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ABSTRACT 
Numerical methods are techniques which give approximate 

but accurate solutions to difficult class of problems.  

Fuzzy numbers are foundation of fuzzy sets and fuzzy 

mathematics that extend the domain of numbers from those of 

real numbers to fuzzy numbers.  

Researchers in the past investigated a number of methods of 

numerical analysis with the help of Fuzzy theory. Recently, 

various methods have been developed for solving linear 

programming problems with fuzzy number. Many research 

works have been done on fuzzy numbers and on its 

applications in various fields. But very few developments 

have been seen in the area of numerical methods using fuzzy 

triangular numbers and actual computer codes. 

In this paper the fuzzification of Newton Raphson 

method to find the solution of cubic equation has been 

discussed. Results have been obtained in the form of 

triangular numbers along with the membership functions 

using computer programs. The root obtained is then 

defuzzified using centroid method to convert it into crisp 

number. Also computer codes are developed for the 

Newton Raphson Method. Finally comparison has been made 

between the results obtained from the two methods.  

Keywords 
Newton Raphson Method, Fuzzy membership function, 

Triangular fuzzy number, α-cut etc. 

1. INTRODUCTION 
Numerical methods are techniques which give approximate 

but accurate solutions to difficult class of problems.  

Wang Y. [2014] in his paper entitled “On Theory of Fuzzy 

Numbers and Fuzzy Arithmetic” explained that Fuzzy 

numbers in number theory are foundation of fuzzy sets and 

fuzzy mathematics that extend the domain of numbers from 

those of real numbers to fuzzy numbers. Fuzzy arithmetic is a 

system of fuzzy operations on fuzzy numbers.  

Researchers in the past investigated a number of methods of 

numerical analysis with the help of Fuzzy theory. Recently, 

Zhong Y. et al. [2013] in their research paper discussed that 

various methods have been developed for solving linear 

programming problems with fuzzy number, such as simplex 

method and dual simplex method. But their computational 

complexities are exponential, which is not satisfactory for 

solving large scale fuzzy linear programming problems, 

especially in the engineering field. In some research work an 

alternative method was proposed for solving fuzzy number 

linear programming problems. Many research works were 

done on fuzzy numbers and on its applications in various 

fields. But very few developments have been seen in the area 

of numerical methods using fuzzy triangular numbers. 

The uncertainty associated with numerical methods can be 

tackled by using fuzzy logic. The study relating to 

Fuzzification of Mathematical Methods has not been 

undertaken much to find the fuzzified general formula of the 

Numerical Methods. Taking these as research gap, effort will 

be made in this study to fill this gap to some extent and to add 

to the existing stock of knowledge. Therefore in this study the 

topic of Fuzzification will be studied with reference to 

Newton Raphson Method . Apart from studying the 

fuzzification practice of Newton Raphson Method, effort will 

also be made to study its computer application. The root of the 

cubic equation which will be obtained from the Fuzzified 

Newton Raphson Method, will then be defuzzified using 

Centroid Method to get the equivalent crisp number. Finally 

comparison will be made between the results obtained from 

the two methods. 

2. OBJECTIVE OF THE STUDY 
The main objective of the study is to fuzzify Newton Raphson 

Method and to develop computer program for the same. The 

specific objectives are 

 Fuzzification of Newton-Raphson Method and to 

develop computer program for the same. 

 Defuzzification of the triangular number obtained 

from the Fuzzified Newton Raphson Method. 

 Compare the outputs of Fuzzified Newton Raphson 

Method and original Newton Raphson Method. 

3. METHODOLOGY 
Fuzzification of the Newton Raphson method will be done 

using triangular fuzzy number. Centroid Method will be used 

for the defuzzification of the triangular number to find the 

equivalent crisp number. 

4. FUZZIFICATION OF NEWTON 

RAPHSON METHOD 
Let us consider F(X) =0 

Let the function F(X) changes its sign over an interval X=A 

and X=B. 

Let A=[A1, A2,   A3] and B=[B1, B2, B3] . Then there is a root of 

F(X)=0 lying between A and B. Now fuzzy membership 

function of A and B are respectively, 
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𝜇𝐴(𝑋) =

 
 
 

 
 

𝑋 − 𝐴1

𝐴2 − 𝐴1
, 𝐴1 ≤ 𝑋 ≤ 𝐴2

𝑋 − 𝐴3

𝐴2 − 𝐴3
, 𝐴2 ≤ 𝑋 ≤ 𝐴3  

0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

𝜇𝐵(𝑋) =

 
 
 

 
 

𝑋 − 𝐵1

𝐴2 − 𝐴1
, 𝐵1 ≤ 𝑋 ≤ 𝐵2

𝑋 − 𝐵3

𝐵2 − 𝐵3
, 𝐵2 ≤ 𝑋 ≤ 𝐵3  

0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

with respect to 𝛼-cuts as 

[𝐴]𝛼 = [𝐴1 + 𝛼 𝐴2 − 𝐴1 , 𝐴3 + 𝛼 𝐴2 − 𝐴3 ] 

[𝐵]𝛼 = [𝐵1 + 𝛼 𝐵2 − 𝐵1 , 𝐵3 + 𝛼 𝐵2 − 𝐵3 ] 

As a first approximation, the root of F(X)=0 is 𝑋0 = 𝐴 𝑜𝑟 𝐵  

Let  𝑋0 = 𝐴 = [𝐴1, 𝐴2 , 𝐴3] 

𝜇𝑋0
(𝑋) =

 
 
 

 
 

𝑋 − 𝐴1

𝐴2 − 𝐴1
, 𝐴1 ≤ 𝑋 ≤ 𝐴2

𝑋 − 𝐴3

𝐴2 − 𝐴3
, 𝐴2 ≤ 𝑋 ≤ 𝐴3  

0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

[𝑋0]𝛼 = [𝐴1 + 𝛼 𝐴2 − 𝐴1 , 𝐴3 + 𝛼 𝐴2 − 𝐴3 ] 

According to Newton Raphson formula 

 𝑋1 = 𝑋0 −
𝐹(𝑋0)

𝐹 ,(𝑋0)
=[𝑋1

, , 𝑋1
,,, 𝑋1

,,,
] 

with membership function 

𝜇𝑋1
(𝑋) =

 
 
 

 
 

𝑋 − 𝑋1
,

𝑋1
,, − 𝑋1

, , 𝑋1
, ≤ 𝑋 ≤ 𝑋1

,,

𝑋 − 𝑋1
,,,

𝑋1
,, − 𝑋1

,,, , 𝑋1
,, ≤ 𝑋 ≤ 𝑋1

,,,  

0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

and [𝑋1]𝛼=[𝑋1
, + 𝛼 𝑋1

,, − 𝑋1
,  , 𝑋1

,,, + 𝛼(𝑋1
,, − 𝑋1

,,,)] 

similarly 

 𝑋2 = 𝑋1 −
𝐹(𝑋1)

𝐹 ,(𝑋1)
=[𝑋2

, , 𝑋2
,, , 𝑋2

,,,
] 

with membership function 

𝜇𝑋2
(𝑋) =

 
 
 

 
 

𝑋 − 𝑋2
,

𝑋2
,, − 𝑋2

, , 𝑋2
, ≤ 𝑋 ≤ 𝑋2

,,

𝑋 − 𝑋2
,,,

𝑋2
,, − 𝑋2

,,, , 𝑋2
,, ≤ 𝑋 ≤ 𝑋2

,,,  

0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

and [𝑋2]𝛼=[𝑋2
, + 𝛼 𝑋2

,, − 𝑋2
,  , 𝑋2

,,, + 𝛼(𝑋2
,, − 𝑋2

,,,)] 

Again 

 𝑋3 = 𝑋2 −
𝐹(𝑋2)

𝐹 ,(𝑋2)
=[𝑋3

, , 𝑋3
,, , 𝑋3

,,,
] 

with membership function 

𝜇𝑋3
(𝑋) =

 
 
 

 
 

𝑋 − 𝑋3
,

𝑋3
,, − 𝑋3

, , 𝑋3
, ≤ 𝑋 ≤ 𝑋3

,,

𝑋 − 𝑋3
,,,

𝑋3
,, − 𝑋3

,,, , 𝑋3
,, ≤ 𝑋 ≤ 𝑋3

,,,  

0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

and [𝑋3]𝛼=[𝑋3
, + 𝛼 𝑋3

,, − 𝑋3
,  , 𝑋3

,,, + 𝛼(𝑋3
,, − 𝑋3

,,,)] 

Similarly 

 𝑋4 = 𝑋3 −
𝐹(𝑋3)

𝐹 ,(𝑋3)
=[𝑋4

, , 𝑋4
,, , 𝑋4

,,,
] 

with membership function 

𝜇𝑋4
(𝑋) =

 
 
 

 
 

𝑋 − 𝑋4
,

𝑋4
,, − 𝑋4

, , 𝑋4
, ≤ 𝑋 ≤ 𝑋4

,,

𝑋 − 𝑋1
,,,

𝑋4
,, − 𝑋4

,,, , 𝑋4
,, ≤ 𝑋 ≤ 𝑋4

,,,  

0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

and [𝑋4]𝛼=[𝑋4
, + 𝛼 𝑋4

,, − 𝑋4
,  , 𝑋4

,,, + 𝛼(𝑋4
,, − 𝑋4

,,,)]      and so 

on. 

5. COMPUTER APPLICATION OF 

FUZZIFIED NEWTON RAPHSON 

METHOD  
Let us consider a cubic equation 

𝑋3 − 4𝑋 − 9 = 0 

Let the root lies between two fuzzy triangular numbers 

𝐴 =  −.01,0, .01  𝑎𝑛𝑑  𝐵 =  . 99, 1,1.01  

Since  

𝐹 𝐴 = 𝐹  −.01,0, .01  = 𝐴3 − 6𝐴 + 4 

                                                                                      

=[3.93,4,4.07] 

   =+ve 

𝐹 𝐵 = 𝐹  . 99,1,1.01  = 𝐵3 − 6𝐵 + 4 

=[-1.09,-1,-.89] 

   =-ve 

Since 𝐹(𝐴) and 𝐹(𝐵) are of opposite sign, a root lies between 

[-.01,0,.01] and [.99,1,1.01]. 

Let us take 𝑋0 =  −.99,1,1.01  

Two computer programs have been developed to find the 

solution of the considered cubic equation. 

The following table shows the output of the program 

developed for Fuzzified Newton Raphson Method. 

Table 1 

Iteration Root x (fuzzy 

triangular no) 

Defuzzified 

Number 

1  3.07856   3.125   

3.17232  

mf is  0   1   0 

 

3.1253 

2  2.64427 2.76853 

2.88642  

mf is  0   1   0 

 

2.7664 

3  2.38091 2.7082 

3.00756  

mf is  0   1   0 

 

2.6989 

4  1.71345 2.70653 

3.58679 

 mf is  0   1   0 

 

2.6689 
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The Table 1 shows the output of the program developed to 

find the solution of the said equation using Fuzzified Newton 

Raphson Method. It has been observed that the root is 

obtained after 4th iteration in the form of triangular fuzzy 

number along with its membership function in Table 1. The 

third column of Table 1 gives the defuzzified value of the 

corresponding Fuzzy Triangular Number given in the second 

column of the same table. Defuzzification is the conversion of 

one or more fuzzy sets into a number that can be said to 

represent the fuzzy sets. The Centroid Method is used to 

defuzzify the fuzzy triangular number. Therefore, a decision 

has been made on the defuzzified value obtained. In the above 

table the third column shows the defuzzified value of the 

corresponding fuzzy triangular number given in the second 

column. 

The following table shows the output of the program 

developed for original Newton Raphson Method 

Table 2 

Iteration Root x 

1 3.125000 

2 2.768530 

3 2.708196 

4 2.706529 

5 2.706528 

6 2.706528 

The Table 2 shows the output of the program developed to 

find the solution of the given equation using Newton Raphson 

Method. From the Table 2 it has been observed that the root is 

obtained in the 6th iteration. 

6. CONCLUSION 
In this study it has been observed that the root obtained using 

both the Fuzzified Newton Raphson Method and original 

Newton Raphson Method are almost same. But the Fuzzified 

Newton Raphson Method gives the output in the 4th iteration 

whereas the original Newton Raphson Method gives the 

output in the 6th iteration. Finally, comparing the root obtained 

from both the methods conclusion has been drawn that the 

Fuzzified Newton Raphson method gives the root rapidly in 

comparison to the original Newton Raphson Method. 
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