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ABSTRACT

The motivation behind this paper is to focus on the solution of
a Bi-Level Multi-Objective Large Scale Integer Quadratic
Programming (BLMOLSIQP) problem in which all decision
parameters in the objective functions are symmetric
trapezoidal fuzzy numbers, and has block angular structure of
the constraints. The suggested algorithm based on a linear
ranking function, weight method, Taylor’s series,
decomposition algorithm and branch and bound method is to
find a compromised solution for the problem under
consideration. In addition, the theoretical results are illustrated
with the help of a numerical example.
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1. INTRODUCTION

Fuzzy linear programming problems have an essential in
fuzzy modeling which can formulate uncertainty in actual
environment. Afterwards many authors [1, 2, 3, 4, 5]
considered various types of the fuzzy linear programming and
propose several approaches for solving these problems.

Bi-level Programming (BLP) is a subset of the multi-level
programming problem which identified as a mathematical
programming problem that solves decentralized planning
problems with two decision makers (DMs) in a two- level or
hierarchical organization [6].

The vast majority of the optimization problems emerged in
real-world applications incorporates vast numbers of variables
and constraints, which are called Large-Scale Programming
Problems (LSPP) [7]. One prominent structure of the LSPP is
the block angular structure. In this structure, an LSPP is
separated into smaller sub-problems which appear together,
sharing common resources in the upper-most interconnected
constraints [8, 9].

Integer Programming (IP) problems are optimization
problems that minimize or maximize the objective function
taking into consideration the limits of constraints and integer
variables. More widely application of integer programming
can be used to appropriately describe the decision problems
on the management and effective use of resources in
engineering technology, business management and other
numerous fields [10].

Quadratic programming (QP) is one of the most popular
models used in decision-making and in optimization problems
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[11]. Quadratic Programming problem aims at minimize
(maximize) a quadratic objective function subject to a set of
linear constraints. If the coefficients in the objective function
are exactly known crisp value, then these models can be
solved by classical methods and algorithms.

Emam presented a bi-level integer non-linear programming
problem with linear or non-linear constraints [12] and
proposed an interactive approach to solve a bi-level integer
multi-objective fractional programming problem in [13]. Baky
[14] introduced two new algorithms to solve multi-level
multi-objective linear programming problems through the
fuzzy goal programming approach. The membership functions
for the defined fuzzy goals of all objective functions at all
levels were developed. Then the fuzzy goal programming
approach was used to obtain the satisfactory solution for all
decision makers.

Abo-Sinna and Abou-El-Enien [15] extend TOPSIS for
solving interactive large scale multiple  Objective
programming problems involveing fuzzy parameters. These
fuzzy parameters are characterized as fuzzy numbers. For
such problems, the a-Pareto optimality is introduced by
extending the ordinary Pareto optimality on the basis of the a-
Level sets of fuzzy numbers. An interactive fuzzy decision
making algorithm for generating a-Pareto optimal solution
through TOPSIS approach is provided where the decision
maker (DM) is asked to specify the degree o and the relative
importance of objectives.

Osman et al. [16] presented a method for solving a special
class of large scale fuzzy multi-objective integer problems
depending on the decomposition algorithm.

Emam et al. [17] solved a Fully Rough Three Level Large
Scale Integer Linear Programming (FRTLLSILP) problem, in
which all decision parameters and decision variables in the
objective functions and the constraints are rough intervals,
and have block angular structure of the constraints. The
optimal values of decision rough variables are rough integer
intervals. The proposed model was based on interval method
and slice-sum method in an interactive model to find a
compromised solution for (FRTLLSILP).

Emam et al. [18] solved a Fully Fuzzy Multi-Level Linear
Programming (FFMLLP) Problem, where all of its decision
parameters and variables are fuzzy numbers. An algorithm
depending on the fuzzy decision approach and bound and
decomposition method to find a fuzzy optimal solution.

This paper is organized as follows: the researches start in
Section 2 by formulating the model of (BLMOLSIQP)
problem with fuzzy parameters in the objective functions. In
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Section 3 converts the fuzzy number in the objective functions
into deterministic form. In Section 4 presents a Taylor series
approach for (BLMOLSIQP) problem then converts the
quadratic objective functions and using the weight method to
transform the objective functions from multi-objective form to
single objective form. In section 5, the decomposition method
for Bi-level Large Scale Integer Linear Programming
(BLLSLIP) problem is presented. An algorithm for solving
the proposed problem is suggested in Section 6. In Section 7,
a numerical example is provided to describe the developed
results. Finally, conclusion and future works are reported in
Section 8.

2. PROBLEM FORMULATION

A Bi-Level Multi-Objective Large Scale Integer Quadratic
Programming (BLMOLSIQP) problem with symmetric
trapezoidal fuzzy numbers in the objective functions may be
formulated as follows:

[FLDM]
Max F, (X, u) = Max[ fu (Xj U1 )=f12(xj U2 )
Xl’XZ Xl’XZ
wf (G010 )] (1)
Where Xs, ...., xn Solves
[SLDM]
Max F,(x,0) = Max[f,, (X;, 021 ).f00¢; T2 ),
X3:Xy X3:Xy
wof, (G020 )] 2
Where Xs, ...., xn Solves
Subject to
xe G= {agX + apXe +agmXm < o,
dixy <by,
doxo <b,,
dm Xm S.l)ml
XL vervenn , xm > and integer}.  (3)

In the above problem (1) — (3), x;eR", (j=1.2,...m) be a real

vector variables indicating the first decision level’s choice and
the second decision level’s choice. Moreover, the FLDM has
X1, X indicating the first decision level choice, the SLDM
have X, X4 indicating the second decision level choice and n-
dimensional row vector (i=1,2) (k=1,2,.., n) of fuzzy
parameters in the objective functions, G is the large scale
linear constraint set where, b= (by,.....bm)" is (m+1) vector,
and agg,. . .,agm,d1,. . .,dy, are constants.

Definition 1. [13]

For any (X1,Xo€G1={X1,X2|(X1,X2,X3,...,xm)€G}) given by
FLDM, if the decision-making variable
(X3,X4€ Go={X3,X4|(X1,X2,X3,- - .,Xxm) €G}) is the optimal solution
of the SLDM, then (X1,X2,Xs,...,xm) iS a feasible solution of
(BLMOLSIQP) problem.

Definition 2. [13]
Ifx; =R" , (=1,2,...,m) is a feasible solution of the

(BLMOLSIQP) problem; no other feasible solution
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exists, such that F;( )S Fi( ), (i=1,2), (=1,2,...,m) so
is the optimal solution of the (BLMOLSIQP) problem.

3. RANKING FUNCTION

To solve (BLMOLSIQP) problem with fuzzy numbers in the
objective functions using linear ranking technique that convert
fuzzy number form into equivalent deterministic form by
using [18], but transformation process needs the following
definitions to be known:

Definition 3. [16]

If, then a linear ranking function is defined
as

ER(;&):a+b+%(d—c). @)

Definition 4. [16]

Let A (ai,b;,c1,d;) and B (ay,by,c,dp) is two trapezoidal fuzzy
numbers. A convenient method for comparing of the fuzzy
numbers is by using of ranking functions. A ranking function
is a map from F(R) into the real line. So, the orders on F(R) as
follows:

>B Ifand only if ‘B(K) > ‘R(ﬁ) .

>

1.

N

. A>B Ifand only if 5(A) > R(B).

=B Ifand only if ‘R(,&) = 9{(§) .

>

3.

Where A and B are in F(R).

Then the (BLMOLSIQP) problem can be understood as the
corresponding deterministic in the objective functions as
following:

[FLDM]

Max F(x) =[ f11 (X).f2(x),..F (X)) (5)
X1, X5

Where X3,..., X, Solves
[SLDM]

Max Fp (X) =[f21(X),f22(X),.-.f, ,(X)] (6)
X3:Xg

Where Xs,,..., X, solves
Subject to
xeG.

4. TAYLOR SERIES APPROACH

This problem is (BLMOLSIQP) problem and it’s difficult to
solve this problem using a decomposition algorithm, so the
researches transform the objective functions by using 1%
order Taylor series polynomial in the following form [19].

. . . OF (X))
Ki=F (X)=F (Xj)+zm (X *Xii)TjJ’ Then the

(i=12,.. m),(i=12) )

researches use the weighting method [10] to transform the
objective functions in the upper level and lower level from
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multi-objective into single objective .the weight of the first
objective is greater than the weight of the second objective so
the Bi-Level Large Scale Integer Linear Programming
(BLLSLIP) problem can be written as:

[FLDM]
Max Q 1(x) 8)

X1 %o

Where X3,..., X, Solves
[SLDM]
Max Q 2(x) ©)
X3,X4

Where Xs...., X, Solves
Subject to
xeG.

5. DECOMPOSITION ALGORITHM
FOR Bl LEVEL LARGE SCALE
LINEAR PROGRAMMING

PROBLEM
The (BLLSLIP) problem is solved by adopting the leader-
follower Stackelberg strategy combine with Dantzig and Wolf
decomposition method [9]. First, the optimal solution that is
acceptable to the FLDM is obtained using the decomposition
method to break the large scale problem into n-sub problems
that can be solved directly.

The decomposition technique depends on representing the
(BLLSLIP) problem in terms of the extreme points of the sets
djxj <bj,xj >0, j=12.,m.To do so, the solution space
described by each djxj <bj,x; >0, j=12,.,mmust be
bounded and closed.

After that by inserting the upper level decision variable to the
lower level for him/her to search for the optimal solution
using Dantzig and Wolf decomposition method [9], then the
decomposition method break the large scale problem into n-
sub problems that can be solved directly and obtain the

optimal solution for his/her problem which is the optimal
solution to the (BLLSLIP) problem.

Theorem 1.

The decomposition algorithm terminates in a finite number of
iterations, yielding a solution of the large scale problem.

To prove theorem 1 above, the reader is referred to [9].

5.1. The First-Level Decision-Maker

(FLDM) Problem
The FLDM problem of the (BLLSLIP) problem is as follows:

[FLDM]

m

Max Fl(x):Maxz CrjXj (10)
=1

Subject to

xeG.

The FLDM problem use decomposition method [9] to solve
his problem. If the FLDM doesn’t have an integer optimal,
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then the FLDM well use branch and abound [10] to get an
integer optimal solution.

5.2. The Second-Level Decision-Maker

(SLDM) Problem

Finally, according to the mechanism of the (BLLSLIP)
problem, the First Level variables x, x5 should be passed to
the Second-Level; so the second -level problem can be written
as follows:

m

Masz(x)zMaxz C2jXj, (11)
j=1

Subject to

O xE o X)) G. (12)

To obtain the optimal solution of the second -level problem;
the SLDM solves his master problem by the decomposition
method [9] as the first level, If the SLDM doesn’t have an
integer optimal, then the FLDM well use branch and abound
[10] to get an integer optimal solution.

Now the optimal solution (x7, x5, x5, x5, %S ... X)) of the
SLDM is the optimal solution of the (BLLSLIP) problem.

6. AN ALGORITHM FOR SOLVING
(BLMOLSIQP) PROBLEM WITH

FUZZY NUMBERS
A solution algorithm to solve (BLMOLSIQP) Problem, in
which all decision parameters in the objective functions are
symmetric trapezoidal fuzzy numbers, and has block angular
structure of the constraints, is described in a series of steps as
follows:

Step 1. Formulate the (BLMOLSIQP) Problem.

Step 2. The FLDM and SLDM uses linear ranking technique
[18] to compute R(A ) for all the coefficients of the

problem (1) — (2), where A is symmetric trapezoidal
fuzzy number.

Step 3. Convert from fuzzy number form to equivalent
deterministic form by using [18].

Step 4. Formulate the equivalent (BLMOLSIQP) problem
with deterministic form in the objective functions (5) —
(6).

Step 5. Convert (BLMOLSIQP) problem to linear
Programming problem by using Taylor series
Approach [19] as follow:

Ki() = R () = R(x) + ZL(X i %) 6'-;)(()_(1'),( j=12..m)(i=12)Step 6.
J

Use weight method [10] to convert from multi objective to
single objective.
Step 7. Formulate the (BLLSLIP) problem (8) — (9).

Step 8. Apply the decomposition algorithm [9] to solve the
FLDM problem by breaking the large scale problems
into n sub-problems that can be solved directly, then
the optimal solution is get (10).

Step 9. If the FLDM gets the optimal solution is an integer, go
to Step 11.
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Otherwise, go to Step 10.
Step 10. Use branch and bound method [10] to find integer
optimal solution.

Step 11. Set (x{,Xp) = (xl': , sz) to the SLDM constraints.

Step 12. Formulate the SLDM problem (11).

Step 13. Apply the decomposition algorithm [9] to solve the
SLDM, then the optimal solution is get.

Step 14. If the SLDM gets the optimal solution is an integer,
go to Step 16.

Otherwise, go to Step 15.

Step 15. Use branch and bound method [10] to find integer
optimal solution.

Step 16. (xF,x5,x5,x5,%xS ..., x> ) is an optimal solution
for (BLMOLSIQP) problem, and then go to Step 17.
Step 17. Stop.

Remarkl. For (BLMOLSIQP) problem, the Lingo package is
suggested as a basic solution tool.

7. NUMERICAL EXAMPLE
To demonstrate the solution for (BLMOLSIQP) with fuzzy
numbers, let us consider the following problem:

[FLDM]

Max Fy(x;, Xp) =
Xp. X

Max:

Xg, X

((36,2,2)x + (2, 411)x1 +(4,6,33)xy +8x2 +2X3 +(l311)xA +Xg +2x5)
(4 + (5,7,22)x2 + (81033)%, + (L2113 + X4 + (2411)x2)

1((2 3L1)X2 + 2% + (LBLYXE + x5 + 6x2 + (7,9,33)%g), 1
Where X3, X4,X5,Xg SOlves
[SLDM]

Max Fy(x3, X4) =
X3 Xy

Max
XX,

(2><1+(1311)><1 +3X; +4X3 +(7844)><3 +(352.2)x4 +(4633)><4 +6x5 +Xg)r
(x1 + Xy +5x2 +(101288)x3 + 6x4 + (6844)x4 + X5 + (L311)xg)

{(xi + 2103 +5¢5 + (3522)x, + (4633)x] + 3¢5 +x2), 1
Where Xg,Xg solves

Subject to

Xp + Xp + X3 + X4 + X5 + Xg < 90,

2% — X9 <10,

X + 3%, <35,

—X3 + X4 <50,

2Xg5 + Xg <40,

Xg + 2Xg < 60,

X1, X2, X3, X4, X5, Xg = 0. and integer.

Firstly, Applying ranking function [18] to transform the fuzzy

number form in to equivalent crisp form so, the problem
reduces to

[FLDM]
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(BX. + 2X, + 4X] + X, +6XC +16X;),
Max F, (X, X,) = Max{ (9%, + X7 +10x, +8X2 + 2X, + 4xX2 + X + 2X2),
(X, +12x2 +18X, +3XZ + X, + 6x2)

Where X3, X4, X5, Xg Solves

[SLDM]

(%, +3XZ +5%2 +8X, +10X. + 3%, + X2),
Max F, (Xg, X,) = Max{ (2%, + 4x7 + 3%, + 4%, +15%2 +8X, +10X + 6% + X;),
(X + X, +5X2 + 22X, + 6%, +14X] + X5 + 4X5)

Where Xg,Xg solves
Subject to
Xq + X + X3 + X4 + X5 + Xg <90,
2% — % <10,
X +3Xp <35,
—X3+ X4 <50,
2Xg + X5 < 40,
X5 + 2Xg < 60,
X1, X2, X3, X4, X5, Xg = 0. and integer.

Secondly, applying the first order Taylor series [19] to convert
the quadratic objectives functions to linear objectives
functions and use the weighting method [10] to convert multi
objectives to single objective so the (BLLSLIP) problem is
written as following:

[FLDM]

(10X, +10x, + X; +12x +16X; —15),
Max Fo (X, % )7Max (21, + 26X, + 2%, +8X, + X + 4Xg — 20),
| (25%, +18X, + 6X, + X, +12%, — 20)

Where X3, X4, X5, Xg Solves

[SLDM]

{(x1 +6X, +10x, + 28X, +5x, —19), ]

'\x/gléf( F, (X, %,) = l\xlalix (10X, + 3%, + 34X, + 28X, +12X; + X; — 35),

(2%, +11x, + 22X, + 34X, + X; + 4X, — 20)
Where Xg,Xg solves

Subject to

X+ Xo + X3 + X4 + X5 + X5 <90,

2% — % <10,

X +3Xy <35,

—X3 + X4 <50,

2Xg + X5 < 40,

X5 + 2Xg < 60,

X1 X2, X3, X4, X5, Xg = 0. and integer.

The first level problem is formulated as:

Max Fy (¥, ) =

X1, X

Max(L7.8% +17.2Xp + 2.8x3 + 2.7%4 +8.7%5 + 7.9X5 —18.3)
X, Xo
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Subject to
xe G.

After four iterations the first level decision maker optimal
solution is obtained:

(aF %" xgT % T xsT %6 )=
(9.288.5,38.8,0,6.66,26.66).

So,F, =671748

The FLDM use branch and bound to get integer optimal
solution then the researches get

(7 %" xgm % xsT %" ) = (9,8,382,6,26).
So,F, =657.60

Then take the first level decision maker solution and set
(%", %" )= (9,8) to the second level constraint.

Max Fa (13, 14) =
X3,X4

Max(4x +6.6x2 + 20.8x3 + 29.8x4 + 3.9x5 + 3.5xg — 24.1)
X3,%,4

Subject to

xe G.

The SLDM will repeat the same steps as the first level
decision maker until the second level decision maker get the
optimal solution so:

(%3° %", %5° , %" ) = (11.5,61.5,0,0).

The SLDM use branch and bound to get integer optimal
solution then the researches get

(" % xg% %, X5, 6% ) = (9,812,61,0,0).

* *

So, F , =671748, F , =2132.100

8. SUMMARY AND CONCLUDING
REMARKS

In this paper, the researches presented a bi-level multi-
objective large scale integer quadratic programming
(BLMOLSIQPP) problem with fuzzy parameters in the
objective functions at every level are to be maximized. The
solution algorithm was based on a linear ranking function,
weight method, Taylor’s series, decomposition algorithm and
branch and bound method is to find a compromised solution
for the problem under consideration. Finally, a numerical
example was given to clarify the main results developed in
this paper.

However, there are many other aspects, which should by
explored and studied in the area of fuzzy large scale
optimization such as:

1. Bi-level Multi-objective large scale integer
quadratic programming problem with fuzzy
parameters in the constraints.

2. Bi-level Multi-objective large scale integer
quadratic programming problem with fuzzy
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parameters in the objective functions and
constraints.

3. Multi-level Multi-objective large scale integer
quadratic programming problem with fuzzy
parameters in the objective functions and
constraints.
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