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ABSTRACT
Here a special (0, 2; 0, 3) lacunary interpolation scheme is
considered where the data are prescribed unevenly at even and
odd nodes of an arbitrarily defined partition of the unit
interval 1 =[0,1].

The problem described as, we have the function values and
second derivatives at odd nodes, whereas function values and
the thirdderivatives ateven nodes are known, weproved that
there existsa unique quantic spline of continuity class C? by
solving the above mentioned interpolation scheme.

Furthermore, it is also proved that this spline function
converges to the given function with the desired order of
accuracy.
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1. INTRODUCTION

In this paper we have discussed (0,2;0,3) lacunary
interpolation problem where the function value is prescribed
at every node of the partitionof the unit interval whereas third
and second derivatives are prescribed alternately at even and
odd nodes.

For more related workone is referred to [1] — [6].Let us
denotes by S35, the class of quintic splines s(x) on the unit
interval [0, 1] such that

(i) s(x) eC3[0,1]

(ii) s(x) emn5 oneach[v/n, (v+1)/n],0<v<n-1.
We shall prove the following theorems.

Theorem 1

Foreveryodd integer n and for every glven set of 2n+4 real

"

numbersfy, i, ...f0; fo of5 o ooofoq o £, B £y
f, there exists a unique spline s(x) G Sn,5(3) such that

(1.1) s(vin) =f,; v=0,1,...,n,

(1.2) s” (vin)=f,,; v=01,..,0n-1)/2,

(1.3) s"(@v+1)n)=fy,q; v=01,...,(n-1)/2.

L) s©O=f,, S @=f,
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2. THEOREM2

Let f € C4 [0,1] and n be an odd integer. Then for the unique
quintic spline Sn(x) satisfying conditions of Theoremlwith

f = f(v/n) v=01,.

"

fr = @) v=0.1,... (nfl)/z,
fover = £ (VT p) V=01, (n-1)2,
fo=f(©0) and £, =f(1);

We have

(2.2)

1S, (x) -

Here Kv are different constants depending on v and
4(.)denotes the modulus of continuity of f(4).

3. PRELIMINARIES
It can be verified that if P(x) is a quantic on [0,1] then

(3.1) P(x) =P (0) AO(x) +. P(1) Al(x) + P" (0) A2 (x) +
P” (1) A3 (x) + P(4) (0) A4(x) + P(4)(1)A5(x).
Where
Ag(X) =X,
As(x) = 1/6 (x° - 3x% + 2x),
Ay(X) = 1/2 (x* - X),
Ag(x) = —1/120 (x° — 5x* + 20x? —16x),
Ay(X) = 1/120 (x° —10x* + 9x),
As(x) = 1/120 (2x°+ X* + 2x).
A quintic Q(x) on [1,2] can be expressed as
(32) QX)=Q(2A02-x)+Q(1)AL(2-x)+
+Q'(2) A2(2—x) + Q" (1) A3(2 —x) +

+Q" (2) Ad(2-X) + Q (1) A5(2- X).
For later reference we note that
(3.3

FOMIL<Kno,@m)+2n™ | £9,.



Where

A (0) =1, A;(0) =0, AJ(0) =0,
Ao =1, A;(D =0, Ay =0,
A (0) =1/3, A'(0) = -1, A(0) =1,
Al(D =-1/6, A'Q) =0, A'Q =1,
A, (0) =1/2, AZ(0) = -1, A (0) =0,
A1) =—1/2, AZ(0) =1, Ar(1) = 0,
AL(0)=2/15, Al()=-1/3, Ar(0)=0,
ALl =-3/40,  Al() =0, Ar() =1/2,
A,(0) =3/40, Al(0)=-1/6, Al(0) =0,
A1) =-1/20, A/(L)=0 A'@=-1/2,

(34) P(x) = P(0) BOKX) + P(1) B1(x) + P (0) B2(x) + P" (1)

A quintic P(x) in [0,1] can be expressed in the following form.

B3x)+ P (0) B + P (1) B5(),

Bo(X) = 1/3(— 8x° + 15x* — 10x? + 3),

B1(x) = 1/3( 8x° — 15x* + 10x?),
B,(x) = —x*+2x* —2x2 + x ,
B3(x) = 1/3(— 5x° + 9x* — 4x?),

B4(x) = 1/18 (x° - 3x* + 3x® - x9),
Bs(x) = 1/6(2x° — 3x* +x?),
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(
X)—

Q') By2x-Q

X).

AV (0)=0,
AP @ =0,
A (0)=0,
AP D=0,
A, (0)=0,
AP @=0,

A, (0)=1/5,

AP @D)=-4/5,
A, (0)=0,
AP @=0,

Also a quintic Q (x) in [1,2] can be written as
3.5) Q(X) = Q(2) By (2- X) + Q(1) By(2 — x) - Q" (2) By(2-

For later reference we have

B,(0) =0, BZ(0)=-20/3, B(0)=120,
Bo(1) =0, Bg(@) =0, By (1) = —40,
B/(0) =0, B/(0)=20/3, B/(0)=-120,
B/1) =0, B/ =0, B/(1) = 40,
B;(0)=1 B;(0)=0, B;(0) =0,
B,(1)=0, B/Q)=0 BY(1) = —12,
(3.6)y.B;(0)=0, BZ(0)=-8/3 BX0)=0,
B:1) =1, B!@)=0, BZ(1) = —28,
B,(0)=0, B/(0)=-1/9, BJ(0)=1,
B.(1) =0, B!Q) =0, B/(1) =1/3,
B.(0)=0 BZ(0)=1/3 BZ(0) =0
B:1)=0 B/Q@) =1 B/(1) =8

B, (0) =120,
B, (1) = —200,
B, (0) = —120,
B, @) = 200,
B, (0) = 48,
B, (1) =72,
B, (0) = 72,
B, (1) = -128,
B, (0) = —4,
B, (1) =8/3,

B,V (1) =-12
B, (1) =28

Using equation (3.4) and (3.6) we have

(3.7) P (0) =—20/3 P(0) + 20/3 P(1) — 4P (0)—8/3P (1) —
_1/9P " (0)+1/3P (1),

(3.8) P (1) =—40P(0) + 40 P(1)— 12P (0)—28P (1) +
+13P (0)+8P (1),

(3.9) PY(0) = 120 P(0)— 120P(1) + 48P (0) +72P (1)—

_4p" (0)-12P (D),

A, (0)=0,
A, @ =0,
A® (0)=0,
A @®=0,
A, (0)=0,
AP @)=0,
A,® (0)=—1,
AP @Q)=-1,
A, (0)=1,
AP @=1.

(2)By2-x)+Q" (1) Bs(2 -

(3.10) PY(1) =— 200 P(0) +200 P(1) — 72P(0) — 128P (1) +

Similarly from equation (3.5) and (3.6) we get

+8/3P (0) +28P (1)

(3.11) Q (2) =-20/3Q(2) +20/3Q(1) +4Q (2)+8/3Q (1)

+

+19Q (2)+13Q (1),



(312) Q (1)= 40Q(2)—40 Q(1)-12Q (2)-28Q (1) +
+130Q (2)-8Q (1),

(3.13) Q¥ (2) =120 Q(2) - 120 Q(1) - 48 Q (2)—72Q (1)
+

+4Q (2)-12Q (1),
(3.14) Q¥ (1) =—200Q(2) + 200 Q(1) + 72 Q (2) +

+1280Q (1)-8/3Q (2)+28Q (),

Proof of Theorem1:
For a given s (x) €S, set h=1/n and

M,=s¥ (vh+), v=0,1,..,n-1,
N,=s?®(vh-), v=0,1,..n

Since S¥(x) is linear in each interval [vh, (v+1)h], it is
completely determined by the 2n constants {M,}* 'and
{N,}T. Also if s(x) satisfies the requirements of Theorem 1, it
follows from equation (1.1) — (1.3) and (3.1) — (3.2) that for

2vh < x < (2v +1) h,v =0, 1,..., (n— 1)/2, it must have the
form

wj N

L5)s(x)=  fa Ao( n

(x—th)j
h

e A KT 20
h h
+ h4 MZv A3 (X _ 2Vh) + h4 v+l M4 (X _hZVh)

For(2v+l)h<x<(2v+2)h, v=0,1,...,(n-3)/2

(2v+2)h—x
(1.6) s(x) = foy + 1 A — |+ T Ao

h
(x—(2v+1)hj g Al((2v+2)h—xj+
h h
+ W1 Az(—(zv_'_ E)h — X)+

+ h4 N2V+2 A3(wj+ h4

h
Mo (%j

Since we have s 0) = fé ; therefore equation (1.1) implies
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1.7) 16Mo + 9N, = 120 h* [fo — f, + hf(: + h?

2§ -ny 1

Similarly using condition s 1) =f(; we have from equation
(1.6)

(1.8) 3Myq +2N, =40h 4 [—fq +f o—hfy
+h22f, —h¥3f, "]

Also using s ((2v+1)/h-) = s ((2v +1)/h +)

and s (v+1)yh-)=s ((2v+1)h+), we get

(1.9) 3(Mpy + Noyez) + 2 (Mayaq + Noyur) = — 40 [fo-2fpq +
fovez + 0 fpy 11— D6 (foy — fry42)]

and

(1.10) (May + Navig) + (Mayaq + Noyag) = — 20"

"

(Fov = fav+2)
Similarly froms ((2v+2)/h-) =s ((2v +2)/h +)

and s (v+2)h)=s ((2v +2)/h +), we get

(lll) 164(M2v+1 + N2v+2) + 9(M2v+21 + NZ,\,/+3) . =
-120h~ [f2v +2 _2f2v+2 + f2v+3 -h*/2 (va+1+f2v+3)]

and

(1-212), ., 2(2",%2 ~ Naysz) “(Maysq + Novig) =6 h*
[h (va+37 f2v+1)7 2h f2v+2]

The constants {M,}2~tand{N, }?will be determined uniquely

from equations (1.7) to (1.12) if the corresponding
homogeneous system of equations given by

(1.13) 16 My + 9N, = 0,

(1.14) 3M, 4+ 2N, =0,

(1.15) 3(May + Naysz ) + 2(Maysg + Noyur) =0,
(1.16) (M2y + Noysz ) + 2(May 41 + Nayut) = 0,
(1.17) 16(Mays2 + Navsz ) + 9(Maysg + Nayes) =0,
(1.18) 2(Mays2 — Nayaa ) ~(Mays1 — Noyis) = 0,

has only the zero solution.Now from equation (1.15) and
(1.16) we have

(1.19) May + Noysp =0

(1.20) Moys1 + Noyig = 0.

Putting Myy+1 = — Npyr and Npyip = — M,, from equation
(1.19) in equation (1.17) we have

(1.21) 16( May+2 — Nay) + 9(Nays3 — Naysg) = 0

Taking sum for v =0,1,...,(n-3)/2 , we get

16(M.1 — Mg) + 9(N, — Ny) =0,
or

16(Mg—M;1) +9(N;—N,) =0,
Using equation (1.13) we obtain
(1.22) 16 M,,1 + 9N, =0,
This gives, on using equation (1.13)M,.; =0, N, =0,



Then putting v =(n-3) /2and M ,; =0 N, = 0 in equations
(1.17) and (1.18) we have

(1.23) 16 Npy + 9M, 5, =0
and
(1.24) 2Np1+ My, =0

From these two equations we get
Mn—z = O! Nn—l =0

Following similar arguments for different values of v, we
have

M,3=0, Np>=0;
Mn4 =0, Nn,g =0;

M,=0, N;3=0;
M; =0, N,=0;
Mo=0, N;=0;

Therefore

Mo=M;=...=M,1=0

and

N;=N,=...=N,=0.

This completes the proof of Theorem1.

For the proof of Theorem 2 we need to prove the following
two lemmas.

Lemma 1

Let f eC* [0,1], n any odd integer and h = 1/n. Then for the
unique spline s,(x) Theorem (1),

we have
(L1) Ao | = sy (vh)—F (2uh) |
<41 h%/18 wy(h), v=0,1,..., (N -1)/2
and
(L.2) At =150 (urD)h) —F (u+1)h)|

chhz ay(h),

whereC, are the different constants depending on v.

v=0,1,..., (n-1)/2

Proof

From equation (P.8) we have for 2vh < x < (2v +1) h

(L.3) h" ((2v+1)h) = — 40 foy + 40 fpyey— 12 h
s (2vh)—

—28hs ((2v+1)h)+h¥/3fy " + 8 fouuy

Similarly for (2v +1) h <x < (2v +2)h, we have

(L.4) B~ ((2v+1)h) = 40 fayup + 40 foyey — 12
hs (2v+2) h)

_28h's ((2v+1)h) + h¥3fpey —8N2 fpyuy
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Subtracting (1.8) from (L.3) we get
12 (AZV - A2v+2) =-40 (f2v + f2v+2) +80
faver +16 hFopn

+h33 (fy — oz )+ 120 (Faer — Ty ).

Using Taylor expansion for the function f and its derivatives
on R.H. S., we get

12(Agy — Agysz) = h3[-80/3 £4) (y) +10 /3f9(ar) +24/3F9 (B)
— 2139 (8) + 45/3 ) ()]
2vh <a, B< (2v +1) h; (2v +1) h <y, 8, n< (2v +2)h.

Fixing k,0 < k < (n— 2)/2, and summing both sides of the
above equation for

v=k k+I1,....... , (n-2) /2, we have

(n-2)/2
— 3 - (4)
12Ay = h¥3 Er:k [-80F7 (v)
+10 9 (o) +24 F9 (B) — 2 @) () +48 f9 () ],

Here we use the fact that A, =0

Therefore
[Ag < 41/18 6 h2c, (h), |6 <1,k=0,1..., (n-1)/2

This proves equation (L.1).

Again from equation (P.7) for 2vh < x < (2v + 1) h we have

(L.5) h3S" (2vh) = —20/3 oy + 20/3 faes— 4 h s
" (2vh)-

—8h/3s ((2v+1)h)—h¥9f, " +h23fp .

Similarly for (2v +1) h < x < (2v +2)h, we obtain

(L.6) h2S ((2v+2)h) = — 20/3 fayep + 20/3 foysr + 4h S
(2v+2) h) +

+8h/3s ((2v+1)h) +h¥9 foes " + 029 fpy sy

Writing equation (L.5) for v + 1 and subtracting from equation
(L.6) .We have

8N Agyas + 8N/3 Agyey + 8N/3 Agyaz = — 20/3 Foysg + 20/3 Foyag —
20219 Foyan - — 23 Foyey +

+ 1?3 oz —8hfouy —8W3Touy —8N3Tous — 8hipu

—8h/3 faysy —BN3Fpus ,

or

(L7 8/3 (Agys1 + Agysa)= — 8Agysz — 2013 Toyug +
20/3 foyrz — 2029 S foup —

— D3 fae1 +WI3 T — 8N fou, —B8N/3fouy — BN/3 o
Forv =(n-3)/2, A, =0. This gives

8/3 Anz = — 8An.1— 20/3N [frp —fu] — 2029 fry  —h/3 [
"1-8/3[3fy +fuo +Fy 1,



Using Taylor expansion for the function f and its derivatives
on R.H.S. of this equation

We have

8/3 Anz = — 8An1+ h® [ 40/9 f¥(0)) + 2/9 F¥(01,) — 2/3
fD(05) + 413 £9(auy) + 32/9 F9(as)],

Therefore

8/3 | Ana| < 8| An | + 46/9 0:h2mu(h), |
< 1.
Using | Anal < 41718 6gh%w,(h),
we obtain

| Anal < 35/4 Oh?wy(h), |0
[<1.

Following the similar arguments for other values of v, we
have equation(L.2) of Lemmal.
Lemma 2

Let f eC*[0,1], n any odd integer and h = 1/n. Then for s,(X)

=S, (f,x)

ofTheorem1, we have

(L8) |7 (v +D)h) — s | < Kyyog (),
(L9) hl My, — N2v+l| SK2,v0)4 (h):

and

(L.10) h| Mays1 — Novsa | < Ky (h);

where K, K,y and K3, are different constants depending on
V.

Proof
From equation (P.8) we have

h°S ™ ((2v+1)h) = — 40 f,y + 40 fpei— 12h's (2vh) —

—28hs ((2v+1)h) +h3fy  +8h2fy.; .

This gives on using Taylor’s expansion

WS™ ((v+1)h) — faws [ <120 Agy |+ 280 | Agyuyl
+17h*3 wu(h).

Using Lemmal we have

s (@v+Dh) ~fo < Keyou (h),

This proves equation (L.8).

From equation (P.9) and (P.10) we have,

h*( May — Noys1) = 320 foy — 320 foyey + 1200 Agy + 2000 Agysy
—20h%3fp -

—40h?fp,; +120hs (2vh) +200hs  ((2v +1)h).

This can be rewritten as

h*( My — Nays1) = 1200 Ay, + 2000 Agy.q + 640(Fay — fouer) +
240N f,, +

+ 400N foyes —40N¥3 s — 80N foues —h*(May — Nava),
or

h*( May — Nay+1) = 60h Ay + 100h Agyeq + 320(Fpy — foue1) +
120h f,, +
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+200h foy —200%3f,, —40h2 foy .
Therefore using Taylor expansion we have
| h*(May — Nayaz) | < 600 | Agy | +100h | Agysq| +100h/3 ag(h).

plugging in the values of A,, and A,,.; from Lemma 1, we
have

| h*( May — Naya1) | <Kayoy ().

proof for equation (L.10) can be carried out on similar lines as
for (L.8) and (L.9) so we omit the details.

4. PROOF OF THEOREM 2
For 2vh<x<(2v+1) h, v=0, 1,...,(n—1)/2 , we have from
equation (1.5)

s (X)=s  (2vh) A

((2v+1h —x) 45 (v +Dh) A (x—2vh) +
h 0 h
+ h%®(2vh)
(x —2vh)
A A
Now from equation (1.5) and (P.3) we have

S(S)(ZVh +) =- h71 (MZV - N2v+l)-

Since
Ag
((2v+1h —x) L p (x—2vh) _1
h 0 h
We have

(22) s ()-f (x)=

("@uhy) - (x) A, (@v+Dh-x)

h
+
(X —2vh)
(8" (@v+Dh) - (x) A, -
- h(MZV_ N2v+1)A1
(x —2vh)
—

= |1 + |2 + |3, say.
Here | Ag| <1, |A]l<L
L =](s" @uh+)—f" (x|

= (5" (vh+)—f" (2vh) + (x —
2vh)f(a) |, 2vh <a< x

= |(s" (2vh +) —f " (2vh) | + hQ), where
Q= f¥)..

or

2.3) |14 < hQ.

I]=](s" @uh+1)h-)—f (x)]



=|s" @vh+1)—f" (2vh+1) + (x—

@ +Dh)O(p) |

Using Lemma 2, we have

(2.4) [ 1] < Kyyoq (h) + hQ
and

[13]==h My — Noys1)
(25) | 13| <Kpyeq (h).
Thus from equations (2.2) — (2.5) we have the theorem for
2vh<x<(2v+1)h and r=3.
Further let (2v+1)h<x<(2v+2)h, v=0,1,...,(n -3)/2.

Form equation (1.6) we have
s () =s ((2v+ 1)h) A

—((2V+ 2)h—x) +s"'((2v +2)h) A,

h h

(2v+2)h —x)
—h .
Using equation (1.5) and (1.3) we get

+hs9((2v+2)h) A

s ()=s ((2v+ 1)h) A
(@A =X o (2w + 2)h) A,
(2v+2)h —x)
e

Following similar arguments we can prove the result for

(2v +1)h< x < (2vh +2)h and r=3.

(X —=(2v+21)h) N
h

+ 1 (May+1 — Nayso) Al

Next for r=0, 1, 2, usinginterpolatory condition we can
write

N N (2v+1)h
s () -f (X)IZIJ.X s O-f ©df

(2v+l)h
< j 5" @O —F" @) [dt
X

< Kl,v h Wy (h)

Also we can write
Is' () —f ()| =] I: (s"(t)—f (1) dt], vh<r< (v + Dh,

Therefore,

s () —F () [<h|s @) —f (1)

IJCA™ : www.ijcaonline.org

(x=(2v+1)h) N
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< Ky WPy (h).

Similarly,
500-f1=1] 6 O-F O

< Kl,v h30)4 (h)

This proves Theorem 2 completely.
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