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ABSTRACT

The theory of fuzzy sets has developed in many
directions and is finding applications in a wide
variety of fields. Resentful in 1971 used this concept
to develop the theory of fuzzy groups in this paper
we have given independent proof of several
theorems on fuzzy groups. We discuss about Fuzzy
groups and investigate some of their structures on
the concept of Fuzzy Group family and L- fuzzy

number.
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INTROUDUCTION

Since the paper fuzzy set theory has been
considerably developed by Zadeh himself and some
researchers. The original concept of fuzzy sets was
introduced as an extension of cribs (usual) sets, by
enlarging the truth value set of “grade of members”
from the two value set {0,1} to unit interval {0,1} of
real numbers. The basic concepts of fuzzy set theory
are in [2,3,5,6,7,8].The study of fuzzy group was
started by Rosenfeld. It was extended by Roventa
who have introduced the fuzzy groups operating on
fuzzy sets. Several mathematicians have followed
them in investigating the fuzzy group theory in
[1,3,459]. We now recall the previous and
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preliminary definitions, and results that are required

in our discussion.

SOME PROPERTIES ON FUZZY

GROUPS

2.1Proposition: Let G be a fuzzy group and S be. a
fuzzy subset of Then § is a fuzzy subgroup of G
( written <) iff pu(xy™) > min{u(x),u(y)} for all x, y
inS.
Satisfied in. Therefore we obtain
H (xy™) > min { u(x), uy )}
=min { p(x), 1 (¥)}
Case (ii): Let pu(xy™ ) > min {u(x),u(y)} for all x,y
€S D
If y=x in (1), we have pg (xx™) = pg(e) > min {ug(x),
Hs(x)} = ps(X)
If x=¢ in (1) , ps(y") = ps(ey™) = min {ng(e) ,
Hs(x)}=ps(y) , forallye S
Implies that pg(y) > pg(y") for all y & S.(since
substituting y= y™ in the above equation). Therefore
us(y) = pe(y™). (FG2) is satisfied in S.
Furthur, pg(x(y™?)™? >min {ps(x), ps(y")}
= min { ps(x), ps(y)} FG1 is
satisfied in S.
2.2 Lemma: For all a,b € (0,1) and m is any positive
integer, verify that
i) If a<bthena™<b™and
ii) min {a,b } = min {a",b™}.
Proof: It is obvious.
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2.3 Proposition: If G is a group, then prove that
G"={(x, uc(X)™ /xe G} is a fuzzy group.
Proof: Let G is a fuzzy group, where (G, *) is a
group. Thus (G™ , *) is a group for all the positive
integer m. Let m is a positive integer and x,y £ G".
Claim: (pem(xy)) = min { pom(x), peM(y)}
(FGL)(kem(xy)) = (ua(xy))"
> min { (ue(X) , te(Y)}"
=min { (us(X))", (ue ()"} (FGLis
satisfied in G.)
>min { (pem(x) , peM(Y)}
FG1 is satisfied in G™.
(i) pem(x) = (pe(x)"
= (pe(x™)™ since (FG2) is satisfied
in G.
= (uem(x™?)
(G™, *) is a fuzzy group by (1.7).
(iii) pom(e) = (uo(€)" = ()" = L.
Hence (G™, » ) forms a standardized fuzzy group.
2.4 Corollary : The fuzzy group G" is a fuzzy
subgroup of G™, if m <n.
Proof: Clearly G" and G™ are fuzzy groups by
(2.3). For all x €[0,1], x™ > x" implies that G" C G™
(‘since pen(x) < pem(x) for all x € G).
2.5 Proposition : If G'and (3 are fuzzy groups, then
G'UGisalsoa fuzzy group if i<j
Proof : since i<j, then we have
pep' > pg !
(FGI) peiu e ™= max {ug' (xy), ne’ (xy)}
=max { (ua(xy))', (ua(xy))'}
=( pa(xy))'
> min { pe' (X), pe'(Y)}
> min {max {uc'(x), ua'(y)}, max {ue'(x), pe'(y)}}
> min {max{ ue'(x), 1 ()}, maxfua'(y), ne'()}}
> min {uciugi (X), Haivs(Y)}
FGI is satisfied.
(FG2) paiu g (¥)= max {pai(x), pai(x)}
= max {us(x)’, 1 ()}
= max { pa(x), pa(x )}
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= max {pei(x), ngxH}
= naiug (XY
FG2 is satisfied.
(FG3) naiug; (€) = max {uai (€) ne; (€)}
= max {1,1} (G is a fuzzy
group).
G"U G! forms a fuzzy group.
2.6 Proposition : G ' and G are fuzzy groups then
G'n Glalso a fuzzy group ifi <j
Proof : since i <j
(FGI) pging (x =min {pai(xy), wei(xy)}
=min {(us (xy))' (na (xy))'}
= (ne ()
> min {u ¢ (X), me (V)3
=min {u 6(x)", na(y)'}
=min {min { ps(x)", 1 ()}, min {u 6(y), n 63}
=min {min{pci(x), p ¢;(¥)} min {pa(X), p ()}
=min {( 1 aing) (), (L Ginc) (N}
FGI is satisfied

(FG2) (1 ging) (x) =min {u 6i(X), u (X}
=min { p6i(x") , pa(x?)

(FG3) wasing (€)= min{ pgi(e) {n ci(e)}

=min {1,1)

=1
Similarly we follow the above conclusion in the
casesofi<jandi=j.
Hence Gi N Gj is also a fuzzy group for all natural
numbers i and j.
2.7 Proposition : Let<A>={ A, Al A? -—-A"--
—-E} then U A°" = A and N A" = E where
p=1to .

Proof: Let x ¢ G we have A c U A" - (i)
(since A(x) < U AP (x))
UA"(x) = max{A(X), A(X) -}
= A(x) (since A(x) < (A(x))" for all

natural number p.
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UAP ¢ Ao (i) from (i)and (i) U
AP = A, Also we have to

Show that E= NAP. Letee A" implies that (e,1) €
AP for all p.

Implies that (e,1) N AP

Therefore E ¢ NAP
N AP implies that x € AP for all p.
NA"(x) = min{AX), A*x) -}

=(0 if x £e
1 if x= e

x € N AP implies that x =ethus N AP c E -----

(iii) Letx e

(iv) hence
From (iii) and (iv) E= NAP
2.8 Definition : Let £ G— G' be a
homomorphism’s of groups. For any fuzzy set A ¢
G' we define a new fuzzy set A" ¢ G by Af(x) =
Af(x) for all x € G.
2.9 Proposition: Let G and G' be groups and “f ‘be
homomorphism from G onto G, (i) if A is fuzzy
group of G' then A"is fuzzy group of G. (i) if Af
is fuzzy group of G then A is fuzzy group of G*.
Proof: (i) Let x,y € G, we have
(FG) Al((xy)) = A(f(x), f(y)}

>min { Af(x) , Af(y)}

=min {Ax), A}
= A(f(x))
= A(f(x)")
=Af(x1)=A"(x") .Therefore A" is
fuzzy group of G.

(FG2) A'(x)

(i1) for any x,y € G , there exists a,b € G such that
f(a) = x and f(b) = y . (FG1) A((xy)) = A(f(a) ,
f((b)},

= A'((ab))

>min { A'(a), A'(b)}

= min {Af(a) , Af(b)}

=min {A(X) , A(Y)}
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(FG2) A(x™h) = A(f(a))™ = Af(a™) = A'a™) = Al(a)

=AX).
2.10 Proposition: Let G and G be groups and f is
homomorphism from G onto G'. If A" is fuzzy
group of G , then A is fuzzy group of G*.
Proof: By proposition (2.9) , A is fuzzy group of
G'. foranyye G*.
(FG1) A'l(y) = supA(z) > sup A(X) >
zefl(y) f(x)=y
sup A(x) = Al(y)
f(x)=y
(FG2)AT(x")=supA(z)=supA(x)
] zefi(y) f(x) =x*
where x & f*(y)
=sup A(X) = sup A(X)
fx)=x*  fx)=x*
>sup A(XY)
f(x) = x*
= A'xY) . Alis fuzzy group of G

2.11 Definition : Let A be a M- fuzzy group, then
the following set of fuzzy groups {A, A,
A?..AP._E } is called fuzzy group family
generated by A. 1t will be denoted by < A >.

2.12 Proposition : Let A be a fuzzy group, then A
> Ao Ao APLE

Proof: It is known that A(a) & [0,1], hence A(a) >
A@@)?, A@) > (A@))%,...A@") > (A@")* by using
the definition of fuzzy subsets , this gives that A o
A?. By generalizing it for any natural numbers i
and j with i < j. we obtain (Ai(@) > (A@)) ,
(A@)'> (A@Y, ......... (A@) =A@

So A' o Al for any natural numbers i and j with i <j
which means that A > A2 5 A%....5 A™ ... finally
we get E = N AP which is immediate from
proposition (2.7). Since

Lt A@F =1 ifa=e.
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n—oo = 0 ifa #e we then obtain the
required relations.
L-FUZZY NUMBER

A fuzzy number is a fuzzy set on the real axis with
convex, normal and continuous. (ie) A mapping X :
R —[0,1] =L associating with each real number ‘t’,
its grade of membership X (t). A fuzzy number ‘A’ is
called convex if & (t) > min {i(s), (M)},s<t<m, St
neR. If ‘X’ is normal then there exists tee R such that
A (to) = 1.

A fuzzy number ‘A’ will be called upper semi
continuous provided for all teR with X (t) < «, there
is 8>0 such that |[s-t | <3 — A (s) < a. The fuzzy
real line R_ consists of 1-fuzzy numbers which
fulfill regularity condition. If R_ denote the set of
all regular L-fuzzy numbers, then RL will be called
the L-fuzzy real line.A fuzzy number ‘A’ is called
non-negative if & (t) = 0. The equality of fuzzy
number ‘A’ and ‘p’ is defined by A = p iff A(t) = p
(t) for al teR. The arithmetic operation +,-,* and /on

R. X R are defined by

OO+ ®  =Vser {min (1(s) , n(t-s)}

teR.

([ -w) ®  =Vsr{min (1(s) , n(s-1)}
teR.

(i) (p) (1) =Vs.r {min (1) , p(t/s)}
teR.

Additive and multiplicative identities in R, are and

O (t) 1 if t=0
0 ift 21

| :{1 ift=1
0 ift=1

the operations + and < are associative and
commutative with the identities 0 and 1
respectively. The level set of sum, different and

product fulfill the following conditions.
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Dtp] = Mo+ [kl
[A+u] = [Mle + [1]e In general, it is not oblivious
that for f: XxY — [0,1] and A, p fuzzy subsets of
X and Y respectively. We would always have
H{(w)} = F{[A]. , [1n].} for all o e L. However it
may be shown that if L = [0,1] and f: RXR — R be
continuous, then f [(%,11)]e. = f [ [AMe [1]e for all o e
L and all upper semi continuous L-fuzzy sets % and

pon R. A fuzzy number ‘A’ is regular if
(i)A is convex

(if)A is normal

(ii)A is upper semi continuous.
(iv)Each level of A is bounded.

3.1Proposition : ‘A’ is fuzzy number with convex
function. Then X is constant function.

Proof : . : R — [0,1] isa map let a, b € R and if a<
b. Let B ¢ R such that < a (ie) o is convex

function, we get

a<o<b implies L(o)>A(a) (i

Ma)=h(b) (i)
a<b<b+awehave A(b)>A(a) (iii)
Bf<a<b sothat A(a)>i(b) (iv)

a<b< b+a hence h(b)=% (o) implies
A (o) = & (b) by (ii) and (iv) we conclude that
A (X)= A (b) for all xs(a,b)

= X (a). a> b s following in a similar way.
Let B ¢ Rsuch that B<a<bbyp <a, » (8) = A(a)
Let vy € R such that a< b<1y, by b <y implies & (b) so
that & (y) we conclude that

(@) = 1(b) for all a,be R

J is a constant function.
3.2 Proposition : Let a fuzzy number ‘A’ be a
convex function. Then (R, +, O) is a fuzzy group.

Proof : ‘X’ is a fuzzy number and convex function

by (3.1) , & is a constant function.
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