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ABSTRACT 

The coupled Fibonacci sequences are new direction of 

generalization of Fibonacci sequence. The concept of coupled 

Fibonacci sequence was first introduced by Atanassov, K. T. 

in 1985. He deliberated multiplicative coupled Fibonacci 

sequences of second order in 1995. Multiplicative coupled 

Fibonacci sequences are less known and popularized now 

days. Generalized Multiplicative Coupled Fibonacci 

sequences of second order are defined by the recurrence 

relations 2 1 2 1 , 0n n n n n np q and r s n          
 

with initial conditions
0 0, ,a b   1 1, ,c d   where 

, ,p q r and s are real numbers. In this paper, sum identities of 

generalized multiplicative coupled Fibonacci sequences of 

second order are presented and derived. 
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Coupled Fibonacci sequences, Multiplicative coupled 

Fibonacci sequences, Generalized Coupled Fibonacci 
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1. INTRODUCTION 
The Fibonacci sequence is probably one of the most famous 

and most widely written about number sequences in all of 

mathematics. The Fibonacci sequence has been defined by the 

recurrence relation 
1 2, 2n n nF F F n    with initial 

conditions
0 10& 1.F F   In the recent years, there has 

been much interest in development of knowledge in the 

general region of Fibonacci numbers and related mathematical 

topics. In last decade, additive coupled Fibonacci sequences 

are popularized, but multiplicative coupled difference 

equations or recurrence relations are less known. Now days 

multiplicative coupled Fibonacci sequences are popularized. 

This is the new direction of generalization of coupled 

Fibonacci sequences.  

Multiplicative coupled Fibonacci sequences are deliberated in 

1995. Firstly Atanassov [1] notified four different schemes in 

multiplicative form for coupled Fibonacci sequences and new 

direction of generalization of coupled Fibonacci sequence in 

[3], [1] and [2]. He was defined and studied about four 

different ways to generate coupled sequences and called them 

multiplicative coupled Fibonacci sequences or multiplicative 

coupled Fibonacci sequences of second order or multiplicative 

2-F sequences. 

Let 
0k k{ } 


  and 

0k k{ } 


 be two infinite sequences and let 

,  ,  a b c
 
and d  be four arbitrary real numbers with initial 

values 
0 0 1,  ,  a b c      and

1 d  . Then four 

different schemes of multiplicative coupled Fibonacci 

sequences of second order [2] are as follows: 

Scheme First  

2 1

2 1

, 0

, 0.

n n n

n n n

n

n
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 
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Scheme Second  
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Scheme Third  

2 1
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Scheme Fourth  

2 1

2 1

, 0
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n n n

n n n
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 
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Singh, B. et al. [10], present coupled Fibonacci sequence of 

fifth order with some properties for positive and negative 

integers. Singh, B. and Sikhwal, O. [11], present fundamental 

properties of Multiplicative coupled Fibonacci sequences of 

second order. Rathore, G. P. S. et al. [8] presents 

Multiplicative coupled Fibonacci sequences of third order 

under two specific schemes. Rathore G. P. S. [9] et al. 

presents generalized coupled Fibonacci sequences of second 

order.    

2. GENERALIZED MULTIPLICATIVE           

COUPLED FIBONACCI SEQUENCES 
Atanassov, K. T. was introduced new generalized coupled 

Fibonacci sequence. Let 
0k k{ } 


  and 

0k k{ } 


 be two 

infinite sequences and let ,  ,  a b c
 
and d  be four arbitrary 

real numbers with initial values 
0 0 1,  ,  a b c      and

1 d  . Then four different schemes of second order 

generalized Multiplicative coupled Fibonacci sequences [4] 

are defined as follows: 

Scheme First  

2 1

2 1

, 0

, 0.

n n n

n n n

p q n

r s n

 

 





   

   
                                                      (2.1) 

Scheme Second  
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2 1

2 1

, 0

, 0.

n n n

n n n
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Scheme Third  

2 1

2 1

, 0
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n n n
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Scheme Fourth  

2 1

2 1

, 0

, 0.

n n n

n n n

r s n

p q n

 

 
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where , ,p q r and s are real numbers. 

Now we present some properties of generalized multiplicative 

coupled Fibonacci sequences of second order under first and 

Second schemes.    

3. PROPERTIES OF SCHEME FIRST 
First few terms of scheme first (2.1) are as follows: 

n  
n  

n  

0 a  b  

1 c  d  

2 pqbd  rsac  

3 pqrsacd  pqrsbcd  

4 2 2 2 2 2p q r s abc d  
2 2 2 2 2p q r s abcd  

5 4 4 3 3 2 2 3p q r s ab c d
 

3 3 4 4 2 3 2p q r s a bc d
 

6 6 6 6 6 3 2 4 4p q r s a b c d
 

6 6 6 6 2 3 4 4p q r s a b c d
 

7 10 10 10 10 4 4 7 6p q r s a b c d
 

10 10 10 10 4 4 6 7p q r s a b c d
 

Theorem (3.1). For every integer 0n  , 

(a)  
0 3 3 0 3 3 ,n n      

(b)  
1 3 4 1 3 4 ,n n      

(c)  2 3 5 2 3 5.n n      

Proof. (a) To prove this, we shall use mathematical induction 

method. 

If 0n  , then  

 0 3 0 2 1p q ,    
                             

(By scheme 2.1) 

 0 1 0 1,p r s q   
            

(By scheme 2.1) 

 1 0 1 0 ,p q r s     

 2 1 0 ,r s  
              

(By scheme 2.1) 

 2 1 0 ,r s    

3 0. 
               

(By scheme 2.1) 

Thus the result is true for 0n  . 

Let us assume that the result is true for some integer 1n  , 

then 

0 3 6 0 3 6 ,n n                  (By scheme 2.1) 

 0 3 5 3 4 ,n np q                                 (By scheme 2.1) 

 0 3 4 3 3 3 4 ,n n np r s q                     (By scheme 2.1) 

  3 4 0 3 3 3 4 ,n n np r s q          

  3 4 0 3 3 3 4 ,n n np r s q     
                    

(By hypothesis) 

 0 3 4 3 4 3 3 ,n n np q rs          

 0 3 4 3 5 ,n n rs                 (By scheme 2.1) 

0 3 6.n                 (By scheme 2.1) 

Hence by mathematical induction method results is true for all 

integers 0n  . 

Similarly (b) and (c) can be derived by mathematical 

induction method. 

Theorem (3.2). For every integer 0n  , 

2 2 2

4 2 1n n n npqr s       and
 

2 2 2

4 2 1 .n n n np q rs       

Proof. To prove this, we shall use mathematical induction 

method. 

If 0n  , then  
2 2 2

4 2 1 0 ,pqr s     

 2 2

2 1 1 0 ,pqr s      

2 2 3 2 ,pqr s
rs rs

  
  

                               
(By scheme 2.1) 

2 2 4

2 2
,pqr s

pqr s

 
  

 
                             (By scheme 2.1) 

4.
 

Also,
 

2 2 2

4 2 1 0 ,p q rs     

 2 2

2 1 1 0 ,p q rs      

2 2 3 2 ,p q rs
pq pq

  
  

                               
(By scheme 2.1) 

2 2 4

2 2
,p q rs

p q rs

 
  

 
                             (By scheme 2.1) 

4.  

Thus the result is true for 0n  . 

Now assume that result is true for some integer 1n  , then 

5 4 3 ,n n np q                                  (By scheme 2.1) 

   2 2 2 2 2 2

2 1 1 1 ,n n n n n np p q rs q p q rs         (By scheme 2.1) 

  2 2

2 1 1 1 1 ,n n n n n n n npqr s p q p q p q p q           
 

2 2

3 2 2 1,n n n npqr s       
            

(By scheme 2.1) 

2 2 2

3 2 1.n n npqr s     
                             

(By scheme 2.1) 

Also, 5 4 3 ,n n nr s                  (By scheme 2.1) 

   2 2 2 2 2 2

2 1 1 1 ,n n n n n nr pqr s s pqr s        
 
(By scheme 2.1) 

  2 2

2 1 1 1 1 ,n n n n n n n np q rs r s r s r s r s           
 

2 2

3 2 2 1,n n n np q rs      
                            

(By scheme 2.1) 

2 2 2

3 2 1.n n np q rs    
                             

(By scheme 2.1) 

Hence by mathematical induction method result is true for all 

integers 0n  . 

4. PROPERTIES OF SCHEME SECOND 
First few terms of scheme second (2.2) are as follows: 
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n
 

n  
n  

0 a  b  

1 c  d  

2 rqbc  psad  

3 2 2r q bcd  2 2p s acd  

4 3 3 2r q psabcd  
3 3 2p s rqabc d  

5 4 4 3 3 2 2 3r q p s a bc d
 

4 4 3 3 2 3 2p s r q ab c d
 

6 6 6 6 6 3 2 4 4p q r s a b c d
 

6 6 6 6 2 3 4 4p q r s a b c d
 

7 10 10 10 10 4 4 7 6p q r s a b c d
 

10 10 10 10 4 4 6 7p q r s a b c d
 

8 17 17 16 16 6 7 11 10r q p s a b c d
 

17 17 16 16 7 6 10 11p s r q a b c d
 

9 28 28 26 26 10 11 17 17r q p s a b c d

 

28 28 26 26 11 10 17 17p s r q a b c d

 

Theorem (4.1). For every integer 0n  :                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                

(a)  
0 6 0 6 ,n n     

(b)  1 6 1 1 6 1,n n      

(c)  2 6 2 2 6 2.n n    
 

 

Proof.  (a) To prove this, we shall use mathematical induction 

method. 

If 0n  , then  

0 0 0 0.     

Thus, result is true for 0.n   

Now assume that result is true for some integer 1n  , then 

 0 6 6 0 6 5 6 4 ,n n nr q                               (By scheme 2.2) 

 0 6 4 6 3 6 4 ,n n nr r q q                  (By scheme 2.2) 

2 2

0 6 4 6 3 6 4 ,n n nr q        

 2 2

0 6 4 6 2 6 1 6 4 ,n n n nr q p s       
            

(By scheme 2.2) 

 2 2

0 6 4 6 1 6 6 1 6 4 ,n n n n nr q ps p s        
   

(By scheme 2.2) 

 2 2 2 2

6 4 6 1 0 6 6 1 6 4 ,n n n n nr q p s           

 2 2 2 2

6 4 6 1 0 6 6 1 6 4 ,n n n n nr q p s         
 
 (By hypothesis) 

2 2

0 6 4 6 1 6 2 6 4 ,n n n nrqp s                           (By scheme 2.2) 

2 2

0 6 4 6 3 6 4 ,n n np s                                    (By scheme 2.2) 

0 6 5 6 4 ,n nps                                 (By scheme 2.2) 

0 6 6.n                              (By scheme 2.2) 

Hence by mathematical induction method result is true for all 

integers 0n  .  

Similarly (b) and (c) can be derived by mathematical 

induction method.   

Theorem (4.2). for every integer 0n  : 

(a)  
2 2 2 2

0 6 3 0 6 3 ,n np s r q      

(b)  
2 2 2 2

1 6 4 1 6 4 ,n np s r q      

(c)  
2 2 2 2

2 6 5 2 6 5.n np s r q    
 

 

Proof. (a) To prove this, we shall use induction method. 

If 0n  then  

 2 2 2 2

0 3 0 2 1 ,p s p s r q                          (By scheme 2.2) 

 2 2

0 1 0 1,p s r r q q   
                             

(By scheme 2.2) 

2 2

2 1 0 ,psr q   
                              

(By scheme 2.2) 

2 2

3 0.r q  
                              

(By scheme 2.2) 

Thus, result is true for 0n   

Now assume that result is true for some integer 1n  , then 

 2 2 2 2

0 6 9 0 6 8 6 7 ,n n np s p s r q            (By scheme 2.2) 

 2 2

0 6 7 6 6 6 7 ,n n np s rq r q                  (By scheme 2.2) 

 2 2 2 2

0 6 7 6 5 6 4 6 7 ,n n n np s r q p s       
  

 (By scheme 2.2) 

 3 3 2 2

0 6 7 6 4 6 3 6 4 6 7 ,n n n n np s r q p s         
   

(By scheme 2.2) 

 2 2 2 2 2 2

6 7 6 4 0 6 3 6 4 6 7 ,n n n n np s r q p s           

 2 2 2 2 2 2

6 7 6 4 0 6 3 6 4 6 7 ,n n n n np s r q r q         
  
(By hypothesis) 

2 2 3 3

0 6 7 6 4 6 5 6 7 ,n n n np s r q        
            

(By scheme 2.2) 

2 2 2 2

0 6 7 6 6 6 7 ,n n np s r q      
            

(By scheme 2.2) 

2 2

0 6 7 6 8 ,n npsr q    
             

(By scheme 2.2) 

2 2

0 6 9.nr q   
              

(By scheme 2.2) 

Hence, by mathematical induction method result is true for all 

integers 0n  . 

Similarly (b) and (c) can be derived by mathematical 

induction method.   

Theorem (4.3). For every integer 0n  : 

(a)  
2 2 2

4 2 1 ,n n n nr q ps       

(b)  
2 2 2

4 3 2 1.n n n np s rq      
 

 

Proof. (a) To prove this, we shall use mathematical induction 

method. 

If  0n  then  
2 2 2

4 2 1 0 ,r q ps     

 2 2

2 1 1 0 ,r q ps     

2 2 3 2 ,r q ps
rq ps

  
  

                                            
(By scheme 2.2) 

2 2 4

2 2
,r q ps

r q ps

 
  

 
                             (By scheme 2.2) 

4  

Thus the result is true for 0n  . 

 

Now assume that result is true for some integer 1n  , then 

5 4 3 ,n n nr q                               (By scheme 2.2) 

 2 2 2

2 1 3 ,n n n nr r q ps q                           (By hypothesis) 

   2 2

2 1 1 2 1 ,n n n n n nr q ps r q p s         
   

(By scheme 2.2) 

   2 2

3 2 2 1 ,n n n nr q ps       
             

(By scheme 2.2) 
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2 2 2

3 2 1.n n nr q ps      
                             

(By scheme 2.2) 

Hence, by mathematical induction method result is true for all 

integers 0n  . 

Proof. (b) To prove this, we shall use mathematical induction 

method. 

If  0n  then  

 2 2 2

4 2 1 0 ,p s rq     

 2 2

2 1 1 0 ,p s rq      

2 2 3 2 ,p s rq
ps rq

  
  

                                            
(By scheme 2.2) 

2 2 4

2 2
,p s rq

p s rq

 
  

 
                             (By scheme 2.2) 

4.   

 

Thus the result is true for 0n  . 

Now assume that result is true for some integer 1n  , then 

5 4 3 ,n n np s                               (By scheme 2.2) 

 2 2 2

2 1 3 ,n n n np p s rq s                           (By hypothesis) 

   2 2

2 1 1 2 1 ,n n n n n np s rq p s r q         
   

(By scheme 2.2) 

   2 2

3 2 2 1 ,n n n np s rq       
             

(By scheme 2.2) 

2 2 2

3 2 1,n n np s rq    
                             

(By scheme 2.2) 

Hence, by mathematical induction method result is true for all 

integers 0n  . 

5. CONCLUSION 
In this paper, generalized multiplicative coupled Fibonacci 

sequences of second order are introduced and some properties 

under specific schemes are discussed and proved these by 

mathematical induction method.  
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