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ABSTRACT

The concept of Soft Tritopological Space is introduced in this
paper, which we defined it over an initial universe with a
fixed set of parameters. Also some new definitions of soft
open sets in soft tritopological spaces are introduced and
investigated, which are called soft t;t,T3-0pen set, soft
T4 T,T3-pre-open set, soft t;1,t3-a-0pen set (soft tri-a-open
set) and soft &*-open set. Consequently we can say that the
soft tritopological spaces are more comprehensive and
generalized than the classical tritopological spaces.
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1. INTRODUCTION

Soft set theory, initiated in 1999 by Molodtsov [1], he defined
the concept of soft set theory as a new mathematical tool, and
presented the fundamental results of the new theory and
successfully applied it to several directions such as
smoothness of functions, theory of probability, operations
research, Riemann-integration, Perron integration, etc. A soft
set is a collection of approximate descriptions of an object. He
also showed how soft set theory is free from the
parametrization inadequacy syndrome of fuzzy set theory,
rough set theory, probability theory and game theory. Some
important applications of soft sets are in information systems
and decision making problems can be seen [2][3]. These
concepts are of utmost importance in computer science and
artificial intelligence. Algebraic structures of soft sets have
been discussed in [4], [5], [6].

Concept of Soft topological spaces is introduced in [7], where
soft separation axioms have been studied as well. Further
contributions to the same concepts have been added by many
authors in [8], [9], [10].

In 1963, J.C. Kelly [11], first initiated the concept of
bitopological spaces. He defined a bitopological space to set
with two topologies and initiated the systematic study of
bitopological spaces. In later years, many researchers studied
bitopological spaces [12], [13], [14], [15], [16], [17] due to
the richness of their structure and potential for carrying out a
wide scope for the generalization of topological results in
bitopological environment. In 2014, Basavaraj M. Ittanagi
[18] introduced the concept of Soft bitopological spaces.

which is defined over an initial universal set with fixed set of
parameters, also he introduced some types of soft separation
axioms in soft bitopological spaces. A study of soft
bitopological spaces is a generalization of the study of soft
topological spaces. And in 2016, The Theory of Soft

Ditopological Spaces was presented by G. Senel[19], also T.
S. Dizman, A. Sostak and S. Yuksel presented the Soft
Ditopological Spaces in the same year[20].

In 2000 Martin M. Kovar.[21], first initiated the concept of
tritopological spaces by modify 0-regularity for spaces with
two and three topologies. Also in 2003 Luay A. [22], has been
initiated the systematic study of tritopological spaces and
dealt with in detail and clear. Where they define it as a spaces
equipped with three topologies, i.e. triple of topologies on the
same set. In 2004, the author Asmhan F. [23] introduce the
definition of 8*-open set in tritopological spaces.

In the present paper, concept of soft topological spaces have
been generalized to initiate the study of soft tritopological
spaces. In addition, we introduce and characterize a new types
of soft open sets in a soft tritopological spaces namely soft
T, T,T3-0pen set, soft t; T, T3-pre-open set, soft t, T,T3-a-0pen
set (or soft tri-a-open set), soft §*-open set. And investigate
some basic properties.

In section 2, some preliminary concepts about soft topological
spaces, bitopological spaces, soft bitopological spaces and
tritopological spaces are given. The main section of the
manuscript is third which the definition of soft tritopological
spaces with examples and some theorems are given. Section 4
is devoted for the definitions of some types of soft open sets
in soft tritopological spaces with some examples. Finally in
section 5 the conclusions and some ideas of future work is
suggested.

This paper is just a beginning of a new structure and we have
studied a few ideas only, it will be necessary to carry out more
theoretical research to establish a general framework for the
practical application.

2. PRELIMINARIES

2.1 Definition ([1]) Let U be an initial universe and E be a set
of parameters. Let P(U) denotes the power set of U and A
be a non-empty subset of E. A pair (F,A) is said to be a soft
set over U, where F is a mapping given by F: A — P(U).

In other words, a soft set over U is a parametrized family of
subsets of the universe U. For € € A, F(g) may be
considered as the set of € —approximate elements of the soft
set (F,A), and if € & A, then F(g) = @,

ie, (F,A) ={(eF():e € ACSEF:A— P(UW}, Clear
that, a soft set is not a set.

2.2 Definition ([6]) The complement of a soft set (F,A) is
denoted by (F,A)€ and is defined by (F,A)¢ = (F€,-A)
where F¢: —A - P(U) is a mapping given by F¢(n) = U —
F(n) foralln € =A.

Let us call F¢ to be the soft complement function of F. Clear
that F¢ isthesameas F,and ((F,A)°)° = (F,A).
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2.3 Definition ([6]) The relative complement of a soft set
(F,A) is denoted by (F,A)and is defined by (F,A)¢ =
(F¢,A)where F¢::A - P(U) is a mapping gives by
FC(Q) =U—-FQ) forall Q € A.

2.4 Definition ([6]) For two soft sets (F,A) and (G, B) over
a common universe U, we say that (F,A) is a soft subset of
(G,B)if:

(1)AcB.

(2) F(e) < G(e), forall e € A.
(F,A) is said to be a soft super set of (G, B), if (G, B)is a
soft subset of (F, A).

2.5 Definition ([6]) The Union of two soft sets (F,A) and
(G, B) over the common universe U is the soft set (H,C)
where H(g) =F(e)UG(e) for all e€E. We write
(F,A) U (G,B) = (H,0).

2.6 Definition ([24])The intersection of two soft sets (F, A)
and (G,B) over the common universe U is the soft set
(H, ) where H(g) = F(e) N G(e) for all € € E . We write
(F,A) n (G,B) = (H,0C).

2.7 Definition ([7]) Let (F,A) be a soft set over U and
x € X. We say that x € (F,A) read as x belongs to the soft
set (F,-A) whenever x € F()A) for all A € E. Note that for
any x € X, xg(F,A), if xgF(A) forsome A€ E.

2.8 Definition ([7]) Let t be the collection of soft sets over X,
then 7 is said to be a soft topology on X, if :

(1) ®,X belong to .

(2) the union of any number of soft sets in  belongs to .

(3) the intersection of any two soft sets in t belongs to 7 .

The triple (X, 7, E) is called a soft topological space over X.

2.9 Definition ([7]) Let (X, 1, E) be a soft topological space
over X, then the members of 7 are said to be soft open sets in
X.

2.10 Definition ([7]) Let (X, 1, E) be a soft topological space
over X. A soft open set (F,E) over X is said to be a
soft closed set in X, if its relative complement (F,E)¢
belongs to .

2.11 Definition([8]) If (F, E) is a soft set in a soft topological
space (X, 1, E), then:

(i) The soft closure of (F, E), denoted by s.cl(F,E) is
defined by:

s.cl(F,E) = N{(C,E): (F,E) < (C,E),and(C, E) is soft
closed}

(ii) The soft interior of (F, E), denoted by s. int(F, E) is
defined by:  s.int(F,E) = U{(B,E): (B,E) < (F,E),
and (B, E) is soft open}

2.12 Definition ([11]) Let X # @, Ty and T, be two topologies
on X. Then (X, Ty, T,) is called a bitopological space.

2.13 Definition ([18]) Let (X, 11, E) and (X, 15, E) be the two
soft topological spaces over X. Then (X, 74, 7,, E) is called a
soft bitopological space.

2.14 Definition ([25]) Let(X, 14, T,, E) be a soft bitopological
space and a soft set (F,E) is called soft 7,7,-open set if
(F,E) = (C,E)VU (B,E), where (C,E) € tyand (D,E) € 1,.
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The complement of soft 7;7,-open set is called soft t,7,-
closed.

2.15 Definition ([25]) Let (X, T4, T5, E) be a soft bitopological
space and a soft set (¥, E) is called soft t;t,-pre-open set
if (F,E) € ty1,int(ty1.cl(F,E)). The complement of soft
T,T,-pre-open set is defined to be soft 7, 7,-pre-closed.

2.16 Definition ([21]) Let X be a nonempty set and T;, T, and
T; be a three topologies on X. The set X together with three
topologies is called a tritopological space and is denoted by
(X, T1, T3, T3).

2.17 Definition ([23]) Let (X, Ty, T,, T3) be a tritopological
space, a subset A of X is said to be &*-open set iff A <
Tyint(T,cl(T5int(A))), and the family of all §*-open sets is
denoted by 6*.0(X). The complement of &*-open set is
called a 6*-closed set.

3. SOFT TRITOPOLOGICAL SPACES

In this section study of Soft Tritopological spaces is initiated.

3.1 Definition. Let (X, 74, E), (X, 72, E) and (X, 73, E) be the
three soft topological spaces on X. Then (X, tq,7,,73,E) is
called a soft tritopological space.

The three soft topological spaces (X,7q,E), (X,1,,E)and
(X,13,E) are independently satisfy the axioms of soft
topological space.

The members of 7; are called 7; soft open sets and the
complements of 7, soft open sets are called 7, soft closed sets.
And the members of t, are called 7, soft open sets and the
complements of 7, soft open sets are called 7, soft closed
sets. Similarly, the members of 75 are called 73 soft open sets
and the complements of t, soft open sets are called t; soft
closed sets. Throughout this paper (X, 74, 7,,73,E) denote
soft tritopological space over X .

3.2 Proposition. Let (X, 14,14, 3, E) be a soft tritopological
space over X. We define:

Tie = {F(e): (F,E) € 14}

Toe = {G(e): (G E) € 1,}

T3e = {H(e): (H,E) € 13}
for each e € E. Then (X, Tie, Tze, T3e) IS @ tritopological
space.
Proof: Follows from the fact that T4, T, and T3, are
topologies on X for each e € E.

3.3 Example. Let X = {x;,x,,23} , E={ey, e},

T ={®, X, (Fy,E), (F,,E), (F3,E), (Fy, E)},

1, = {®, X, (X, E), (Gy, E), (G, E), (G, E), (G4, E), (Gs, E)}
and T3 = {CI), x! (}[1, E), (}[ZJ E), (7{3' E)' (}[4! E)v (‘7{5! E),
(H6,E), (H7,E)},

Where(Fy, E), (F, E), (F3,E), (F4, E), (Fs, E),

(G1,E), (G3,E) , (G3,E), (G4, E), (Gs, E),

(H1,E), (H,, E), (35, E), (H,, E) are soft open sets over X .

Where defined as follows;
Fi(er) = {x,} )
Fy(er) = {x3, 25} )

Fz(er) = {x1, %2} )

Faley) = {1, 25} )

Fs(er) = {x2} )

Gy(er) = {xq, 23} )
Ga(er) = {24} )
Gs(er) = {x1, 2} )

Filez) = {x41}
Frlez) = {xq, 22}
Filez) =X
Faley) = {xq, 23}
Fs(ez) = {x1, 22}

Gy(ez) = {x1, 23}

Gy(ez) = {7, 23}
Gs(ez) = {x3}
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Gy(er) = {24} )
Gs(er) = {x1, 23} )

Hi(er) = {x4} )
Hy(er) = {x1, %5} )
Hz(er) = {x;} )
Hyle)) =0 )

Ga(ez) = {3}
Gs(ep) =X

Hi(ez) = {2}
Hy(ez) = {x,}
Hs(ez) = {x,}
Halez) = {x,}

Then (X, 14,75, 73, E) is a soft tritopological space. Notice;

Tie, = {0, X, {1}, {201, 2003, {24, 233}

T, = {0, X, {x3}, {1, 23}, {25, 233}
T2, = {8, X,{x1}, {1, 22}, {21, 233},

T, = {0.X, {x3}, {1, 23}, {5, 25}} and
T3, = {0, X, {x2}, {z3}, {1, 22}, {2, 231}
T3, = {0, X, {x1}, {1, 2}, {20, 231}

Are topologies on X.

3.4 Example. In the scientific experiments in cellular biology
which can be applied to detect whether a concentrations of
plant extract are used as a therapy of the certain disease or
not.

Let our universal set contains three concentrations of the
certain plant extract, i.e. X = {xy, x5, x3}.

There are two categories of experiments: in vitro studies and
in vivo studies. In vitro experiments are conducted outside of
organisms or cells, i.e., in a laboratory environment using test
tubes, petri dishes, etc. in vivo experiments are conducted
inside of organisms or cells, then the set of parameters
E = {invitro,invivo} , after the experiments was
conducted, the experiment tested for three stages (three time
periods), the first period is after 1 month, the second period is
after 3 months and the third period is after 6 months. The
three time periods represented as three soft topological spaces
T, Ty and t3.

When testing the experiment after 1 month, we obtain the soft
open set (F, E) over X, where defined as:
F(in vitro) =@ , F(in vivo) = {x,}

i.e. there is no visible effect for all concentrations of plant
extract on the ( in vitro) study. But the effect of the second
concentration of plant extract (x,) is the best one in the (in
vivo) study.

When testing the experiment after 3 months, we obtain the
soft open set (G, E) over X, where defined as:
G(in vitro) = {x,} , G(in vivo) = {x,, x5}

i.e. the best effect in the ( in vitro) study is for the
concentration x,. But the best effect in the (in vivo) study are
for x, and x5 the second and third concentrations of plant
extract.

And when testing the experiment after 6 months, we obtain
the soft open set (3£, E) over X, where defined as:

I (in vitro) = {xq, x5} , H (in vivo) = {x,}

i.e. the best effect is for x; and x5 concentrations in the ( in
vitro) study. But the x; concentration has the best effect in the
(in vivo) study.

Then (X, 14,7,, T3, E) is a soft tritopological space.
This is only a simple example to show the possibility of using
this concept for natural applications.
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3.5 Theorem. If (X, 14, 75, T3, E) is a soft tritopological space
then =1, N 7, N T3 is a soft topological space over X.
Proof:
1) &, X belongto ;N 1, NT3= 7.
2) Let {(F;,E) : i€} beafamily of soft sets in

Tq N T, n 3=T.
Then {(F,E) €t }, {(FL,E)ET,} and {(F;,E) € 13}
forall i €1,
therefore Ui (Fi,E)ETy , Ui (FLE) ETy and
UiEI(Ti,E)ET?,.ThUS UiEI(Tl‘,E)ETln TznT3 = T.
3) Let (F,E) , (GE) €Etyn1,Nn173 = T . Then (F,E),
(GE)ET ,(F,E)(GE)E 7, and (F,E),(GE) €13.
Since (F,E) n (G E) €1, (F,E) n (GE) €1, and
(F,E)YNn (GE) €13.
Therefore (F,E)N (G E) ETyNT,NT3 = T.
Thus 7, N 7, N 73 = T defines a soft topology on X.

3.6 Remark. If (X, tq,7,,73,E) is asoft tritopological space
then 7, U 1, U 73 is not a soft topological space over X.

3.7 Example. Let X = {x,x,, 23}, E = {e, €5},
T = {‘bl x, (:]:ll E), (:]:21 E), (:]:31 E), (?4-! E)! (TS! E)} )
T, = {®, X, (G, E), (Gy, E), (G3,E), (G4, E), (Gs, E)} and
T3 = {CD' x' (j{l' E)' (}[2' E)' (}[3' E)I (}[44 E)I (}[Si E);
(H6,E), (3,,E)}, Where
(Tlt E)' (TZ' E)' (T3' E)' (Tll-' E)' (:FS' E))
(G1: E)' (GZ' E)' (G3' E)' (G4—' E)' (GS' E)v
(*’]{II E)r (:]{Zr E)r (*’]{Br E)r (*’]{4r E)r (}[5! E)v (H& E)v (H% E)
are soft open sets over X'. Where defined as follows;

Fi(er) = {3} )
Faler) = {x, %3} )
Fs(e) = {xq, %2} )
Fuler) = {x2} )
Fs(e) = {x;} )

Fi(ez) = {x1}
Frex) = {x1, %5}
Fs(ez) = {x1, %3}
Falez) = {xq, 23}
Fs(e) =0

Gi(e)) =X )
Ga(eq) = {x1} )
Gs(ey) = {x1, x5} )
Galeq) = {xg, 25} )
Gs(e;) =0 )

Gy(ez) = {x1, 23}
Gy(ez) = {7, 23}
Gs(ep) =X
Gylep) = {23}
Gs(ez) = {x3}

Hi(ez) = {x1, 25}
Hy(ez) = {x4, 23}
Hs(er) = {x4}
Halez) = {24}
Hs(ey) =X
Heley) = {x1, 25}
H,(ez) = {x1, %3}

Hi(er) = {4, x5} )
Hy(eq) = {x,} )
Hz(e1) = {x,, 23} )
Hyler) = {x,} )
Hs(er) = {x1, x5} )
Heley) =X )
H,(e1) = {x4, 23} )

Then (X, 14,75, 173, E) is a soft tritopological space. Now we
define: t= 7, U 1, Uty = {D, X, (F,E), (F,, E), (F3,E),
(F4, E), (F5,E), (G, E), (G, E), (Gs, E), (Gy, E), (Gs, ED,
(341, E), (313, E), (H3, E), (344, E), (345, E), (#He, E), (37, E)}
If we take (Fs,E) U (Gs, E) U (Hs,E) = (D,E), then
D(e1) = Fs(er) U Gs(er) U Hs(eq)
={x, 23} UB U {x,} = {x,, 23} ,and
D(ez) = Fs(ez) U Gs(ez) U Hs(ez)
=@U{xs}U{x, 2} =X
but (D,E) ¢ 7. Thus 7 is not a soft topology on X.
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4. SOME KINDS OF SOFT OPEN SETS
IN SOFT TRITOPOLOGICAL

SPACES

4.1 Definition. Let (X, 14,7173, E) be a soft tritopological
space, and (F, E) is soft set in X, then:

(i) (F,E) is called a soft t,;7,75-0pen set if (F,E) =
(B,E)U(C,E)U(D,E), where (B,E)et; , (C,E)ET,
and (D,E) € 73. The complement of soft 7;7,75-0pen set is
called soft t,7,73-closed. The family of all soft t,7,73-0pen
sets is denoted by S.7;7,75.0(X). And the family of all soft
T,T,T3-Closed sets is denoted by S. t;7,73. C(X).

(ii) (F,E) is called a soft T, t,75-pre-open set if (F,E) €
S. T T, T3int(s. T, T,75cl(F,E)). The complement of soft
T, T, T3-pre-open set is defined to be soft 7, t,75-pre-closed.

(iii)(F, E) is called a soft T, t,73-a-0pen set(or soft tri-a-open
set) if (F,E) S s.1yT,73int(s. 1, T, T3¢l(s. T, T, 730t (F, E))).
The complement of soft 7, 7,75- a-open(or soft tri-a-open set)
set is defined to be soft t,7,73- a-closed(or soft tri-a-closed
set).

(iv) (F,E) is called a soft &*-open set iff (F,E)c
s. Tint(s. T,¢l(s. T3int(F, E))). The complement of soft §*-
open set is called a soft §*-closed set.

4.2 Definition. Let (X, 14,7,173,E) be a soft tritopological
space, and (F, E) is a soft set in X, then:

(i) The soft t;tyt3-closure of (F,E), denoted by
5. 11T, 73cl(F, E) is defined by:

s. 11T, T3¢l(F,E) = N{(C,E): (F,E) € (C,E), and(C,E)is
soft 7,7, T3-Closed}

(i) The soft tyT,t3-interior of (F,E), denoted by
s. 11T, 73int (F, E) is defined by:

s. 11T T3int(F, E) = U{(B,E): (B,E) € (F,E), and(B,E)
is soft 7, 7,73-0pen}

4.3 Example. Let X = {x1,x,, 23}, E = {e,e,},

T ={®,X,(F,E)}, 1, ={®,X,(G,E), (G, E)} and
13 = {®, X, (3, E), (H,,E), (33,E)} are soft topologies
on X. Where (F,E), (Gy,E), (GyE), (Gs,E), (3,E),
(H,, E), (75, E) are soft open sets over X, defined as follows;

Fley) = {x2} )
Gy(e1) = {xq1} )

Gz(er) = {x1, x5} )
Gs(er) = {x,} )

F(ez) = {xq, %5}

Gy (ez) = {xq, 23}
Gy(ep) =X
Gs(ep) = {x2}

Hi(ep) = {x1}
Hy(ez) = {x2}
Hsz(ez) = {x1, 2,5}

Hi(er) = {2, %3}
Hy(e) =0 )
Hz(er) = {x3, 23} )

Then (X, 14,75, T3, E) is a soft tritopological space. And all
the soft 7, 7,73-0pen sets are in the family: S.7,7,73.0(X) =

{d)! X! (‘7:’ E)’ (Glﬁ E)’ (GZ! E)’ (G3' E)’ (}[lr E)r (}[Zr E)r (‘7{3r E)} u

{(GI' E) U (}[lr E)r (Glr E) U (:]-[2' E)}
=T V) Ty V) T3 U {(Gll E) U (}[1, E), (Gli E) U (7{2, E)}
Now, we find the soft 7, 7,75-closed sets:  S.7;7,75.C(X) =
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Ff(e) = {xy, 43} ) F¢(ep) = {3}
Glc(ez) = {x,}
Gzc(ez) =0
G3c(ez) = {x1, 23}

G1C(31) = {xy, 23}
Gzc(31) = {x3}
G3(e) = {1, %3}

}[16(61) = {x} ’
7'[20(31) =X
H3(er) = {1}

[(G1,E) U (34, E)]¢(eq) = [X]¢ = 4,

[(G1,E) U (344, E)%Cgez) = [{x1, 23}]° = {2}
‘(e
1°Ce

7'[16(32) = {xy, 23}
Hzc(ez) = {x1, %3}
7{36(@2) = {x3}

[(G1,E) U (33, E)]°(er) = [{x13]° = {x3, 23},
[(Gl' E) u (7{2' E) 2) = [X]C =0

If we take the soft set (A, E) which defined as:
Aler) = {x,} v Aler) = {x3}

Then, s.T;T,T3int(s. T, T, 73cl(A, E))=s. T4 T, 75int((H>, E)€)
={(Gy,E) U (#4,E)},

("q' E) c {(Glﬂ E) V) (}[L E)}

Hence (A, E) is a soft T, t,73-pre-open set.

If we take the soft set (A, E) which defined as:
Aler) = {x1}, Alez) = {1, 23} then:
S. T1 T T3int(s. Ty T T3 Cl(A, E)) = s.141,73int((G3, E)¢) =
(G, B). Hence (A,E) € (Gy, E).
Therefore the soft set (A, E) is a soft t, T,75-pre-open set.

To find soft t,7,73-a-0pen sets (or soft tri-a-open sets), we
take the soft set (A, E) which defined as:

Aler) = {x3, 23}, Aley) = {xq, 25}

then: S. T1 T T3int(s. T, T, T3 Cl(s. T, T, T3int(A, E))) =
S. T1 T T3int(s. Ty T, T3 cl(H3, E))=s. T, T, 73int((X, E))=(X, E)
Hence (A,E) € (X,E)

Therefore the soft set (A, E) is a 7,7,75-a-0pen sets (or soft
tri-a-open sets)

Now, if we take the soft subset (A,E) of (X,E) which
defined as: A(e;) = {x,, 23}, A(e,) = {2} then:

5. Tint(s. T,cl(s. T3int(A, E))) =s.1yint(s. 1ocl((#y, E))) =
s.1,int((X, E)) = (X, E)

Hence (A, E) € (X,E).

Therefore the soft set (A, E) is a soft §*-open set.

5. CONCLUSION

The concept of soft topological spaces is generalized to soft
tritopological spaces. Some basic notions of classical and
generalized concepts have been studied. the purpose of this
paper is just to initiate the concept, and there is a lot of scope
for the researchers to make their investigations in this field,
i.e. this is a beginning of some new generalized structures and
the concepts like separation axioms and another basic
concepts can be studied. This subject can be extended in the
future Research with some natural applications. Also can be
study the relationships among some types of soft open sets in
soft tritopological spaces.
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