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ABSTRACT

In this paper, three new estimates of the continuous
function f(x,y) by its two dimensional Legendre wavelet
expansion have been obtained.These estimators are
sharper and best possible in Legendre wavelet analysis.
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1. INTRODUCTION

Wavelet Analysis plays an important role in signal processing,
Engineering, Technology and Computer applications. The
approximation of functions of certain class by trigonometric series
is at common places of analysis. Wavelets are new tools to solve
partial differential equations and to estimate the approximation
of functions. One dimensional Legendre Wavelets are very
useful in wavelet analysis. Here,using Legendre polynomials,
a new set of two dimensional wavelets are constructed which
are known as two dimensional Legendre wavelets. The wavelet
approximation of a function f of a single variable using Haar
scaling function and Haar wavelet has been determined by several
researcher like Natanson [1], Chui [2]], Daubechies [3]], Meyer
[4], Tao [S], in wavelet analysis. Recently Lal and Kumar[6] have
determined best wavelet approximation of functions belonging to
generalized Lipschitz class. Working in the same direction, Zheng
and Wei[7|], Chang and Isah[8]] have studied Legendre Wavelet
and its applications. But till now no work seems to have been
done to obtain wavelet approximation of a function f(x,y) of
two variable x and y by two dimensional Legendre wavelet series.
The estimators of this paper are new, sharper and best possible in
wavelet analysis.
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2. DEFINITIONS
2.1 One dimensional Legendre Wavelet

Wavelets constitute a family of functions constructed from
dialation and translation of a single function v € L?(R) called
mother wavelet.We write

Upa(x) = a7 3 (w _ b) , a#0.

a

If we restrict the values of dialation and translation parameter
toa = ay",b = mboag ",a0 > 1,by > 0 respectively,the
following family of discrete wavelets are constructed:

wn,m = |a0|%1/1(a817 - mbO)

The one dimensional Legendre wavelet over the interval [0,1) is
defined as

A1 A+l
G ST <N
otherwise,

bl = { 2 =),

where n = 1,2,...,2""' and m = 0,1,2,...M — 1.In above
definition,the polynomials L,,, are Legendre Polynomials of degree
m over the interval [-1,1] which are defined as follows,

Lo(I) = 1,

Li(z) ==,

(m+1)L,,,+1(z) = 2m+1)x Ly, (x)—mLpym_1(z), m=1,2,3, ..

The set of {L,,(z) : m = 1,2,3,...} in the Hilbert space
L?[—1,1] is a complete orthogonal set.Orthogonality of Legendre
polynomial on the interval [-1,1] implies that

m = n;
otherwise,

<Lm(l'),Ln(l')> = / Lm(m)md;p = { 5:%%’



Furthermore,the set of wavelets 1, ,, (x) makes an orthonormal
basis in L2[0,1),i.e

1
/ G @y (@)l = 5,15,
0

in which ¢ denotes Kronecker delta function defined by

—
5o, = 1, n=n';
e 0, otherwise,

The function f(z) € L?[0, 1) is expressed in the Legendre wavelet

series as
oo oC
10 ZZZE: jg: Cnﬂnqbnﬂn(m)

n=1m=0

where ¢, = (f, Wn,m). The (2871, M)** partial sums of above
series are given by

2k-1 pr—1

)= Z Z CnymPn,m ()

n=1 m=0

SQkﬂ,]w (QZ

2.2 Two dimensional Legendre wavelet

One dimensional Legendre wavelets discussed in previous section
is now generalized into two dimensional Legendre wavelets as
following:

Two dimensional Legendre wavelets over the region [0, 1) x [0, 1)
can be defined as follows

¢n,m;n’,m’(x7y) = wn,m(x)d)n’,m’(y)
m—i—% m’—l—%
k+k'
X 272
_ ) XLyn(2Fz —n)
X Ly (2Fy — ), Bk <o < 221
73;1 S <:7;$1;
0, otherwise,
where k& = 1,2,..,F = 1,2,..m = 0,1,2..M — 1,
m =0,1,2..,.M —1,n =1,2..,251 n' = 1,2...,2¥1 By

above definition,the region [0, 1) x [0, 1) is divided to 2F~1 x 2¥'~1
subregions.The paremeter M and M’ denote the number of
Legendre polynomials for variables = and y respectively.So,
M x M’ wavelets are constructed on each subregions.

3. LEGENDRE WAVELET EXPANSION

Any function f in L2([0,1) x
Legendre wavelet series as

z,y) = Z Z Z Z C"’m?"'vm’wn,m;n’,m'(x’y) M

n=1n'=1m=0m'=0

Let Syk 1 pp0k/ 1y denote the (251 M;2F -1 M")t* partial
sums of the serlesm then

[0,1) can be expanded in double

2k=1 ok =1 pr 1 pp/—

= 3 ) 3) T

n=1 n'=1 m=0m’/=0

X dhuwunﬂwﬂ($7y))‘

Sor-1 arsor—1 a0 (2, Y)
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4. LEGENDRE WAVELET APPROXIMATION

The Legendre Wavelet Approximation E,i_1 ,;.or-1 5, (f) of a
function f € L2[0,1) x [0,1) is given by

E2""*1,1\4;2k'*1,]bf’(f)

17l = ( / 1 / 1 |f<x,y>|2dmdy) :

If Byt ppon-1 a0 (f) — 0 as kK, M,M' — oo then
Egi1 ppigw-1 pp(f) is called the best approximation of f of
order (281, M; 2% -1, M").Zygmund [9]

=min||f — Sg’cfl,M;zk’*l,M' H2

s

where

5. THEOREMS

In this paper we prove the following theorems.

5.1 Theorem

Let f(x,y) be continuous function on [0,1) x [0, 1) into R such
that 0 < ‘ L] = Ni < 0o V(z,y) € [0,1) x [0,1) and the

Oxdy
double Legendre Wavelet Series of f(z,y) be

y) = Z Z Z Z Cnymint.m! Ynmin! m! (T, )

n=1m=0n'=1m'=0

having (25~1, M; 28 ~1 M")*" partial sums

ok=1 ppo1 2K -1 g/

ZZ Z chmn m! Unmsnt m! (T, Y)

n=1 m=0 n'=1 m/=0

Sar-1 M2R -1 A (z,9)

then Legendre Wavelet approximation EY of

f(2,y) by Syt ppiow-1 5 satiesfies

k 1 M2k -1 M’(f)

1
1 1 2 1
(1) _ -
E2k 1 M2k - 1M’(f)_o|:2k+k’+1 ((ZM—l) +(2M/—1

for M > landM' > 1.

)]

5.2 Theorem

If f(z, y) is continuous function on [0, 1) x
0< = Ny < 0o V(z,y) €[0,1) x

[0,1) into R such that
[0,1).Then Legendre

8138y

Wavelet approximation E(;) | Ak M,( f)of f(z,

5 1
(2) - 1 1 2 1 2
Ezk*l,f\mk’*l,M'(f) =0 {23'@%’“ ((QM - 5) + (2M' -1 ’

for M > 3 and M’ > 1.

y) is given by

5.3 Theorem

Let f(xz,y) be continuous function on [0,1) x [0, 1) into R such

o7 = N3 < oo ¥(z,y) € [0,1) x [0,1).Then

f
that 0 < ‘amgayg,




Legendre Wavelet approximation E® (f) of f(x,y)

satiesfies

(3)

2k=1 pr;2k/=1 pp/

X

6. PROOFS
6.1 Proof of Theorem[5.1]

The Legendre Wavelet Series of f(z,y) € L2[0,1) x [0,1) is

k-1 M2k/ 1M

) = 0 [(swweer)

(@) (=) )]

for M > 3,M' > 3.

o0

0o oo 0
y) = Z Z Z Z cn,m;n’,m’¢n,m;n’,m’($ay)
m=0

Then,

(f ¥p.q)

({fs¥p.a)s Y

Thus,

Cp,a;p',q'

Cn,min/,m’

Now,

Cn,m;n/,m/

Cp,g;p'.q'

n=1

hgE

M i
M- 1M

n'=1m

=0n/=1m'=0

o0 o0
Z Z Cn,m;n/,m’ <wn,m;n’,m’7 ¢p,q>

n'/=1m/=0

Cp,gintsm/ (Pp,gsn’,m’s Yp,q)

'=0

chmn/m/ (Wit omts V) B

n'/=1m/=0

= prq;p’,q’«wp,q;p’,q’vwp,q>7¢p’7q’>

,by orthogonality of ¥, . n/ mr

<<f7 wp,q>7 wpﬁq’)
<<wp,q;p’,q’v wmq): wp’,q’>
<<f7 wp,q)v ¢p’,q’>

- <wp,qv¢p7q><wp’,q’va’,q’>

= ((/, wpyq%wp’,q’% (<7/’p,q7¢17»q> =

= <<f7 wn,m>7 wn’,'m’>
= <<f7 wn’,m’>7 wn,m>

<¢n,m7<f7wn’,m’>> (<x7y> :m)

//fxywnm< b ()il

n41
ok

Un,

/ /m +7 2k+k

ok

A1

m () (/ f(:v,y)%f,mf(y)dy) da

<7/}p’,q’7 wp’,q’> = 1)
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Atl
ok
x [ L (2Fz — 1)
I
al4+1
2k’ / N
< / @)L (2Vy — n’)dy) dz )
e
Let
A1
2k’ / ~
L= [ ) f(x,y) Lo (28 y — 7)) dy 3
=
Then
1 ~
d ,
I, = / f (:r, v;—yn) Lmr(v)2—: Jtaking 2Fy— i = v
-1
_ 1 1f x vt Lower = Loy dv
2k/ . ’ 2k/ 2k/

22K (2m/ + 1)

Yo + @
x / 1 (afj (a: "’Qk”> (L1 — Lm/l)dv) @)

Let
ﬁ«zl af
’ vt k .
= /L—l (8@ (x’gk’) Lm(2 I—n)dx) (5)
ok
Then
-1
b= @amtD
1 - ~
an u+n v+
. [1 Oudv ( ok 7 oK (Lmt1 — Lim—1)du (6)
, taking 28z — A = u
Write

P, (u) = Lypy1(u) — Ly—1(u) and Py (v) = Lyyy1(v) — Ly 1 (v).
Collecting equation (]) to (), we have

1
@ )(2m +1)% (2m' +1)2

// or m (1) Py (v)dudv ™)
Assume

I3 = / / Dudv L1 — Lm—l)(Lm’+1 - Lm’fl)dUd'U

Therefore
dudv)

v ()15
</1 /,1(]:’”+1 = Lin-1)* (L1 — Lm’l)zd’udv>

Cn,m;n! ,m/ 3k+3k’+2

8u8v



4 4
= 4N,? ( ) ( ) >1,m' >1
Y\em—1) g —1) M=M=
4N,?
= 64N, m>1m > 1 @®)
2m—-1)2m' - 1)
By equation (7) and (8),we get
32,2
|Cn m;n/,m/ | > 23k+3kr(2m — 1) (Qm, — 1)27 (9)
m>1,m > 1.
Now ,
oo oC (o] [o¢)
f($7y) - Sgk—l’M;Qk’—lJ\/j/ = Z Z Z Z Cn,min/ ,m/

Then

1f = Syt rraw 1 a3 =

n=1m=0n'=1m'=0
X wn m;n/,m/
2k 1 M— 12k -1 M-

5D 3) 55 B Sr

n=1 m=0 n'=1 m'=0
X wnm‘n’m’
ok—1
-
n=1 p=ok-141
M-1 0
(205)
m=0 m=M

ok/—1

< [ Do+

n'=1

o0

>

/:2k’—1+1

00
X E + E Cn,min/,m/

m'=0 m/'=M
wn,m;n’,'m’
2k=1 pp—12k'-1 p7oq
- Z Z Z Z Cn,m;n! ,m/
n=1 m=0 n'=1 m/=0
X wn,m;n’,m’
2k=1 12K -1 o
55535 S spAe
n=1 m=0 n'=1 m'=M’
X wn,m;n’,m’
2k=1 oo 2Rl g
D2 2 D Cnmnt
n=1m=M n'=1 m'=0
X wn m;n/,m’
2k 1 0 Qk -1 0
5 5D 55 SpAe
n=1 m=M n'=1 m=M'
X wn,m;n’,m’

2k-1 pp_q2k'-1

XSS fenma

n=1 m=0 n'=1 m'=M’
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L N L V(|

550 90 3) ML

n=1m=M n'=1 m/=0

ok-1 o k-1

D35 3D D) P

n=1m=M n'=1 m'=M'

¢ 00
32N?
<
<2 > 23h+3K (2m — 1)2(2m/ — 1)2
n=1 m=0 n'=1 m'=M'
k=1 o ok/-1 pp_
2 2 M'-1 32N12

23k+3K' (2m — 1)2(2m/ — 1)2

32N?
| 23643K (2m — 1)2(2m/ — 1)2

Since
M-1 1 1
2 Gm 1) O(” (2M—1))
- 1 1
EM @m_1z ¢ ((QM— 1))
and
M'-1 1 1
ZO @m 12~ ¢ <1 - 1)>

— 1 1
> (2m/ —1)2 =0 ((2M'—1)>

m/=M'

Considering the above expression,

. _ 32N2Cy
<
22k +2K+2 (2M DYANCIYES)
Jr

Hff SQk*lJ\4;2k’—ly]\4/H2 >
32N2Cy .
—_ 1)

2k 2K/ +2 2M—1 < 2M’
32N2C,

+
2k 2K +2 2M71 2M’71

_32NIC n
T 22k42K+2 _(2M— 1) (2M’ —1)
32N2C | 3
+
22k+2k'+2 | 2M - 1)(2M' - 1)
, C1 being a suitable positive constant.
32N2e, [ 1 1
< - +
T 2%k | (2M -1)  (2M' - 1)
N 32N2Cy | 3
22k+2k'+2 | 2M - 1)(2M' - 1)



IN

If = Sor-1 prow—1 arll2

y

|

|

32N2C, 2. 2
22k 42 | (2M —1) ' (2M' —1)
32N2Cy | 4
22k+2K42 | (2M —1)(2M' - 1)
64NZC, [ 1 1
+
22kF242 | 2M —1) T (2M' —1) |
64N2Cy | 2
22k+2K'+2 | (2M —1)(2M' — 1)
64nN2C, [ 1 1
_|_
22k 42 | (2M —1) | (2M' - 1) |
64N2Cy | 2
22k+2k’+2 i (2M _ 1)% (2M, _ 1)%
64N2C,
22k+2k’+2
1 + 1
2M -1z  (2M'—-1)2

2k+k’+1

8N1\/6f)

1 1
eM -1z (2M'-1)z
Hence
1 1 1
(1) _
EQk 1M2k7' 1]%’ O|:2k+k/+1 ((QMl)% +(2M/1)é>:|

Thus the Theorem [5.1]is completely established.

6.2  Proof of Theorem[5.2]

Under the condition of theorem [5.2], following the proof of the

theorem[5.1]

a4l
2k

/ﬁil flz,y) Ly (28z — R)dx =

ok

X

/.

X

(Lm+1 -

-1
(22k(2m+1))

of fu+n
ou \ 20 Y

Lm—l )du]
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B 1
B (22k(2m+1)>

du

x (0
1 a9 B
_/ géwdu>
_, 0u? 2k(2m —1)
v
92k (2m + 1)
x (0
1 92
,/ZJ;(:LH L)du>
_, Ou? 2F(2m +3)
o1 VO f (L~ Lina)
22k (2m + 1) | |, 0u 28(2m — 1)
1 ! & (Lm+2 - Lm)du
22k(2m+1) | | Ou? 2¢(2m +3)
23k(2m +1) | | Ou? 2k 7 (2m +3)
1 1& u-+n (Lm*mez)d
2k2m+1) ), 0u? \ 2¢ em-1)
1 YOrf (u+n Loz
s~ | a3 Y du
2%k(2m41) | | Ou? 2k (2m + 3)
1 ! 82f u + n Lm
s~ | a3 Y du
23k (2m +1) | | 0u \ 2F 2m + 3)
1 Yorf (u+n Lo
< - Y du
23k (2m +1) | | 0u \ 2F @2m—1)
1 Yorf (u+n L2
a1~ < a o 7y dU
2%k (2m —1) | , 0u? \ 2F 2m—1)
1 ! ﬁ u+h Lm+3 m+1 d
23k 2m+1) |, ouz \ 28 'Y )\ @m+5)@2m+3)
1 ! & u + n Lm+1 d
2k 2m+1) ), ouz \ 28 V) @m+1)( 2m+3
1 ! ﬁ u+ ﬁ Lm+1 m 1 d
23k 2m+1) ), ou2 \ 28 V) \@m+D@m-1)
1 Lo (utn L, p
23k 2m+1) ), ou2 \ 28 V) \@m— 3 @m - 1
B 1 a3 .
1 ﬂ u+n Lm+3 m+1 d
2kam+ 1) | o0 \ 28 V) \ @m+5)@2m+3)
1 PO (utn Luny1 — i
2k (am+ 1) | o0 \ 28 Y] \ @m+1)( 2m+3
1 1 ﬂ u+n Lm+1 d
ok (am+ 1) | ous \ 2F Y ) \ @m+1)( 2m—1
1 ! @ u+n L1 —
29k (2m + 1) v\ e Y )\ @m = 3 2m - 1

S

U

<

Q

IS
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1 L93f (u+n Using Schwarz inequality, equations (T3) and (T4) in equation (I2)
-~ [ 4t ) E, (w)du 10

24k(2m + 1) [1 Oud ( ok’ > (U) U (10) ‘ |2 - 96N22 )

where Cromantml = 27k+3K (2, — 5)6(2m/ — 1)2”

m>3,m > 1.

Em(u) _ Lm+1 - Lm+3 + 2 (Lm+1 - mel) Next,
(2m + 3)(2m + 5) (2m —1)(2m + 3)
Lo s— Lo s 2k-1 112K -1 o

* (2m —1)(2m —3) ”f*Szk*l,M;%’fl,M'Hg = Z Z Z Z | Cnmintme 2

n=1 m=0 n'=1 m/'=M'

. k-1 K'-1 ppr
Similarly, 2 0o 2Kl

2
L | Cn,m;n/,m’
A1 Z Z Z

2’“/ / 1
L8y —ddy = | =
ﬁ’—l f(x,y) m( ) n)dy (241‘7/(2771’-"-1)) 1o

2k’
y +ZZZZICWM
% v+ N n=1m=M n'=1 m'=M'
7 2k/
Em, )dv] (11) S T 962

Z Z > 2 27RE3K (2m, — 5)6(2m/ — 1)2

IN

Epw(v) = Lypyi1 — Loy 9 (L1 = L 1) =0 "/k 11’"/ M
(2m’ 4 3)(2m' 4+ 5) (2m’ —1)(2m' + 3) . Z 200: 22 ME: 962
n Lpy_3— Ly s 2T (2 — 5)6(2m) — 1)2
(2m/ — 1)(2m’ — 3) =1 m=M n/=1 m'=
@ @ ana [0 e s 96N3
Using equation (2) ,(4) and , we get 2
+ Z Z Z Z 27k+3k’ 2m — 5)6(2771' _ 1)2
( 1 n=1m=M n'=1 m'=M
Cn,min/;m! = Th+3k 42 1 1> 96NZCy 1 1
27 (2 +1)2(2m' +1)2 S SekraRte L (2M —5)° (2M' —1)
N ~!
X u+nav+/n 96N2202 1
u38v 2k 2K + s 14—
26k+2k"4-2 (2M' _ 1)

X

P /(v)du dv) (12)

< 2M —5)5
96 N5 Cy 1
Using orthogonal property of Legendre polynomials i.e. + 26k+2K+2 | (2 M —5)5 (2M' —1)

2 — — .
f L2 (u) du = 2m+1 andf Ly (u)Ly(u) du = 0form #n - 96NZC, [ 1 . 1 N 5
v L~ R o 20kH2R42 | QM —5)5  (2M'—1)  (2M —5)3(2M' — 1) |
[1E (w)du = /1 (2m + 3)2(2m + 5)2 u , Oy being a suitable positive constant.
1 96N3C, [ 1 1 3 ]
AL+ L3 ) < 22
/ (Qm_;)l Z(2m 4 3)2 du = 96kt2k'12 _(2M*5)5+(2M/71) +(2M75)5(2M’*1)_
) - _
1 L%73 + L,Qn,l < 96N2,C12 2 + 2 + 4
T @m-12em - = 20 | 2M - 57 | 2M'—1) | (2M - 5)5(2M — 1)
1 - J
1 ) 9 _ 192N2C, 1 n 1 " 2
T 2m+3)2(2m +5)2 (2m 3 om+ 7) 20k (2M —5)5  (2M'—1)  (2M —5)°(2M’' - 1)
4 2 2 192N2C, [ 1 1 2
+2 1)2(2 2(2 +2 1) < 6k2i’2 5 T 7 + 5 1
(2m —1)2(2m + 3) m+ 3 m— 2062KF2 | (2M — ) (2M'—1) ' (2M —5)3(2M' — 1)%
1 2 2 r
+ + 192N2C, 1 1 2
2m — 1)2(2 732(2 -5 2 71> = ; + + 5
( m24 )2(2m ) m m 96k+2k/+2 _(2M75)5 (M’ —1) (2M—5)%(2M’—1)%
< (13) oo T 2
(2m —5)  192N2C, 1 1
= SehraRi2 Y; 5 T o | > M >3, M >1.
Similarly, L(2M —-5)2 (2M'—-1)3
1
4 8v/3N2/Cy
/1 P2,(v) dv < @ -1 (14) 1f = Sopr aomrapllz = KW



(s * ).
X =+ : .
2M -5)2 (2M’'—-1)=

So,

(2) . 1 1 1
Foct aratct e = O [23“”“ <(2M B RNCT VR
Thus the Theorem [5.2]is completely established.

6.3  Proof of Theorem[5.3]
Now following the proofs of the theorem[5.1]and[5.2],

: _(1 L)
nm.n! m Thiskt2 (2m+ 1)% (2m +1)%

au?’ (91} (u) Py (v)dudv

1 1
Thbget? (2m +1)2 2m' + 1)5)

8u38v )(Lm’—l — Lm/+1)dudv

1 1
Thget? 2m+ 1)2 (zm/+1)é)

8u38vE m (U )Lmrl(v)dudv}

1 1
TRESEE2 (O 4+ 1)2 (2m/ + 1)%)

u381} ———FE(u) L1 (v)dudv}

1 1
TR (2m +1)% (2m! +1)3 )

N
(7=
N
(7=
{[./
(=
{/./
=
: <2
[/
(2
/
(2
/

1 1
] <2m+ DY m+ 1)5)

X

Ewen = Loy dud
8u38v (u) 2m’ + 3 uav

1 1
TEESNE2 (9 4+ 1)2 (2m/ + 1)2 )

X

Loy — Lo
/ 8u3611 () <zk’(sz - 1)) d“d”}

1 1
TR (2m 4+ 1)7 (2m/ + 1)%)

X

L'm’+2 - L"L’
———— | dud
/ u38v2 m(u) (2”(2m’ +3) > “ v}

)]
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_ ( 1 1 1 )
Thipk't2 (2m +1)% (2m' +1)2
Lota — Ly
8 / / 8u38v2 m(t) (2m/ +3) > dudv

_ ( 7k+5k+2 (2m+1 % (2 )

L ’
x / / 8u381}2 2m’ >dudv

B ( ThESk 42 (2m+1 )2 (2m’+ 1)2
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This completes the proof of the Theorem[5.3]

7. CONCLUSION
(1) The estimates of the Theorem[5.1],[5.2]and [5.3] are

1
1) —
Ezkfl,M;zk’*l,M,(f) =0 [<2k+k’+1)

1 1
>< ( 5 + 1)}7
M -1z  (2M'—-1)z
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( : : ﬂ
X 5 + 5
(2M —5)3  (2M' —5)%

M>3,M >3

Since

(1) (2)
E2k*1,M;2k’*1,M,(f) =0, EQkfl,Mﬁk’*l,M,(f) =0

and E®

2k-1 Npiok'=1 M,

(f) =0 as (k,k',M,M'") = oo

therefore these estimates are best approximation in
Wavelet analysis.

2. It is observed that estimates of f(x,y) having higher order
partial derivatives are more sharper than those function of less
partial derivatives.
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