularized, but multiplicative coupled difference
equations or recurrence relations are less known. Now days
multiplicative coupled Fibonacci sequences are popularized.
This is the new direction of generalization of coupled
Fibonacci sequences.

Multiplicative coupled Fibonacci sequences are deliberated in
1995. Firstly Atanassov [1] notified four different schemes in
multiplicative form for coupled Fibonacci sequences and new
direction of generalization of coupled Fibonacci sequence in
[3], [1] and [2]. He was defined and studied about four
different ways to generate coupled sequences and called them
multiplicative coupled Fibonacci sequences or multiplicative
coupled Fibonacci sequences of second order or multiplicative
2-F sequences.

Let {, }, and {5 ., be two infinite sequences and let
a, b, c and d be four arbitrary real numbers with initial

values a,=a, B,=b, ¢y =C andf, =d. Then four

different schemes of multiplicative coupled Fibonacci
sequences of second order [2] are as follows:

Scheme First

an+2 :ﬁnﬂﬂn’ n= 0

By =&, N >0, (1.1)
Scheme Second

o, =0 B, N=0 w2
Bz = Bray, N 20,

Scheme Third

.,y = B, N0 s
Bz =15, N 20.

Scheme Fourth

Ay, =00, N=0 »

ﬂn+2 :ﬁml n? n 20

Singh, B. et al. [10], present coupled Fibonacci sequence of
fifth order with some properties for positive and negative
integers. Singh, B. and Sikhwal, O. [11], present fundamental
properties of Multiplicative coupled Fibonacci sequences of
second order. Rathore, G. P. S. et al. [8] presents
Multiplicative coupled Fibonacci sequences of third order
under two specific schemes. Rathore G. P. S. [9] et al.
presents generalized coupled Fibonacci sequences of second
order.

2. GENERALIZED MULTIPLICATIVE
COUPLED FIBONACCI SEQUENCES

Atanassov, K. T. was introduced new generalized coupled
Fibonacci sequence. Let {¢, }°, and {f k., be two
infinite sequences and let a, b, ¢ and d be four arbitrary
real numbers with initial values o, =a, £, =b, oy =c and
f,=d. Then four different schemes of second order

generalized Multiplicative coupled Fibonacci sequences [4]
are defined as follows:

Scheme First

App = pﬂnﬂqﬂn' n=>0
B =ra, S0, n=>0.
Scheme Second

@.1)
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an+2 = rOanrlqﬂn’ n= O

Bz = PBaSa,, n 2 0. @2
Scheme Third

a,.,=pp,,5a,, n=0 23)
B2 =T,,95,,n 20.

Scheme Fourth

a,.,=re, . sa,, n=0 2.4)

B2 = PB.,198,, n >0.

where p,q,rand s are real numbers.

Now we present some properties of generalized multiplicative
coupled Fibonacci sequences of second order under first and
Second schemes.

3. PROPERTIES OF SCHEME FIRST

First few terms of scheme first (2.1) are as follows:

n|a, B,

0 a b

1 |¢ d

2 | pgbd rsac

3 | pgrsacd pgrsbed

4 | p*g°r’s®abc’d p®g?r?s’abcd?

5 p*q*rislab’c?d?® pig’rs*a’bcid?

6 | p°g°rsta’v?c’d* p®q°résta’bic’d’

7 p°q*r’sa’bc’d® p°q*r’sa’b*cd’

Theorem (3.1). For every integern >0,
(a) ﬂ0a3n+3 = a0ﬁ3n+3'
(b) 181a3n+4 = a1ﬂ3n+4’

(C) ﬂ2a3n+5 = a2ﬁ3n+5'
Proof. (a) To prove this, we shall use mathematical induction
method.

Ifn=0, then

B =, ( pﬁzqﬂl) ' (By scheme 2.1)
= Bp(resse, )ap,, (By scheme 2.1)
= pBaAp, (rasa, ),

=a, (ralsao ) (By scheme 2.1)
=(ra,s0) .

= py0y. (By scheme 2.1)

Thus the result is true forn=0.
Let us assume that the result is true for some integern>1,
then

Bolanis = Bo%anie

= :80 ( pﬂ3n+5qﬂ3n+4 )'

(By scheme 2.1)
(By scheme 2.1)
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= ﬁo p(ra3n+4sa3n+3 ) qﬂ3n+4’ (By scheme 21)

=p ( rO!3n+4S (ﬁ0a3n+3 )) qﬁ3n+4 ’
=p ( ra3n+4s (a0ﬁ3n+3 )) qﬁ3n+4 ’

= a0a3n+4 ( pﬁ3n+4qﬂ3n+3 ) rS’
=04 (0!3n+5) rs, (By scheme 2.1)

=P (By scheme 2.1)

Hence by mathematical induction method results is true for all
integersn>0.

(By hypothesis)

Similarly (b) and (c) can be derived by mathematical
induction method.

Theorem (3.2). For every integer n > 0'

an+4 = pqrzszam-zarilan and ﬁn+4 = pzqzrsﬂn+2 r12+1ﬂn'
Proof. To prove this, we shall use mathematical induction
method.

Ifn=0, then

a, = par’s’a,of oy,

= par’s® (a0,

= pgrs® (&&j (By scheme 2.1)

IS rs

- par2s?| —%4 |,

pPq [ pqrzszj

=a,.

Also, B, = pzqzrsﬁzﬁfﬁo’
= p*’rs(BBLS,),

_ pzqzr{&&j
Pgq pq

— 2 ZrS ﬂA ,
e S|

= ﬂA'
Thus the result is true forn =0.
Now assume that result is true for some integer n >1, then

s = pﬂn+4qﬁn+3' (By scheme 21)
= p(P*arsp, .. 2.8, )a(P°arsp,.. 2B, , ). (By scheme 2.1)
= pqrzsz ( pﬂn+2qﬂn+1 pﬁmlqﬂn )( pﬂn+1qﬂn pﬂnq:ﬁn_l)u

(By scheme 2.1)

(By scheme 2.1)

(By scheme 2.1)

= pqrzszan+3an+2an+2an+l’ (By SCheme 2-1)
= PAr’s* ey, o, 0y - (By scheme 2.1)
Also, B... =ra,, S, .5, (By scheme 2.1)

=r(par’s’a,,,al 0, )s(par’s’e, e, , ), (By scheme 2.1)

Sa,

n+1ra

=p’o’rs(re

n+2
= quZrSﬂn+3 n+2/-n+2/ n+11 (BySCheme 21)

= pzqzrsﬂn+3 r12+2 n+1* (By SCheme 21)

Hence by mathematical induction method result is true for all
integersn>0.

n+1san ) (ramlsan ran San—l ) !

4. PROPERTIES OF SCHEME SECOND

First few terms of scheme second (2.2) are as follows:
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n| e, B,

0 a b

1 c d

2 | rgbc psad

3 | r’g®bed p?s”acd

4 | rqg®psabcd? p*s*rgabc?d

> | r‘g*p’s*a®bcid® p*s‘r’g®ab’c®d?

6 ptoréstab’ctd’ ptq’résta’hictd*

7 p°q°r%sa’b*c’d® p°q°r’s a’b*ctd’

8 r.l7ql7 p16316a6b7011d 10 p17sl7 r.lfiql€3a.7bGClOdll

9 r28q28 p26326 a10b11C17 d 17 p28528 r26q26 allblo C17 d 17

Theorem (4.1). For every integern > 0:
@) Soen = A fon

(b) Bsna =L

© Btsnz = f5s0.0-

Proof. (a) To prove this, we shall use mathematical induction
method.
Ifn=0, then

By = 3,
Thus, result is true for n=0.
Now assume that result is true for some integer n >1, then

BoCsnis = Po (ra6n+5qﬂ6n+4 )! (By scheme 2.2)
=pr (ra6n+4qﬂ6n+3 ) Afsnsas

= 1’0 By 0n,aBsnaBinia

= r2q2ﬂ0a6n+4 ( pﬁ6n+zsa6n+l)ﬂ6n+4'
= rzqz PS4 ( PLsn.15%s, )a6n+1ﬂ6n+4’ (By scheme 2.2)
=19’ p’s° g, o fna (ﬁoaen )a6n+1ﬁ6n+4’

=r’g® pzsza5n+4ﬂen+1 (aoﬂen )a6n+1ﬂ6n+4’ (By hypothesis)
= rqp°s*aty &y, 4 BonsConsoBineas (By scheme 2.2)
= P*S’ Ay Uy 4 oniaBonsas (By scheme 2.2)
= PSA Bs5Xenaas (By scheme 2.2)
= 0 5.6

(By scheme 2.2)

Hence by mathematical induction method result is true for all
integersn>0.

(By scheme 2.2)

(By scheme 2.2)

Similarly (b) and (c) can be derived by mathematical
induction method.

Theorem (4.2). for every integer n > 0:
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(a) pzszaoaems = rzqzﬂoﬂemsv
(b) p252a1a6n+4 = r2q2ﬁ1ﬁ6n+4’
(c) pzszazams = rzqzﬂzﬁems-

Proof. (a) To prove this, we shall use induction method.
If n=0then

ps’aya, = pPsia, (ra,qp,), (By scheme 2.2)
= p’s’a,r (re,q/3,)ap, (By scheme 2.2)
= psr’q’ BB, (By scheme 2.2)
=r’q°B,5, (By scheme 2.2)

Thus, result is true for n =0
Now assume that result is true for some integer n>1, then

P’y = P?S°Q (Fgn,50B5ns7 ), (BY scheme 2.2)

= p*s’raay, (rn.198sm.6 ) Boners (By scheme 2.2)
= pzszrzqzaoaen” ( P LBon+sSUen-a )ﬂ6n+7v (By scheme 2.2)
= P’’’ oy, ( PBonaS%n.s )a6n+4ﬂ6n+7’ (By scheme 2.2)
= DS T gy B 075 ) i B

= p252r2q2a6n+7ﬂ6n+4(r2q2ﬂ0ﬂ6n+a)a6n+4ﬂ6n”, (By hypothesis)
= p’S’r°q’ B, Bonsaenss Bonsrs (By scheme 2.2)
= p252rzqzﬂoaannaameﬁennv (By scheme 2.2)
= PSr0’° By @sn onsss (By scheme 2.2)

= rzqzﬂoﬁemg- (By scheme 2.2)
Hence, by mathematical induction method result is true for all
integers N>0.

Similarly (b) and (c) can be derived by mathematical
induction method.
Theorem (4.3). For every integern >0 :

2.2 2
(a) an+4 =r q psamz n+lan’

(b) /Bn+4 = pzszrqﬁmaaiz n+1*

Proof. (a) To prove this, we shall use mathematical induction
method.
If n=0then

a, =r’q*psa, oy,
=r’g’ps(a,B8%).

:r22 S%&’
aos( 221

= r’qps| =— |,
oos{ ot |

= a4
Thus the result is true forn =0.

(By scheme 2.2)

(By scheme 2.2)

Now assume that result is true for some integer n >1, then
Q.5 =12,,05,.3 (By scheme 2.2)

= r(r2q2 psan+2ﬂnz+1an )qﬂn+3’
=120 ps(ra,.,08,.1)(B,uc%, )(PB,.25¢,., ), (By scheme 2.2)
= r2q2 ps(an+3)(ﬂn+2 )(ﬂn+2an+l)' (By SCheme 22)

(By hypothesis)
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=r’0% psa,.s 57,1 .- (By scheme 2.2)

Hence, by mathematical induction method result is true for all
integers n>0.

Proof. (b) To prove this, we shall use mathematical induction
method.
If n=0then

b= pzszrq (ﬁzalzﬂo)'
= p’s’ra( B f3,),

= prstrg| B2 22 |,
e

— ZSZr ﬂ4 ,
P q[ pzszrqj

:ﬁA'

(By scheme 2.2)

(By scheme 2.2)

Thus the result is true forn =0.

Now assume that result is true for some integer n >1, then
Bris = PB.aS%, 3, (By scheme 2.2)

= p(p’s’raf,., 0 1B, ) S,
= p*s’rq( P, 5 ) (@B, ) (ret,.,08,., ), (By scheme 2.2)
= p?s’rq (an+3 )(an+2 )(an+2 n+1)’ (By scheme 2.2)
= pzszrqﬁn+3ar12+2 Nl (By scheme 2.2)

Hence, by mathematical induction method result is true for all
integers n>0.

(By hypothesis)

5. CONCLUSION

In this paper, generalized multiplicative coupled Fibonacci
sequences of second order are introduced and some properties
under specific schemes are discussed and proved these by
mathematical induction method.

6. ACKNOWLEDGMENTS

The authors are thankful to the reviewers for their
constructive suggestions and comments for improving the
exposition of the original version.

IJCA™ : www.ijcaonline.org

International Journal of Computer Applications (0975 — 8887)
Volume 158 — No 10, January 2017

7. REFERENCES

[1] Atanassov, K T., Atanassov V., Shannon A. and Turner
J., 2002. New Visual Perspective On Fibonacci Number,
World Scientific Publishing Company, Singapore.

[2] Atanassov, K.T., Hlebarova, J. and Mihov, S., 1992.
Recurrent formulas of the generalized Fibonacci and
Tribonacci sequence, The Fibonacci Quarterly, Vol.30,
No. 1, 77-79.

[3] Atanassov, K.T., 1986. On a generalization of the
Fibonacci sequence in the case of three sequences, The
Fibonacci Quarterly, Vol. 27, No. 1, 7-10.

[4] Atanassov, K. T., 1995. Remark on a New Direction for
a Generalization of the Fibonacci Sequence, The
Fibonacci Quarterly, Vol. 33, No. 3, 249-250.

[5] Hope, P., 1995. Exponential Growth of Random
Fibonacci Sequences, The Fibonacci Quarterly, Vol. 33,
No. 2, 164-168.

[6] Glaister, P., 1994. Multiplicative Fibonacci Sequences,
The Mathematical Gazette, Vol. 78, No. 481, 68.

[7] Lee, J. Z., Lee, J. S., 1987. Some Properties of the
Generalization of the Fibonacci Sequence, The Fibonacci
Quarterly, Vol. 25, No.2, 111-117.

[8] Rathore G. P. S., Jain. S. and Sikhwal, O., 2012.
Multiplicative Coupled Fibonacci Sequences of third
Order, International Journal of Contemporary
Mathematical Sciences, Vol. 7, No. 31, 1535 — 1540.

[9] Rathore, G. P. S., Sikhwal, O. and Jain, S., 2012.
Generalized Coupled Fibonacci Sequences, International
Journal of Computer Application , Vol. 59, No.8, 12-15.

[10] Singh, B., Sikhwal, O., Jain S., 2010. Coupled Fibonacci
Sequence of Fifth Order and Some Properties,
International Journal of Mathematical Analysis, Vol. 4,
No. 25, 1247-1254.

[11] Singh, B. and Sikhwal, O., 2010. Multiplicative Coupled
Fibonacci Sequences and Some Fundamental Properties,
International Journal of Contemporary Mathematical
Sciences, Vol. 5, No. 5, 223-230.

17



