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ABSTRACT 
Inverse acceleration problem is very difficult for a serial robot 

having less than 6 degree of freedom (DOFs), this difficulty is 

due to the complexity of the inverse Jacobian matrix. For the 

sake of this problem an approach to solve inverse acceleration 

of a robot was introduced in this paper, in which harmony 

search algorithm (HSA) was used to calculate the inverse 

problem without calculating inverse Jacobian matrix. It is 

proved that it is applicable by simulation inverse acceleration 

for a 3-DOF robot. ANSYS 15.0 was used as a simulation 

software package.   
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1. INTRODUCTION  
One of the most difficult problems encountered  in the  inverse 

acceleration Kinematics is the non-square Jacobian matrix 

which is impossible to be inverted to obtain angular 

acceleration in joint space. In trajectory planning process, the 

end-effector has to move over a certain path with a specific 

value of velocity and acceleration in each segment of the path, 

so there is a need to transform that acceleration of the tool tip 

to the joint space i.e. angular acceleration of the actuator. 

Many researches in field of the inverse Kinematics 

acceleration, velocity or position had used different methods. 

One of these methods is the optimization algorithms such as 

hybrid genetic algorithm [1] and particle swan object PSO [2]. 

In some applications serial manipulators has to start its motion 

with acceleration and decelerate until it reach to the stop point, 

this scenario may be encountered in liquid manipulation like  

arm prosthesis manipulates a cup of tea, also in applied 

mechanics, when robot manipulator transforming a large 

masses,  sudden moving or stopping of the arm causes an 

inertial load that may cause a mechanical failure in the joints 

or links of the robot arm. 

Analytic inverse acceleration is not available for any type of 

serial robots but forward acceleration problem is easy to solve, 

in this paper a method to solve the inverse problem for  any 

type of robots by optimizing its forward acceleration equation. 

The method proposed in this study uses harmony search 

algorithm for the optimization process because this algorithm 

continuously refine a given random solution until it reach to 

the desired one like a Jazz musician when playing random 

pitch and keep change until he get the best one.. Although the 

proposed algorithm gives a multi-solutions for a specific point 

in the task space, the method meet the need and still good 

enough because it provide inverse acceleration solutions for 

any type of serial robot manipulator this because (HSA) avoid 

calculation of the inverse Jacobian matrix and thus no matter 

how many (DOFs) the robot are.  

2. REVIEW  
Many researches had interested in field of the inverse 

Kinematics problem position, velocity and acceleration. 

Analytical and geometrical approaches was introduced to 

solve the forward and inverse Kinematics problem for a 6DOF 

robot manipulator (PUMA)[3], [4]. Iterative method based on 

Newton-Raphson method for nonlinear equations solution was 

proposed to solve the inverse problem and overcome the 

constraints developed by the closed form solution encountered 

in a class of robots, the method is suitable for any robot have 

revolute or prismatic joints with any DOFs [5]. Resolved 

motion rate method presented to control  a redundant robot by 

using {1}-inverse [6]. A driven  formula  from a closed form 

solution of a  redundant robot manipulators by using 

Lagrangian multiplier method, the proposed method got ride 

from the repeatability problem which appear in the resolved-

motion method [7]. A modular architecture was developed for 

inverse Kinematics problem for robot manipulator, this 

modular was based on a nonlinear equation solver, the solver 

was based on Banach Fixed-point theorem [8]. Discussion for 

the Kinematics problem of a hybrid robot manipulator which 

combines the serial chain with parallelism, also the singularity 

and the indeterminacy in the inverse problem was discussed 

[9]. An efficient approach  was presented to solve the inverse 

Jacobian of the wrist partitioned manipulators in case of the 

differential inverse Kinematics problem, the study used 

PUMA 560 as a case study and the inverse Jacobian matrix 

was formed on the basis of the generated simplified equations 

[10]. A proposed closed-loop algorithm to solve the inverse 

Kinematics without calculating Jacobian matrix, avoidance of 

the singularities that may cause numerical instabilities was 

discussed in [11]. Numerical solution for the inverse 

Kinematics problem for any type of serial robot manipulators 

was developed using a method based on nonlinear 

programming technique and forward recursion formulas, 

singular configurations does not affect the solution generated 

by this method [12]. An iterative algorithm  has been 

introduced on the basis of the global Newton’s method to find 

staircase-like inverse solutions for a simple robots [13]. Offset 

modification method presented to solve inverse Kinematics 

problem for serial robot manipulator with any DOFs, it was 

shown that this method is suitable for real time manipulator 

control [14]. Genetic algorithm widely used for determining 

inverse position, velocity and acceleration [15], [16], [17] and 

[1]. The combination of using genetic algorithm and neural 

network also used for inverse positioning of robots 

manipulators, GA and ANN complete each other to find the 

final inverse position [18] and [19]. Kinematic analysis for a 

5DOF robot using Multi-Layered Feed Forward Neural 

Network was studied [20]. A heuristic solution was presented 

for the inverse Kinematics problem, the heuristic consist on 

combination of the distance between the actual and the desired 

position of the gripper the best manipulability direction [21].  



International Journal of Computer Applications (0975 – 8887) 

Volume 144 – No.6, June 2016 

2 

An algorithm for the closed loop inverse Kinematics problem 

has been presented, the study proposed an iterative method to 

determine Euler solution then taking the results to achieve the 

numerical integration by using Crank-Nicolson method to get 

better convergence for the differential inverse problem [22]. 

This paper deals with the issue of calculating the inverse 

acceleration problem for serial robot manipulator of any 

degree of freedom using the evolutionary algorithm harmony 

search.  

3. HARMONY SEARCH ALGORITHM 

(HSA)  
Harmony search (HS) is a jazz-mimicking algorithm that can 

be considered a special case of the genetic algorithm in which 

a suggested random proposed solution improved continuously 

until reach to the proper or optimal one. This process is 

similar to the musicians action when they try different 

combinations of music pitches stored in the mind [23] .also 

HS can be referred as an evolutionary algorithm  that is its 

mechanism depends on evolution of an initial guess of 

solution to an optimal one. For many years (HS) was applied 

widely in different fields like image enhancement [24], 

optimization of the mobile robot [25], pipe network design 

[26] and many others. 

4. HSA FOR INVERSE 

ACCELERATION METHOD 
The purpose of this study is to optimize forward acceleration 

equation for a robot manipulators to return set of joint angular 

acceleration for the manipulator. The general forward 

acceleration equation for serial robot manipulators [1]: 

             ……..(1) 

Where    is a vector represents the acceleration components in 

the task space ,    and    is the Jacobian and time derivative of 

the Jacobian respectively, joints angular acceleration and 

velocity expressed as                      T and    
                  T respectively. It is known that: 

       and            otherwise : 

           ……..(2) 

        ……...(3) 

So,   and    are functions of the acceleration in the joint space 

, hence  acceleration vector in the task space is clearly as a 

function of robot specifications, which they are constants, and 

   which is the only variable and take the form of 

                         

In (HSA) an initial set of    changed continuously until they 

meet the desired acceleration of the end-effector. The basic 

HS can be described as follows 

1- Definition a matrix hold the minimum and maximum value 

for each joint acceleration in the robot 
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Where     is range of variables matrix, min is the minimum 

variable value, max is the maximum variable value and n is 

the DOFs of the manipulator. For each element minimum 

value chosen to be -1 and maximum value is 1. 

2-  initializing harmony matrix having (N,n) dimensions, this 

matrix is the memory of the algorithm 

   

 
 
 
 
   
    

     
 

   
    

     
 

          
   
    

     
  
 
 
 

 ……..(5) 

Where HM is harmony memory and N  is number of rows 

(solutions) in the memoty and taken to be 50 and n equal to 

the DOFs of the robot manipulator. Each variable in HM take 

a random value  between maximum and minimum limits for 

the corresponding variable in range of variables matrix 

3- calculate fitness value for each row(solution) in the 

harmony memory by using fitness function. 

4- new solution was generated based on harmony memory 

consideration rate HMCR and Pitching Adjust Rate PAR [5] 

    
               

                        
  ……(6) 

Where         is maximum pitching adjust rate and taken 

equal to 0.95,        is minimum pitching adjust rate and 

taken equal to 0.3,        is maximum iteration and equal to 

104,and             is the current number of iteration in the 

search loop. 

5- Updating harmony memory with the newly generated 

solution , it will replace the worse element in HM if it has less 

fitness value otherwise the solution will eliminated. 

6- repeat steps 4 to 5 until maximum iteration is reached. 

5. EXAMPLE 
A 3R planar robot manipulator was used as a case study to 

verify the ability of the proposed algorithm to handle an 

acceptable solution. Forward Kinematics equations for the 

robot was derived to positioning the end-effector in joint space 

where the robot controller operates. Figure (1) shows the 

frame assignment for RRR planar manipulator.  

 
 

Table (1) refer to the ng Denavit-Hartonberg parameters. 

 

 
Taken links length  a1 = a2 = a3 = 1m. 

By substitution these parameters in Denavit matrix, the 

transformation matrix for each link calculated, and serial 

multiplication of these matrices lead to the End-effector 

transformation matrix   
   which is should be  

….(7) 

Xo 

Yo 

Zo 

X1 

Y1 

Z1 

X2 

Y

2 

Z2 

X3 

Y3 

Z3 

a1 a2 a3 

Table (1) Denavit-Hartonberg parameters 

Figure  (1) RRR frame assignment 
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Where C, S refer to sin and cos and  subscript 1, 12, 123 refer 

to q1, q1+2and q1+2+3 respectively , q is the generalized 

coordinate joint variable. 

5.1 Equations Of Acceleration 
It is clear from the above mentioned  homogenous 

transformation matrix equation (7) that: 

………(8) 

…………….(9) 

Equations (8) and (9) which represent tool tip motion in x-y 

plane will used to drive the components of the forward 

acceleration equation  which is 

  
 

  
           ………..(10) 

Where    and    are acceleration components in x and y 

directions.    and    are column vectors represent angular 

acceleration and velocity respectively. The joints angular 

velocities and displacements can be evaluated from a given set 

of joint angular acceleration using this equations: 

          ……………(11) 

          ……………(12) 

          ……………(13) 

       
  

 
 ……………(14) 

       
  

 
 ……………(15) 

       
  

 
 ……………(16) 

 

Where t is the time interval,    is the Jacobian matrix and take 

the form  

   

  

   

  

   

  

   

  

   

  

   

  

   

  ……….(17) 

Where 

  

   
                    ………(18) 

  

   
               ……………….(19) 

  

   
         ………………………(20) 

  

   
                   …………(21) 

  

   
              ………………(22) 

  

   
        ……………………..(23) 

The differential of the Jacobian matrix is 

    
            

            
  …………….(24) 

Where 

                                    ………(25) 

                            ………………..(26) 

                  …………………..(27) 

                                    …………(28) 

                            …………….(29) 

                  ………………………..(30) 

Where    ,      is joint angular velocity, i= 1,2  and   i,j,k=1,2,3 

is summation of multiple angular velocities.  

6. FITNESS FUNCTION  
The fitness function that is desired to be  minimized by 

harmony search algorithm is illustrated as follows: 

Pseudo code : 

For ( first point in the trajectory to final point in the 

trajectory) 

If  abs(    )i-abs(     )i < 0          

                   
 
         

End 

End  

Where n number of points on the trajectory and  a_opt is a 

vector represents acceleration values  generated using 

equations from (10) to (30). while a_real is the given 

trajectory that should be transformed to the joint space and i is 

the current point in the trajectory having n points, while 

Fitness is the fitness function which has to be minimized and 

abs is the absolute value.  

Figure (2) shows how the initial set of angular acceleration 

values made settled from random generated values to 

optimum ones while HS algorithm keep iterated.  

 
Figure (2) Best generations over sequence of iterations 

7. RESULTS AND DISCUSSION  
In order to examine the efficiency of the harmony search 

algorithm for predicting the inverse acceleration Kinematics 

many tests with different trajectories as well as simulation in 

hard conditions including complex trajectories and variation in 

geometrical parameters were done using models built using 

MATLAB. Due to multi-degree of freedom for the robot arm 

the multi-solution phenomenon was encountered but the 

optimized joints acceleration  still producing a semi-matched 

trajectory with that given one, this should be enough for this 

paper because the original purpose is to estimate joints 

acceleration that produce the same or close acceleration 

trajectory to the desired one. Four trajectories was generated 

by a simulation MATLAB program  using forward equations 
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(10) to (30) with time 0 up to 5 seconds by suggestion 

                    ,                  ,    
               , this yielded the trajectories shown in figures 

(3), (4) and (5). 

 
Figure (3) end effector acceleration for case one  

 
Figure (4) end effector acceleration for case two 

 
Figure (5) end effector acceleration for case 

also changing the geometrical parameters which are links 

lengths to be a1=0.9 m, a2=0.7 m and a3=0.3 m and using 

                   to generate the fourth acceleration 

trajectory shown in figure (6). 

 
Figure (6) end effector acceleration for case four  

All the four acceleration trajectories will be used as an input to 

the HSA for the inversion process. 

Case one: The trajectory shown on figure (3) was used in the 

HS to calculate set of joints acceleration of the robot 

manipulator. it represents a_real parameter in the fitness 

function. Multiple solutions was estimated by harmony search 

algorithm one of them is            ,              and 

           . The corresponding trajectory for this specific 

solution is well matched that one in figure (3) as shown in 

figure (7). 

 
Figure (7) original and proposed trajectory for case one  

Case  two: The solution for the graph in figure (4) was found 

that it is            ,           and            . the 

trajectory for this solution is well matched with that  graph in 

figure (4) as illustrated in figure (8). 

 
Figure (8) original and proposed trajectory for case two 
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Case three: Figure (5) is more complicated trajectory has 

been inverted by HSA, the obtained solution for this graph 

is             ,          and         which gives the 

optimized trajectory. The two trajectories shown in figure 

(9) 

 
Figure (9) original and proposed trajectory for case 

Case four: acceleration trajectory in figure (6) was inverted 

and give the solution            ,            and 

            the corresponding trajectory for this solution 

and the original one which is illustrated in figure (6) shown in 

figure (10). 

 
Figure (10) original and proposed trajectory for case four 

Both desired trajectories and optimized ones by the (HS) for 

each case was tested in ANSYS 15.0 software package for 

further checking . figure (11) shows a 3D model for RRR 

robot manipulator in ANSYS environment. 

 

 
Figure (11) RRR robot manipulator model in ANSYS  

Rigid dynamics solver in ANSYS support forward Kinematics 

so by setting joints loads which are in our case the rotational  

acceleration, the whole robot with its three links start moving 

for a specific time see figure (12). 

 
Figure (12) Adding rotational acceleration to robot joints 

 The four cases mentioned previously was simulated , the 

result is matched what is obtained from MATLAB program. 

Figure (13) shows the desired trajectory which is obtained by 

setting joint loads to                      and the  

optimized one which is obtained by setting joint loads to is  

          ,              and            . The two 

trajectories were matched what is obtained in figure (7). 

 
Figure (13) End-effector acceleration for case one 

simulated in ANSYS 

The data generated for the above cases are program controlled 

with run time from 0 to 5 seconds separated to 103 points, all 

the points on each trajectory and the proposed one by the 

harmony search algorithm  were examined and showed a great 

deal of matching as shown in tables (2) and (3) which 

represent error percentage for some chosen points on the 

trajectories for the four cases. For this specific problem i.e. 

inverse acceleration HSA appear to be an efficient way to 

solve the problem in addition this method explicitly include 

solving the other part of the  problem of the inverse 

Kinematics for a given trajectory i.e. inverse position and 

velocity. 
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Table (2) Error percentage between points on the original trajectory and the proposed trajectory by the HSA for case one and 

two 

Time 

Sec 

Case one Case two 

Acceleration on 

the original 

trajectory 

m/sec2 

Acceleration on the 

proposed trajectory 

by the HSA 

m/sec2 

error % Acceleration on the 

original trajectory 

m/sec2 

Acceleration on the 

proposed trajectory 

by the HSA 

m/sec2 

error % 

0.12 0.1200 0.1197 0.2500 1.5000 1.4998 0.0133 

0.37 0.1202 0.1199 0.2510 1.5045 1.5043 0.0134 

0.87 0.1275 0.1271 0.2776 1.6341 1.6338 0.0157 

1.37 0.1604 0.1598 0.3530 2.1872 2.1868 0.0215 

1.87 0.2295 0.2286 0.4034 3.2482 3.2473 0.0255 

2.37 0.3277 0.3264 0.389 4.5967 4.5955 0.0271 

2.87 0.4390 0.4376 0.3121 5.8905 5.8889 0.0280 

3.37 0.5404 0.5395 0.1737 6.8267 6.8247 0.0294 

3.87 0.6018 0.6018 0.004 7.4558 7.4537 0.0293 

4.37 0.5930 0.5927 0.0545 8.3647 8.3631 0.0191 

4.87 0.5147 0.5046 1.9522 10.5189 10.5181 0.0067 

 
Table (3) Error percentage between points on the original trajectory and the proposed trajectory by the HSA for case three 

and four 

Time 

Sec 

Case three Case four 

Acceleration on 

the original 

trajectory 

m/sec2 

Acceleration on the 

proposed trajectory 

by the HSA 

m/sec2 

error % Acceleration on the 

original trajectory 

m/sec2 

Acceleration on the 

proposed trajectory 

by the HSA 

m/sec2 

error % 

0.12 0.7002 0.6999 0.0428 3.1003 3.0998 0.0161 

0.37 0.7180 0.7177 0.0410 3.1343 3.1339 0.0153 

0.87 1.1175 1.1173 0.0203 4.0026 4.0025 0.0025 

1.37 2.1112 2.1109 0.0117 6.6766 6.6769 0.0051 

1.87 2.9752 2.9746 0.0179 9.6675 9.6675 0.0005 

2.37 2.8626 2.8613 0.0473 10.1271 10.1394 0.1214 

2.87 4.5698 4.5689 0.0203 13.2524 13.3300 0.5852 

3.37 8.0936 8.0933 0.0033 33.1635 33.2014 0.1144 

3.87 6.7472 6.7446 0.0374 54.1397 54.0023 0.2538 

4.37 14.1555 14.1530 0.0172 48.2974 48.1799 0.2433 

4.87 17.8225 17.8179 0.0257 44.0850 44.6630 1.3111 
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