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ABSTRACT

The near common-neighborhood graph of a graph (G, denoted by
ncen(G), is the graph on the same vertices of G, two vertices being
adjacent in nen(G) if there is at least one vertex in G not adja-
cent to both of them. A graph is called near-common neighborhood
graph if it is the near-common neighborhood of some graph. In this
paper we introduce the near-common neighborhood of a graph, the
near common neighborhood graph, near-completeness number of a
graph, basic properties of these new graphs are obtained and inter-
esting results are established.
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1. INTRODUCTION

In this paper, we are concerned with simple graphs, that is graphs
without multiple, weighted or directed edges, and without self-
loops. The distance, d(u,v), between the vertices « and v in G is
the length of a shortest w — v path in G. The diameter, diam/(G) =
d, of G is the largest of the distances between two vertices in G.
Let further e(v) = maxd(v,u) : u € V(G) denote the eccentric-
ity of the vertex v. The radius r(G) and the diameter diam(G) are
the minimum and maximum eccentricity, respectively. The set of
all vertices v € V(@) with minimum eccentricity is known as the
center of G. The graph G is self-centered if all vertices have equal
eccentricity.

Let G be such a graph with vertex set V. = V(G) =
{v1,v2,...,v,}. Thus, the number of vertices G is n.

The adjacency matrix of the graph G is the symmetric square ma-
trix A = A(G) = ||a;;|| of order n whose (4, j)-entry is defined
as

1 if the vertices v; and v; are adjacent;

Qi = (D
0 otherwise .

A set D of vertices in a graph G is a dominating set if every vertex
in V' — D is adjacent to some vertex in D . The domination number
~(G) is the minimum cardinality of a dominating set of G . For
more details about parameters of domination number, the reader
refer to [[7]).
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DEFINITION 1. [3] Let G be a simple graph with vertex
set {v1,va,...,vn}. The common neighborhood graph (con-

graph) of G, denoted by con(G), is the graph with vertex set
{v1,v2,...,0,}, in which two vertices are adjacent if and only
if they have at least one common neighbor in the graph G.

In politics relation between the countries will be stronger if they
have the same another friend country or have the same enemy. Sim-
ilarly, in the food webs. Let the vertices of a graph be species in an
ecosystem. Include an edge from v to w if v preys on u or u preys
on v. Consider a corresponding graph. The species in the ecosys-
tem will be the vertices and any two vertices u and v are adjacent
if there is one vertex not preys for any of them. In communication
by considering the Vertices are transmitters and receivers and any
two vertices v and v are adjacent if the message sent at v can be
received at v or opposite, we can define a graph with transmitters
and receivers as vertices and any two vertices v and u are adjacent
if there is a receiver w such that message from u and v not received
at w, in this case v and v are not interfering in w. Similarly for
the influences opinion on the social network. These situations and
many others motivated us to introduce the near common neighbor-
hood graph.

In this paper, we introduce The near common neighborhood graph
of G and near-completeness number of a graph, basic properties of
near-common neighborhood graph ncn(G) and some interesting
results are obtained.

2. NEAR-COMMON NEIGHBORHOOD GRAPH
OF A GRAPH

Let G be a graph. The near common neighborhood graph (ncn-
graph) of G denoted by ncn(G) is a graph with the same vertices
as G in which two vertices u and v are adjacent if there is at least
one vertex w € V(@) not adjacent to both of u and v.

For i # j, the non-common neighborhood set of the the vertices v;
and v;, denoted by I (v;, v;), is the set of vertices, different from
v; and v;, that are not adjacent to both v; and v; .

We now introduce a symmetric square matrix ||a;;|| of order n,
whose (i, 7)-entry is defined as

1 if |T"{v;,v;}| > 1and ¢ # j;
a,. = @

0 otherwise .

Evidently, this matrix can be viewed as the adjacency matrix of the
near common neighborhood graph.



Denote by G the complement of the graph G. As usual, P, , C,,,
W, and K, , are the n-vertex path, cycle,wheel and complete
graph. In addition, K, ; is the complete bipartite graph on a + b
vertices. The following simple relations can easily be verified.

PROPOSITION 1. For any complete graph K,, and totally dis-
connected graph K,,, we have

() nen(K,) = K,.

(2) nen(K,) =K,,n > 3.

PROPOSITION 2. For any path P,,

K., ifn=23
nen(P,) =< 2K, ifn=4;
K,, ifn>T.

The near-common neighborhood of P5 and P in figures 1,2.

Fig. 1. Near-common neighbourhood graph of Ps

Fig. 2. Near-common neighbourhood graph of Pg
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PROPOSITION 3. For any complete bipartite graph K, ,

K,UK,, ifa,b>3;
Koy,  ifa,b<3;
K,UKy, ifac{1,2}andb > 3;
KyUK,, ifbe{1,2}anda>3.

nen(K, ) =

PROPOSITION 4. For any wheel W, with n > 8 vertices,
nen(W,,) =K, 1 UK, .

PROPOSITION 5. For any cycle C,, on n vertices

K, ifn=3, ord;
nen(C,) =1 Cs ifn =5;
K, ifn>T7.

The near-common neighborhood of Cs in figure 3.

Fig. 3. Non-common neighbourhood graph of Cg

The following results are immediate.

PROPOSITION 6. ncn(Ky U K;) = Ko U Ky, nen(2K,) =
2K, nen(Ky) = Ko.

PROPOSITION 7. Let G be a graph on n > 3 vertices and
A(G) < n —r — 1 for some positive integer r. If G has r iso-
lated vertices, then ncn(G) = K,,.

PROPOSITION 8. For any graph G on n vertices,
nen(GU Ko, & K,
where m > 2.

THEOREM 2. For any graph G = (V,E), ncn(G) =

con(Q).

PROOF. Let uv be any edge in ncn(G). Then there exists at
least one vertex w in V' such that w is not adjacent to both v and v
in G. Therefore w is adjacent to both w and v in G. Thus uv is an
edge in con(G).

Similarly, suppose xy be any edge in con(G), then there exist at
least one vertex z in G which adjacent to both  and  in G. There-
fore z is not adjacent to both x and y in G. Thus xy is an edge in
ncn(G). Hence nen(G) = con(G).

O



A graph which is isomorphic to its complement is said to be a self-
complementary graph. These graphs have a high degree of struc-
ture, from Theorem immediately the following result.

PROPOSITION 9. For any self complementary graph G,
ncn(G) = con(G).

PROPOSITION 10. For any graph G, nen(Q) is not tree.

A set D of vertices in a graph G is a dominating set if every ver-
tex in V' — D is adjacent to some vertex in . The domination
number y(G) is the minimum cardinality of a dominating set of G.
Let 75 (G) be the number of dominating set of size two. Then the
number of edges can be find out as in the following theorem.

THEOREM 3. Let G be a graph and let q,,.,, is the number of
edges of the graph nen(G). Then gpcn, = w — 12(G).

PROOF. In nen(G) any two vertices u and v are not adjacent
if and only if V — (Ng[u] U Ng[v]) = ¢. Then any two vertices
u and v are not adjacent in ncn(G) if {u, v} is dominating set in
G. Therefore all the vertices are adjacent in ncn(G) except the
pairs of vertices which form dominating set in G. Hence g¢,,c, =

2D n(G). O

PROPOSITION 11. For any graph G = (V, E) with n vertices
and domination number v(G) > 3, nen(G) = K,,.

THEOREM 4. Let G and G2 be any two graphs with ny and
no vertices respectively and without vertex of full degree. Then
nen(Gy UGy) = K

ni+nz:

PROOF. let u and v be any two vertices in G; U G5. Then there
are tow cases:
Case 1. If both of u and v belong either to G; or Ga, then if u
and v belong to GGy then every vertex in G5 not adjacent to both of
uw and v. Similarly,if v and v belong to G5. therefore v and v are
adjacent in ncn(G; U Ga).
Case 2. If u in G; and v in G4, since there is no vertex of full
degree in GG; and G, there is at least one vertex in G; and one
vertex in G5 not adjacent both of w and v.
Hence, any two vertices in ncn(G; U G3) are adjacent. [0

Also the Theorem@can be generalize as following.

PROPOSITION 12. There are many infinite graphs G with the
property nen(G) = G.

THEOREM 5. Let G1,Ga, ..., G, be any graphs with m > 3
and ny, ny, ...n,, vertices respectively and let G = U:’;l G;. Then

ncl’l(G) = K’n1+n2+“.+nm~

PROPOSITION 13. For any graph G = U::1 G; with n ver-
tices and r > 3, nen(G) = K.

For each vertex v € V(G), the domination value of v denoted by
DV (v) and defined as the number of minimum dominating sets
which contains v. Here we denote by DV, (v) to the number of
dominating sets of size two which contains v.

PROPOSITION 14. Let G = (V, E) be a graph on n vertices
with v(G) < 2 and nen(QG), is its near-common neighborhood
graph and let §(nen(G)) and A(nen(G)) be the minimum and
maximum degree of nen(G). Then

(i) 6(nen(G)) =n — 1 —max,ey(g) DVa(v).
(ii) A(nen(G)) =n — 1 — minyey gy DVa(v).
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PROOF. (i) Let u be any vertex in G. Since any two vertices
x,y not adjacent in ncn(G) if and only if {z,y} is dominat-
ing set in G, then degre(u) = n — 1 — DV5(u). Therefore
d(men(G)) =n — 1 — max,ecv(g)DVa(u).

(ii) Similarly, as in () A(nen(G)) = n — 1 —
minvev(G)D‘/Q(’U) O

PROPOSITION 15. Let G = (Vi, Vs, E) be bipartite graph
which is not complete bipartite graph with |V1| > 3 and |V5| > 3.
Then nen(G) is connected.

PROOF. Obviously from the definition of near-common neigh-
borhood graph of a graph G, if G = (V4, Va, E)) be bipartite graph
which is not complete bipartite graph with V| > 3 and |V3| > 3,
then nen(G) contains two cliques Q1, Q2 of orders |V;], | V2| and
at least one edge between the two cliques. Hence nen(G) is con-
nected. [

PROPOSITION 16. For any bipartite graph G with p < 3 ver-
tices, nen(G) is disconnected and has exactly two components.

Let G; = (V1, E1) and Gy = (Va, E») be two graphs with V1 N
Vo = ¢. The sum Gy + Gy is defined as G; U G with all edges
joining vertices of V; to vertices of V5.

PROPOSITION 17. Let G; = (V1, E1) and Gy = (Va, E3) be
two graphs. Then necn(Gq + G2) = nen(G1) Unen(Gs).

PROOF. Let uv be any edge in ncn(G; + G2). Then there exist
at least one vertex w in which not adjacent to both v and v and
it is obviously from the definition of of G; + Ga, the all the ver-
tices u, v and w together must belong to V; or V5. Therefore the
edge wv either in nen(G1) or nen(G,). Thus ww is an edge in
ncn(G1) Unen(Gs).

Similarly If uv be any edge in nen(G1) U nen(Gs), then uv
belong to nen(G) or nen(Gsy), if wo is an edge in nen(Gh),
then there exist at least one vertex w not adjacent to both u and
v and u,v and w are vertices in V;. Therefore uv is an edge in
ncn(Gh + Ga), similarly if wv belong to nen(Gz), we get uv is
an edge in nen(Gy + G2).

Hence nen(G; + G2) = nen(G;) Unen(Gs). O

PROPOSITION 18. Let G be a strongly regular graph with pa-
rameters (n, k, \, ). Then

, ifn=2k—Aand p=X\+2;
, fn>2k—Xandp= A+ 2;
G, ifn=2k—p+2andp<A+2;
G, ifn=2k—Xdandp>X\+2.

PROOF. In view of the definition of near-common neighborhood
graph of a graph and the fact that for any strongly regular graph, we
have

|F/( )| = n—2k+ A\, if u is adjacent with v;

LU= n—2k+ w — 2, if w and v are not adjacent.

the proof is straightforward. [

PROPOSITION 19. Let G be the complement of strongly regu-
lar graph which is triangle free. Then ncn(G) = G.

THEOREM 6. Let G be a graph with n vertices. Then
nen(G) = K, if and only if G is one of the following graphs:
(i) G=K,.
(i) G = K.



(iii) G = K, —{e1,...,e;}, where 1 < i < | 3] and {e1,...,e;}
is matching in K.

PROOE. If G is one of the following graphs K, or K, or K,
where s,¢ < 2, then it is easy to check that nen(G) = K,,.
Similarly if G = K,, — {e1,...,e;}, where 1 < ¢ < [%] and
{e1, ..., e;} is matching in K, then for any two vertices u and v
in G there is no vertex in G not adjacent to both u and v since any
vertex must be adjacent either to u or v.

Conversely, Suppose that GG is a graph with n vertices such that
nen(G) = K, then we have two cases:
Case 1. If G is disconnected graph, and GG should has at most two
components because if it has more than two components nen(G)
will be complete graph by Proposition[I3] Suppose that G has two
component G; and G, and if Gy or G5 has more than one vertex
then there is at least one edge in G = G; UGs. Therefore G =2 K.
Case 2. If G is connected graph. In this case the diameter of the
graph should be less than or equal two, because if the diameter of
G is three and u and v any two vertices such that d(u,v) = 3
and uw;wav is the shortest path between them then v and w, are
adjacent in nen(QG). Similarly if diam(G) > 3 we will get at least
two vertices are adjacent in nen(G). Therefore we have only two
subcases:
Subcase 1. If diam(G) = 1, that means G is complete graph K,,.
Subcase 2. diam(G) = 2. In this subcase G' must satisfied that
for any two vertices in G there is no vertex not adjacent to both
of them. That means for any two vertices v and v in G there is
no vertex in G has distance two from v and distance two from v
in another meaning any vertex w different from v and v must be
adjacent to either u or v vertices. Therefor G is can be construct
by deleted any matching from G and since the matching number of
K, is |%]. Hence, G = K,, — {e1,...,e;}, where 1 < i < | %]
and {ey, ..., e;} is matching in K,,. O

PROPOSITION 20. For any multipartite graph K, ... . n.
with ny > 3,na > 3,.n, > 3, nen(Ky,, ny,.n.) =
Uizt Kn.-

DEFINITION 7. For any positive integer k the k-iterated non-
Common neighborhood graph nen®(G) is a graph with the same
vertex set of G and any two distinct vertices in ncn® (G) are adja-

cent if there exist a vertex w in nen*~1(G) not adjacent to both u
and v, where nen®(G) = G

In almost graphs G with n vertices by taking k-iterated non-
Common neighborhood graph for some positive integer k£ we will
get the graph K,,. This we give a new parameter for the graph as
the following definition.

DEFINITION 8. Let G = (V,E), be a graph with p > 1
vertices. The near-Common neighborhood completeness number
denoted by cnen(G) and defined as cnen(G) = min{k €
Nincn*(G) 2 K, }.

DEFINITION 9. A graph G is called ncn-graph, if there exist
at least one graph H such that nen(H) = G.

PROPOSITION 21.

(i) Any complete graph is ncn-graph.

(ii) Any totally disconnected graph is ncn-graph.

(iii) Let G be any connected graph which contains t cliques
Q1,Qo,...,Q¢ with sizesny > 3,n2 > 3,...,ny > 3 respec-
tively. Then G is ncn-graph.

(iv) Any tree is not ncn-graph.
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3. CONCLUSION

In this paper, we have started to study the near common neighbor-
hood graph of a graph and we defined the near neighborhood graph,
near-completeness number of a graph, some basic properties, rela-
tions and results are obtained and still there are many problems can
to study in this topic, we will state some open problems for future
work.

(1) what is the sufficient and necessary conditions for a graph to
be near common neighborhood graph.

(2) what is the sufficient and necessary conditions for a graph G
such that nen(G) = G.

(3) which graphs have near-completeness number.

(4) what is the sufficient and necessary conditions for a graph to
satisfy nen(G) = con(G).
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