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ABSTRACT

The motivation behind this paper is to focus on the solution of
Fully Rough Three Level Large Scale Integer Linear
Programming (FRTLLSILP) problem, in which all decision
parameters and decision variables in the objective functions
and the constraints are rough intervals, and have block angular
structure of the constraints. The optimal values of decision
rough variables are rough integer intervals. The proposed
model is based on interval method and slice-sum method in an
interactive model to find a compromised solution for the
problem under consideration. Furthermore, the concepts of
satisfactoriness are advanced as the upper level decision-
makers' preferences until the preferred solution is obtained.
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1. INTRODUCTION

Rough Set Theory (RST) was initiated by Pawlak [1] in 1982
as a method for ambiguity management. RST approach has
fundamental importance in the fields of pattern recognition,
data mining, artificial intelligence, image processing, machine
learning and medical applications [2].

Multiple Level Programming (MLP) problems are usually
faced with the much hierarchical structure of large
organizations with numerous Decision Makers (DMs) over a
solitary feasible region such as government offices,
manufacturing plants, logistic companies, and other numerous
fields. Solution procedures of MLP assign each decision
maker a unique objective, a set of decision variables and a set
of general constraints that affect all decision makers. Each
DM independently investigates itself interest but is affected
by the actions of other DMs [3, 4, 5].

The vast majority of the optimization problems emerged in
real-world applications incorporates vast numbers of variables
and constraints, which are called Large-Scale Programming
Problems (LSPP) [6]. One prominent structure of the LSPP is
the block angular structure. In this structure, an LSPP is
separated into smaller sub-problems which appear together,
sharing common resources in the upper-most interconnected
constraints [7, 8].

Integer Programming (IP) problems are optimization
problems that minimize or maximize the objective function
taking into consideration the limits of constraints and integer
variables. More widely application of integer programming
can be used to appropriately describe the decision problems
on the management and effective use of resources in

Helwan University,

Egypt

Faculty of Computers
and Information Systems,
Kafrelsheikh University, Egypt

engineering technology, business management and other
numerous fields [9].

Due to the confusion of the decision, the interactive approach,
in which the decision information can be determined to
guarantee a sane decision from the decision makers, will be
used. The clue of this approach provides a learning process,
whereby DM can figure out how to perceive a preferred
solution. This approach utilizes the concepts of
satisfactoriness at each level [10, 11].

Youness [12] presented a non-linear programming problem
with a rough set of constraints. Also defined a convex rough
set, a local rough optimal solution, a global rough optimal
solution and a roughness measure of optimality. Osman et al.
[13] introduced a new formulation and classification of the
Rough Programming Problems (RPPs). Also, discussed new
concepts like rough feasibility, rough optimality, rough
optimal value and rough optimal set.

Hamazehee et al. [14] introduced a new class of Linear
Programming (LP) problems in which some or all of the
coefficients are rough intervals and showed that each one of
them can be transformed into two LP problems with interval
coefficients. Also, discussed new concepts such as surely
optimal range, possibly optimal range, completely satisfactory
solutions, rather satisfactory solutions, and rough optimal
range.

Ammar and Khalifa [15] applied a new method named,
separation method for solving Rough Interval Multi Objective
Transportation Problems (RIMOTP), where transportation
cost, supply and demand are rough intervals. Also, discussed
the separation method as an important tool for the decision
makers when they are handling various types of logistic
problems having rough interval parameters of transportation
problems.

Osman et al. [16] presented a solution approach for RIMOTP.
The concept of solving conventional interval programming
combined with fuzzy programming is used to build the
solution approach for RIMOTP. Pandian et al. [17] considered
that transportation problem has all or some parameters as
rough integer intervals. Also, proposed a new method named,
a slice-sum method to solve Rough Integer Interval
Transportation Problem (RIITP), where transportation cost,
supply and demand are rough integer intervals.

To solve FRTLLSILP problem, in which all decision
parameters and decision variables in the objective functions
and the constraints are rough intervals, directly using the
problem base form without transformation is very complex
and cannot be solved before. Currently, the challenging task



for academic research is to overcome fully rough nature in the
proposed problem using interval method [14] and slice sum
method [17].

This paper is organized as follows: Section 2 formulates the
model of FRTLLSILP problem. Preliminaries for
transforming rough intervals parameters and rough intervals
variables to crisp nature are obtained in Section 3. Section 4
discusses the methods for transforming rough intervals
parameters and rough intervals variables to crisp nature.
Section 5 presents a fully rough programming through
constraint method. In Section 6 an interactive model for the
TLLSILP problem is presented. An algorithm for solving the
proposed problem is suggested in Section 7. In addition, a
numerical example is provided in Section 8 to clarify the
results. Finally, conclusion and future works are reported in
Section 9.

2. PROBLEM FORMULATION

A Fully Rough Three Level Large Scale Integer Linear
Programming (FRTLLSILP) problem may be formulated as
follows:

[First Level]

Max [Fl |= ZZ [[au' ay ][22 11]] ® [x; ], @)

j=1i=

Where [x;;], ..., [x;n] solves

[Second Level]
m n

max[F2 ZZ b2, b3], b}, 31| @ [y 1. @)
j=1i=1

Where [x;3], ..., [x; ] solves

[Third Level]
m n

ma [Fy ZZ 3. cillch el ® ], ®
j=1li=

Where [x;4], ..., [x; | SOIVES

Subject to

i i [[a(z’if'agij]' [a(l)ij' aa*ij]] [34) [xi]. ]

j=li=1
< [168, b3, [b2, b31] )

Z (a2, a3, (a4, d4]] ® [xa] < 162, 531, b}, 531],

Z ([a2, d3], [dh, d3]] ® [x] < 162, 531, b3, 521],

Z[[dlm, ] [, 1] @ [ < 152,53, bk, b1 1],

[xij ] > 0 and rough integer intervals variables j = 1,2
m,i=12,..,nk
In the above Problem (1) - (4),[x;]€R™™,j=
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1,2,..m,i=12,..,nis matrix of rough intervals

variables, [[au,al}] la};, af ]] [[bg,b3] [b;,b‘*]]and

[[CU,CU] e cit ]are matrix of rough intervals coefficients

of the objective function for the three levels, G is the large
scale linear constraint where, [[bg, b31, b, bg]] -

[[bZ,b3,], [b, bk 1] are (m + 1) vector of rough intervals
and [[a%ij'agij]' [aéij'agij]]'[[dzj'd?]] [dij, dif] ] j=12

m,i = 1,2,...,n are rough intervals of constants.

Therefore FR™ =R, (k=123 be the first level, the
second level, and the third level objective function,
respectively. Moreover, the First Level Decision Maker

(FLDM) has [x;; ] indicating the first decision level integer
choice, the Second Level Decision Maker (SLDM) and the
Third Level Decision Maker (TLDM) have [x;] and
[xi3],i =1,2,...,n indicating the second and the third
decision level integer choice, respectively.

Definition 1. [6]

For any ([x4] € G, ={[xu]|[x;] €G}).j=12 .. mi=
1,2,..,ngiven by the FLDM and ([x;]€G, =
{[x2]|[x; ] € G}).j = 12,...,mi=12,..,n given by the
SLDM, if the decision-making variable ([x;3]€ G; =
{[xz]|[x; ] € G}).j = 1.2,...,mi = 1,2,...,n is the optimal
solution of the TLDM, then ([x;]).j =12, ..,mi=
1,2, ...,n is a feasible solution of FRTLLSILP problem.
Definition 2. [6]

[x;]€eR™™,j=12,..,mi=12..,n is a feasible
solution of the FRTLLSILP problem; no other feasible
solution [xi]-] €G,j=12,..,mi=12..,n exists, such
that ([x;]) < F([x;]).j = 1.2,...,mi=12,..,n; s0 [x};]
is the optimal solution of the FRTLLSILP problem.

3. BASIC PRELIMINARIES

Conversion of the proposed problem decision parameters and
decision variables into upper and lower approximation is
usually hard work for many cases, but transformation process
needs the following definitions to be known:

Definition 3. [14]

Rough Interval (RI) can be considered as a qualitative value
from vague concept defined on a variable x in R.

Definition 4. [14]

The qualitative value A is called a rough interval when one
can assign two closed intervals A, and A* on R to it where
A, CA".

Definition 5. [14]

A, and A*are called the lower approximation interval (LAI)
and the wupper approximation interval (UAI) of A,
respectively. Further, A is denoted by A = (4, and A™).

Definition 6. [14]

Consider all of the corresponding linear programming with
interval coefficients (LPIC) and LP of Problem (1)-(4):



1. The interval [£Z, R2]([fi, fil]) k = 1,2,3 is called
the surely (possibly) optimal range of Problem (1) —
(4), if the optimal range of each LPIC is a superset

(subset) of [fZ, fRI(LA fil]D ke = 1,2,3.

2. Let [F2 AR £ D, k= 1,23be  surely
(possibly) optimal range of Problem (1)-(4), then

the rough interval [[sz,fk3],[fk1,fk4]],k =1,2,3is
called the rough optimal range of Problem (1) - (4).

3. The optimal solution of each corresponding LP of
Problem (1) - (4) which its optimal value belongs to

A2 RS £ D, k = 1,2,3 s called a completely
satisfactory (rather) solution of Problem (1)-(4).

Let D denote the set of all rough intervals on the real line R.
That is,

D= {[[b, cl,[a, d]],a <b<c<danda,b,c,darein R},

A= [[az ,as ],[al , Qg ]] and B = [[bz ,b3 ],[b1 ,b4 ]]
bein D.
Definition 7. [17]

A@B = [[az +b2 ,as +b3 ],[a1 +b1 , Qg +b4 ]]
Definition 8. [17]

KA =|[Ka, ,Ka; |, [Ka; , Ka, ]|,

if k is a positive real number.

Definition 9. [17]

A®B =|[ay by a5 by |.[a; by a4 by ]],if 4,8 = 0.
Definition 10. [17]

A is said to be a rough positive integer, ifa; ,i = 1,2,3,4
are positive integers.

Definition 11. [17]

A=B,ifa; =b; ,i=1234.

A<B,ifa; <b; ,i=1234.

A =B,ifa; =b; ,i=12,34.

4. METHODS FOR TRANSFORMING
ROUGH INTERVALS PARAMETERS
AND ROUGH INTERVALS
VARIABLES TO CRISP NATURE

Interval method [14] and slice sum method [17] can be used
to overcome the complexity of rough intervals decision

parameters and rough intervals decision variables.

4.1 Interval Method for Transforming
Rough Intervals Parameters to Crisp

Nature
Interval method [14] constructs two LP problems with interval
coefficients. One of these problems is an LP where all of its
coefficients are upper approximations of rough intervals and

International Journal of Computer Applications (0975 — 8887)
Volume 155 — No 12, December 2016

the other is an LP where all of its coefficients are lower
approximations of rough intervals.

Let[F ] = [[f2 f2) IfL £f]] k = 1,23. Then,
[First Level]

max [[flz,ff], [f11,f14]] ®)

n

[[au,a?] u' ]] ® [xu

1]
i:
5

Where [x;5 ], ..., [x;n]  SOIves
[Second Level]
r[r;a)]( [[fzz’fz?’]r [lerf24]] (©)

j=11i

[CRANCRAIIEN

\
nM:
IR

Where [x;3], ..., [x;, | SOIVes
[Third Level]

max (L7, 71 4. £ 7

X
[[c2. 3] [chct]] ® [y ]

i3

Where [x;], ..., [, | SOIves
Subject to

{Z Z aOl] ’ aOl] aOl] ’ aOl] ]] ® [xl] ] (8)

j=1i=1
< [1b8, 631, 168, b31].

Z [[dll'dl?)l dtll'dfll] ® [xi1] < [ b, bi], [b1»b1]]

Z [[dLZ' di, d ] ® [x2] < [ b3, b3], [bzwbz]]

Z [[dlm' ] [dlm' im ]] ® [xlm] = [ brzn:bS] [brln:bfh]]:

[ ] > 0 and rough integer intervals variables j = 1,2
e i =1,2,...,n}

Now, the equivalent problem of the FLDM, SLDM and
TLDM using interval method [14] can be obtained by getting
the surely optimal range of Problems (5) - (8), which resulted
in the following two Large Scale Integer Linear Programming
(LSILP) problems with rough integer intervals variables for
each DM.



Table (1): Lower Approximations of Rough Intervals
Coefficients of the FLDM, SLDM and TLDM

Lower Approximation
Lower Bound (LALB)

Lower Approximation
Upper Bound (LAUB)

fé= maxzz ]

j=1li=
k=123, 9
subject to

ZZ agy [x; ] < b4,

j=li=

Z di[x;1] < bE,
i=1

n
Z d[x;,] < b3,

Zd [ ] < B2

x;]20,j=12,..,mi=
1,2,..,n, and rough
integer intervals
variables.

k=123, (10)

subject to

ZZ agy [x; ] < b3,

j=li=

Zdizl[xu] < b7,
i=1
n
Zdizz[xiZ] < b3,
Zd [ ] < B3,

[x;]=0,j=12,..,mi=
1,2,..,n, and rough
integer intervals
variables.

While the possibly optimal range of the FLDM, SLDM and
TLDM using interval method [14] can be obtained by getting
the possibly optimal range of Problems (5) - (8), which
resulted in the following two LSILP problems with rough
integer intervals variables for each DM.

Table (2): Upper Approximations of Rough Intervals
Coefficients of the FLDM, SLDM and TLDM

Upper Approximation
Lower Bound (UALB)

Upper Approximation
Upper Bound (UAUB)

= maxzz aj; [xl]

= oy 3l

j=1li= j=1i=
k=123, 11) | k=123, (12)
subject to subject to
Z Z aOlj lj Z Z aOU [xu

]1L jll

Z dfy[x1] < bi, Z dfy[xi1] < bt,
i=1 i=1
n n
Z db[x;] < b3, Z dh[xi2] < b3,

Zd [x0] < b1, Zdlm[xlm] <bt,

[xU]>0]—12 ,m,i = [xl]]>0]—12 ,m,i =
1,2,..,n, and rough 1,2,..,n, and rough
integer intervals integer intervals
variables. variables.
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So, the problem of FRTLLSILP (5) - (8) can be converted into
twelve LSILP problems with rough integer intervals variables.

4.2 Slice Sum Method for Transforming
Rough Intervals Variables to Crisp

Nature
Slice Sum method [17] is a method for solving fully rough
intervals problems, in which all decision parameters and
decision variables in the objective functions and the
constraints are rough intervals and the optimal values of
decision rough variables and rough objective function are
rough intervals.

Let[x; ] = [[xl],xl] Xl x ]] J=12,. =12,.n
and [F, | = [[f2 2] UL 4]k = 1,23,

[First Level]

el |2 21 L £24) = (13)
ZZ [alj‘alj] [alj’a ]]®[[xl}'x ] [xl}’x ]]
j=1i=1
Where [x;;], ..., [xim] solves
[Second Level]
cha)]( [[fz ‘fz] [f21’f24]] = (14)
ZZ (6553110} 551] ® [[x5. %3 1 [ x41]
j=1li=
Where [x;3], ..., [xim] solves
[Third Level]
TBCEU]( [[fsz‘f33]r [f31’f34]] = (15)
ZZ l]’ ']'[Cilj'cg]]®[[xizj'xi3]']'[xi1j'x?j]]'
j=1i=
Where [xy], ..., [x, | SOlves
Subject to
Z Z [[aéij' agij]' [a(l)ij' agij]] ® [[xizj,xi?’j], [xilj'x?j]]
j=1i=1
< (103, 531, (b3, 581], (16)

Z ([0, a2], [dh, di]] © [, i) [, %]
< [167, b1, b1, b11],
Z [l db] b, d]] @ [ xi) [ x5

< (183,31, (b3, b21],

z (02, a3, ] [t ]| @ [, 3] [ ]
< [[b2, 31, [b}, b41],

[x;; ] = 0 and rough integer intervals variables, j =
1,2,..,mi=12,..,n}

The (UAUB)F problem with rough integer intervals variables
of the FLDM in Problem (12) can be sliced into the following
four LSILP problems using slice sum method [17].



Table (3): The Four LSILP Problems of (UAUB)F of the
FLDM

Upper Approximation
Upper Bound (UAUB)UUF

Lower Approximation
Lower Bound (LALB)UUF

= s St

AL maxzz:al xt,
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' =20,j=12,..,mi=12..,n

And (UAUB)F, (LAUB)F, (LALB)F and (UALB)F problems
with rough integer intervals variables of the FLDM in
Problems (9) — (12) can be reformulated into the following
four LSILP problems:

Table (4): The Four LSILP Problems of (UAUB),
(LAUB)F, (LALB)" and (UALB)" of the FLDM

j=1li= j=1i=
subject to | subject to
(17) (19)
m n m n
ZZaéU x{‘j < b, ZZaéU xl-zj < b,
j=1i=1 j=1i=1
n n

1.4 — p4

Z di1x;y < b,
=1
n

1.4 — p4

Z dipxiz < b,

4 4

z%mq z%mg

xU_OJ—lZ xU_O]—12
=12,..,n =12..,

1.2 4
§ dijixf; < bf,
=1
n

1.2 4
§ dipxiy < b3,

Upper Approximation
Upper Bound (UAUB)"

Lower Approximation
Lower Bound (LALB)"

Lower Approximation Upper Approximation
Upper Bound (LAUB)UUF Lower Bound (UALB)UUF

RIS $EN FZR 3

j=1li= j=1i=
subject to | subject to
(18) (20)
m n m n
zz a(l)ij xi3]- < bg, ZZ a(l)ij xilj < b},
j=1i=1 j=1i=1
n n
dfxf < bt, dfx}y < bt,

=0
kN
=0
K

- maxzz U ’

j=1i=
subject to (22)
Gl =
m n
10U 4
Z ag; X < by,
j=1i=1
n

lﬁl

> db Y <,

i=1
W>0j=12

=12,..,n}

= maxzz l] ’

j=1li=
subject to (24)
GLL —
m n
3 K LL 2
Z a()l] ij =< bO'
j=1i=1
n

3 L LL
Z i1%Xi1 —b1r

i=1
n

3 LL <
Z dipxiy < b2r
i=1
n

3 LLL 2
Z dim Xim < bi,
i=1

LL LU
Xij < X

xft=0,j=12,..,mi
=12,..,n}.

Lower Approximation
Upper Bound (LAUB)F

Upper Approximation
Lower Bound (UALB)"

EESWEED

EEONXE

1.3 4
dipxi; < b3,
1

1.1 4
dipxi; < b3,

1l
—-

n 'n

> dhut < bt 2. i < B
i=1 =1

X} 20,j=12,..,mi X >01—12
=12, —12

Solving Problems (17) — (20), leads to x} =x} =x? =

xi}—xu J=12,.

m,i=12,..,

i i ij
n. So, the four LSILP

problems of (UAUB) F of the FLDM can be simplified to the

following LSILP problem:

e a3 S

j=1li=
subject to

m n
1, UU 4
agi; X~ < by,
i=1

-
1l
[N

1
dhxy’ < b,

'M=

=
N

4
dllez < b3,

=N

n

Zd 2V < bt

(21

j=li= j=1i=
subject to (23) | subjectto (25)
GW — GUL =
m n m n
Z ag; xi < b3, ZZ agy xi" < bg,

j=11i

=
n

LU 3 4 UL 1
Z dllxll < bl' Z dllel = b1'

n
LU 3 4 UL 1
Z d12x12 < bz, Z dlZXLZ < bz:

i=1
n
Zd U < b3, Zd;*mxg,fsbl
i=1
LU uu UL LL
l] < Xij ) xij < X
20,]=1,2,...,m1 >0,]—12
=12,..,n}. =12,..,n}.

These steps will be repeated for SLDM and TLDM, so the
problem of FRTLLSILP (5)-(8) converted into twelve LSILP
problems.

Theorem 1
If xj',j=12,..mi=12,..,n isan optimal solution for
the UAUB problem of the problem x Vji=12,.mi=

1,2,...,n is an optimal solution for the LAUB problem of the




problem, x Lji=12,..mi=12.,n is an optimal
solution for the LALB problem of the problem, x[/*,j =
1,2,..m,i=1,2,..,n is an optimal solution for the UALB
problem of the problem, then the set of rough intervals
[[ xftxil ) [t xf ] is an optimal solution for
FRTLLSILP problem such that x/* < xi < xi’ <x['j=
1,2,.m,i=1,.2,.

To prove theorem 1 above, the reader is referred to [17].

5. FULLY ROUGH PROGRAMMING

THROUGH CONSTRAINT METHOD
First, the optimal solution that is satisfactory to the FLDM is
acquired using the decomposition algorithm [8] to break the
large scale problem into n sub-problems that can be solved
directly. If the solution of the problem is not integer optimal
solution, then branch and bound method [9] is used to find
integer optimal solution.

At that point, constraint method [6] can be used by embedding
the FLDM decision variables to the SLDM in order to get the
optimal solution using the decomposition algorithm [8]. The
SLDM defines his/her problem in point of view of the FLDM
by setting  ([xa]) = ([l x5 ] [, 2407 ]]) i =
1,2,..,n to the SLDM constraints, so the SLDM can be
reformulated as follow:

Table (5): The Four LSILP Problems of (UAUB)®,
(LAUB)S, (LALB)® and (UALB)® of the SLDM
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Table (6): The Four LSILP Problems of (UAUB)',
(LAUB)", (LALB)" and (UALB)" of the TLDM

Upper Approximation Upper
Bound (UAUB)T

Lower Approximation
Lower Bound (LALB)"

i = maxzz x;,

j=1i=
subject to (30)
e Gl
U _ LUUF ,UU _ ,UUS ;
Xit = Xi1 'xiZ =Xl
=1,2,.

f3 = max 22 l],

j=1i=
subject to (32)
x € G,
LL _ LLF _LL _ _LLS ;
X1 = X1 o Xip = Xt
=12,...,n

Lower Approxmatlon
Upper Bound (LAUB)"

Upper Approximation
Lower Bound (UALB)"

eSS

j=1li=
subject to (31)
x € GY,
LU _ (LUF LU _ ,LUS;
Xi1 = X1 le = Xi2
=1,2,.

f3 —maxzz l] )

j=1i=
subject to (33)
eGUt
UL ULF UL _ ,ULS :
X1 = Xi1 le =Xip oot
=12,.

Finally, the solution ([xfl][xfz][xg][x,ﬁ

) is the

solution for the TLDM and the compromised solution to

FRTLLSILP problem.

6. AN INTERACTIVE MODEL FOR

THE TLLSILP

Upper Approximation
Upper Bound (UAUB)®

Lower Approximation
Lower Bound (LALB)®

f2 = maxzz 1; )

j=1li=
subject to (26)
x € G,
xqV = x4 i=12,...,n

fz —maxzz u'

j=1li=
subject to (28)

x € G,

LL LLF ; 12
14y -

Xy =xq,i= v,

Lower Approximation
Upper Bound (LAUB)®

Upper Approximation
Lower Bound (UALB)®

i —maxzz u ,

= maxzz allj xu ,

To solve the TLLSILP by adopting the three-planner
stackelberg game [10], the FLDM gives the satisfactory
solutions that are reasonable in rank order to the SLDM, and
after that the SLDM takes the satisfactory solutions of the
FLDM to get the solutions, and to gradually get the preferred
solution of the FLDM. The satisfactory solutions of the
FLDM and the SLDM are conveyed to the TLDM who will
get the solutions, and to gradually get the preferred solution of
the SLDM. Finally, the FLDM and the SLDM decide the
preferred solution of the TLLSILP according to the following
satisfactoriness test functions:

Firstly, the FLDM decides whether the proposed solution
([xE] [x5), 0 [xie]) i = 1,2, ...,nis a preferred solution
and acceptable to him/her or it may be changed, by the
following FLDM satisfactoriness test function:

j=1li= j=1li=
subject to (27) | subjectto (29)
x € G, x € GUL,
xLlu = lelyF i=12,...,n xl{L = xHLF i=12,...,n

At last, by embedding the FLDM and the SLDM decision
variables to the TLDM constraints. The TLDM defines his/her
problem in point of view of the FLDM and the SLDM by

setting:  ([x1]) = ([[xHF, "], [x"”, " ]) ([xe2]) =
([[xiLst’ LUS] [leéLS' UUS]D i=12,.

So, the TLDM can be reformulated as follow:

A (et el )bl D= P (i) ol Dl s

1#0 (befs L)L DI,
,i=12,..,n

(34)

let[F, | = [[flz,ff]. [f11,f14]].80, the FLDM satisfactoriness
test function can be reformulated as the following:

At el Ll Loaloeb ™ D=t el V™ Looleine® Dl F
A e 1S 1[5 DI, <5
i=12..,n (35)
2 et Lot Lol D=2 (el Lts ol Dl F
172 (et LIS 1[5 DI, <%
i=12..,n (36)

[ (el H 5l 8

e D2 () Ds s

10T T ) I i DIl

i=12,..,n

(37)



A (el Dz bl D= (e Lz )i DI
7t ([xL”LF [ Lol DI,

i=12,..,n (38)

2<6F

So ([x5], [x5], - [x3n]), i = 1,2, ..., nis a preferred solution
to the FLDM, where &F is a fairly small positive constant
given by the FLDM.

Secondly, the SLDM decides whether the proposed solution

([x&]) [x3) [x5] - [x5.]) i = 1.2,..,nis a  preferred

solution and acceptable to him/her or it may be changed, by

the following SLDM satisfactoriness test function:
1P (e Lo ool D= o (I L b i) [xin Dllz -
Fy([xfy Loty L5 ) [ DI ’

i=12 ..,n 39)

let[F, | = [[f},ff], 2 24]]. So, the SLDM satisfactoriness
test function can be reformulated as follow:

F! (et Dtz beolein® D—fot (Bt ™ Loy Llxis™ eoloin” DIl
f24([XUUF @ T ][0T ]|

8§5,i=12,. (40)

2 (et i boolixion® D=£2 (bt Dleiz™ ™ bolin” DI, o
fz ([ " P Vel L lein” DI <9

=12, (41)

W (et Lt Lol D=2 (e L LIxis ][t Dl s
fz ([X“F][ “‘][X“T]r- Jxi DI <0
i=12 .., (42)

2 (et Ve Vooleion® D= £2 (bt Bleiz® eia™ ][ DIl
f2 (bt Dz Leia™ 1ol DI

Ji=12,..,n (43)

So, ([xfi] [x%] [xE] - [xD]).i = 1,2, .., nis a preferred
solution to the SLDM, where &% is a fairly small positive
constant given by the SLDM. As a result,

([xE) [x5) (x5 - [xh])i=12,..,nis a preferred
solution to the TLLSILP problem.

7. AN ALGORITHM FOR SOLVING

FRTLLSILP PROBLEM
A solution algorithm to solve FRTLLSILP problem, in which
all decision parameters and decision variables in the objective
functions and the constraints are rough intervals, and has
block angular structure of the constraints, is described in a
series of steps as follows:

2<6S

Step 1. Formulate the FLDM problem.

Step 2. The FLDM uses interval method [14] to convert
rough interval decision parameters of Problem (5) and
(8) into crisp nature, which resulted in four LSILP
problems with rough integer intervals variables
(Problems (9) - (12)).

Step 3. The FLDM uses slice sum method [17] to convert
rough interval decision variables of Problems (9) - (12)
into crisp nature, which resulted in four LSILP problems
(Problems (22) - (25)).

Step 4. Apply the decomposition algorithm [8] to solve
the four LSILP problems by breaking the large scale
problems into n sub-problems that can be solved directly,
then the optimal solution is get.

Step 5. If the solution of the problems is integer optimal
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solution, go to Step 7. Otherwise, go to Step 6.

Step 6. Use branch and bound method [9] to find integer
optimal solution.

Step 7. If the SLDM gets the optimal solution, then go to
Step 13. Otherwise, go to Step 8.

Step 8. The FLDM estimates the value of 8.

Step 9. The SLDM defines his/her problem in point of
view of the FLDM by setting [x;;] = [x5].i = 1,2,..n
to the SLDM constraints.

Step 10.  Formulate the SLDM problem.

Step11. The SLDM uses interval method [14] to convert
rough interval decision parameters of Problem (6) and
(8) into crisp nature, which resulted in four LSILP
problems with rough integer intervals variables
(Problems (9) - (12)).

Step 12. The SLDM uses slice sum method [17] to convert
rough interval decision variables of Problems (9) - (12)
into crisp nature, which resulted in four LSILP problems
(Problems (26) - (29)), go to Step 4.

”Fl([xtl] [th] [xlm]) Fl([ 11][ 12] [ 1m])”2 F
Step13. If BEACSEN) <9

,i =1,2,...,n, then go to Step 14. Otherwise, go to Step
8.

Step 14.  If the TLDM gets the optimal solution then go to
Step 20. Otherwise, go to Step 15.

Step 15. The SLDM estimates the value of 8.

Step 16. The TLDM defines his/her problem in point of
view of FLDM and SLDM by setting [x;;]=
[xf]) [x2] = [x5]i=12,..n to the TLDM
constraints.

Step 17.  Formulate the TLDM problem.

Step 18. The TLDM uses interval method [14] to convert
rough interval decision parameters of Problem (7) and
(8) into crisp nature, which resulted in four LSILP
problems with rough integer intervals variables
(Problems (9) - (12)).

Step 19. The TLDM uses slice sum method [17] to convert
rough interval decision variables of Problems (9) - (12)
into crisp nature, which resulted in four LSILP problems
(Problems (30) - (33)), go to Step 4.

o (P L)oo D=Fo (e L L Lo [ Dl
Step 2. If AN <
8%,i=1,2,..,n, then go to Step 21. Otherwise, go to
Step 15.

Step 21. ([xfl], [xfz], [xg], ) [xl-Tm]),L' =12,..,nis the
preferred solution for the FRTLLSILP, and then go to
Step 22.

Step 22.  Stop.



8. NUMERICAL EXAMPLE
To demonstrate the solution method for FRTLLSILP problem,
let us consider the following numerical example:

[FLDM]
[16,24],[12,28]]® [x, |®

[8,16],[4,18]]® [, ]®
= Max
blb1|[[2,3],[1,4]] ® [x,]® ’
[2.21,[2,31]® [x, ]

Where [X3 ], [X4 ], [X5 ], [X6 ] solve

maxXx
[x J[x2 ]

[SLDM]

[2:31[14]®[x]®

[1,21.[1.3]]® [x,]®
max [F,]= max {[[12,24],[6,36]] ® [x,]® |,
[x3],[x4] [x3],[x4]

[1.3L.[1.4]]®[x,]®

[1.21,[1.3]]®[x]

Where [X5 ], [X6 ]solve

[TLDM]

[231.[14]]®[x,]®
max [ [2.21,12.37]®[x,]®
CAEY s 11| [[12,15],[8,20]] ® [x, | ®

[10,14],[8,16]] ® [x, ]

Subject to

[2,2,[1.31]® [x ]® [[2,3]. [L4]]®[x, ]®
[12,31.[1.41]® [x, J©[[1,3] [1.5]]®[x, ]®
[2,31.[1.51]® [x ] @ [[1,2], [L. 41 ® [, ] <
[[30,40],[25,50]]
[2.31.[1,5]]® [x, ] @ [[1,2],[1,3]]®
< [8.15],[5,20]]

1,3],[1,5](® %, |®[[1,2],[1,4 ®
[{

<[[8,10],[5,12]]
]

[l2.21,[L3]]®[x]® [[2,3], [1,4]]®
<[[5,15],[4,18] ’

] > 0 and rough integer intervals variables j = 1,2

FLDM problem using interval method [14] and slice-sum
method [17]

Let[F, | = [[f1 21U f ]], then using interval method

[14] , the FLDM problem is sliced into four Large Scale
Integer Linear Programming (LSILP) problems with rough
integer intervals variables named, Upper Approximation
Upper Bound Large Scale Integer Linear Programming
(UAUBLSILP)F, Lower Approximation Upper Bound Large
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Scale Integer Linear Programming (LAUBLSILP)F, Lower
Approximation Lower Bound Large Scale Integer Linear
Programming (LALBLSILP)F and Upper Approximation
Lower Bound Large Scale Integer Linear Programming
(UALBLSILP)F problems, which are given below:

Table (7): Lower and Upper Approximations of
Rough Intervals

Lower approximations of rough intervals
coefficients of the FLDM

(LALBLSILP)" (LAUBLSILP)"

- max {16[x1]@8[x2]}’ o {24[x1]@16[x2]}

“ezdkel]'| ™ lodkeak]
2[x J@3lx,|® [x]@2[x,J®
Iolodx e | qx]elx]e |
3[x, ]® 2[x,] < 30 2[x; ]® [x; ] < 40

3x J®2[x,]<8, 2[x,J®[x,]<15,
3x, |®2x,]<8, [x,]®[x,]<10,
2[x; |®3[x;] <5, [%]®2[x,] <15,

[xj ] > 0 and rough integer [xj ] > 0 and rough integer
intervals variables j = 1,2 intervals variables j = 1,2

s w0, s ons0.

Upper approximations of rough intervals
coefficients of the FLDM

(UALBLSILP)F (UAUBLSILP)"

oot | £ ]

Subject to Subject to
3x]o4x,]® x]elx.]®
As]eslx e b [ Lxlelx]e
5[x, |® 4[x, ] < 25 [x;]® [x, ] < 50

5lx, J@3[x,]<5, Jolx,]<20,

[x,
5lx;J@ 4[x,]<5, [x]e@x]<12
[x

3lx. |® 4x,]< 4, ;@ [x]<18,

[x, ] = 0and roughinteger | [x; | > 0and rough integer

intervals variables j = 1,2 intervals variables j = 1,2

6. ) s

Letlx; | = [[ ] [« ] j=12,..,6,then using slice
sum method [17], the (UAUBLSILP)F problem with rough
integer intervals variables of the FLDM is sliced into four
LSILP problems named, (UAUBLSILP)UUF,
(LAUBLSILP)UUF, (LALBLSILP)UUF and
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(UALBLSILP)UUF problems, which are given below:
Table (8): The Four LSILP Problems of (UAUBLSILP)"

Table (9): The Four LSILP Problems of (UAUBLSILP)F,
(LAUBLSILP)F, (LALBLSILP)F and (UALBLSILP)" of

of the FLDM the FLDM
(UAUBLSILP)'UF (LALBLSILP)UF (UAUBLSILP)" (LALBLSILP)F
w uu LL LL
4 4 28, +18x 16x" +8x
A 28% +18% || 28x. +18x2 ff=max{ 2l f=maxy 7
v f = +4xY 43¢ + 2%+ xt
4x* + 3¢ ! 2 2 4 1 4 5
TaxX, 5 +4x; +3X; . .
Subject to Subject to Subject to
Subject to
! XX 2x"t +3x¢t

X, + X5 + X5 +
X; +X¢ +X; <50
4 4

X, + X, <20,

4 4
Xg + X, <12,

4 4
Xs + X5 <18,

X+ X2+ X5+

X2 +x2+x2 <50
X7 + X5 <20,

X2 +x2 <12,

X2 +x2 <18,

uu uu
+ X3+ XS :
+x + x5 <50
X+ x5 <20,
U+ xY <12,

X+ x” <18,

LL LL
+3X; +3X,
+3x5" +2x57 <30

3x "t +2%," <8,
x5t +2x," <8,

2 +3x <5,

%' 20,j=12,..6 % 20,j=12,..6

. LL LU ,.LL ;
V'20,j=12,..6 X< a0, xt 2 0,)

=12,..,6.

(LAUBLSILP)* (UALBLSILP)F

(LAUBLSILP)UF (UALBLSILP)"F

24xY +16xY 12X + 4xt

3 3

28X, +18x, f13 = max 1LU LZU , f11 = max Lle ULZ ,
+3X, +2X%g +X; X

+4x; +3%]

28x; +18X;

+4x; +3X;

4LU L _
fl fl =

Subject to
XV +2x:Y

Subject to
3x." +4x5t

+4x5" +5x;" :
+5x5" +4xg- <25

5x," +3%," <5,

Subject to Subject to

3 3 3 1 1 1
X+ X5+ XS+ X+ X3+ XE + LU |y LU
1 2 3 , 1 2 3 ’ +X3 + X, s
X, +Xs + X5 <50 X; + Xt + X5 <50 12X 4 XV <40
1 1
<
20, X +X, <20, 2% + %57 <15,

x5V +x;Y <10, 5x3" +4x;" <5,
xe +2xsY <15, X" + 4% <4,

LU uU LU : UL LL UL :
X Sx]- ) Xj >0,j xS xit,xit =0,j

i gt
=12..,6. =12..,6.

3 3
X; +X, <

1 1
<
X3 +x; <12, X+ X%, <12,

1 1
<
Xs +Xg <18, Xs + % <18,

Xt =0,j=12,..6.

After that, apply the decomposition algorithm [8] on the four
LSILP the problems of the FLDM on Table (9) to get the
following results:

By solving the four LSILP problems of (UAUBLSILP)F of

the FLDM in Table (8), it is resulted that x* = x = x? =

x' = ijU,j =1,2,..,6. So, the four LSILP problems with

rough integer intervals variables of the FLDM in Table (7)
can be simplified into the following:

fi* = 668, where x/'U = 20, x¥U =0, ¥V =0, xYV
=18, x¥V =12, %V =,

f2 =232.5where x{V =75, 2V =0, x}V =0, x}V =

10, x£V = 11.25, xV =0,

f# = 53.1667, where x}* = 2.666667, xi* = 0, x5
=0, xfF =4, xtt =25, xt =0,

fit = 14.5833,where x{t =1, x{t =0, x{t = 0, x{*
=1.25, x{* = 1.33, x¢L = 0.

Finally, apply branch and bound algorithm [9] to get
integer optimal solutions:
fi* = 668, where x/'V = 20, x¥U =0, ¥V =0, x{V
=18, x/V =12, %V =,
13 =220,wherexfV =7, xiV =0, x4V = 0, x§
=10, xtV =11, xfV =0,



fE = 42, where x}t = 2, x4t
=2, x¢

flt = 14, where x/t = 1, xJ*

=1, x{L

So, the optimal solution of the FLDM problem

=0, x§* =0, x}{* = 4, xL*
LL _

’

=0, xé’L =0, xi’L =1, xé’L
=0.
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is

[x,]®[x,]<12
[x;]®[x]<
[} %} [%: ] [ ]> 0,

5lx;J® 4[x,]<5,

4
3lx, |® 4x,]< 4,
!

(Xsb b} x>0,

@
@

[[42,220],[14,668]] , where

[xf1 = [[2,7],[1,20]], [x1 = [[0,0], [0,0]], [x£]
= [[0,0],[0,0]],
[x{] = [[4.10], [1,118]], [X{] = [[2,12], [1,12]], [X{]
= [[0,0],[0,0]].
8 = 03126 , where &Fa fairly small positive is
constant given by the FLDM.

Now, using interval method [14] and slice-sum method
[17] the SLDM problem is:

Now set [x{] = [[2,7],[1,20]] and [x4] = [[0,0],[0,0]] to the
SLDM constraints. Then, using interval method [14], the
SLDM problem is sliced into four LSILP problems with
rough integer intervals variables named, (UAUBLSILP)S,
(LAUBLSILP)S, (LALBLSILP)S and (UALBLSILP)S
problems which are given below:

Let[F, | = [[fzz:fz3], [f21:f24]], then

Table (10): Lower and Upper Approximations of Rough
Intervals Coefficients of the SLDM

and rough integer intervals

and rough integer intervals

variables. variables.

Lower approximations of rough intervals
coefficients of the SLDM

(LALBLSILP)® (LAUBLSILP)®

' 4012[x,]® S 210 24[x,]®
- ot | ) oot
dcoddle | | flokle] .
3xsJ@2x,]<26]" | |2x]@[x] ]
3x,|®2[x,]<8, [x,]®[x,]<10,
2[x, |®3[x,]<5, [%]® 2[x,] <15,

%} [x.} %} [%]= 0,

and rough integer intervals
variables.

%} [x.} %} [%]= 0,

and rough integer intervals
variables.

upper approximations of rough intervals coefficients of
the SLDM

(UALBLSILP)® (UAUBLSILP)®

2~ mex {1@ 6[x3]@}, = max {80 ® 36[x3]@}

™ Jof] | © ™ ek
4lx,]@5[x,]® [x;J@[x,]®
5[x. |®4[x,]<22]" | |[x;]®[x]<30]|

Letlx, | = [[x? %%]. [x%.%*]] .j = 3456, then the SLDM

do the same actions Ilke the FLDM to get the following
results:

fz = 556, where x{V =12, xJV =0, x =0, xJV =18,
= 276,wherex}V =10, xiU =0, xV =0, xV =75,

f# = 37.66667, where x4 = 2.666667, xj* = 0, xL*
=0, xt' = 1.666667,

fr=8wherexy: =1, x{t =0, x¥ =0, xL = 1.

Finally, apply branch and bound algorithm [9] to get
integer optimal solutions:

= 556, where x{U = 12, xJV =0, x¥V =0, x¢V = 18,
3 =275 wherextV =10, x}V =0, xV =0, x}V =7,
f# =29,wherex}t =2, xit =0, xtt =0, xtt =1,
fi =8 wherex¥ =1, x{* =0, x¥* =0, x7* = 1.

So, the optimal solution of the SLDM problem is
[[29,275],[8,556]] , where

[x3]=[[210],[1,12]],  [x3]=[[0,0],[0,0]],  [xf] =
[[0,01,[0,01], [xg] = [[1,7], [1,18]].

Now, the FLDM decides whether the proposed solution
([xf 1 651 (%51, [x31, [x3], [68]) is a preferred solution and
acceptable to him/her or not, upon the following,
(UAUBLSILP)F, (LAUBLSILP)F, (LALBLSILP)F and
(UALBLSILP)F problems for the FLDM satisfactoriness test
function:

ll£i*(20,0,0,18,12,0) — £;*(20,0,12,0,0,18)|l,

=0.192
11£*(20,0,12,0,0,18) |l
< 6F,
3(7,0,0,10,11,0) — £3(7,0,10,0,0,7
£ 3 ) = fi( Mz _ 300 < o
I£3(7,0,10,0,0,7)l,
£(2,0,0,4,2,0) — f£(2,0,2,0,0,1
llfi°( : ) —fi'( Ma _ o 310c <o
If2(2,0,2,0,0,D),
1(1,0,0,1,1,0) — £i(1,0,1,0,0,1
llfr C )= fi( NP — 0.1666 < 5",

I£1(1,0,1,0,0,)Il,
where 6F = 0.3126.

So ([xf1, %51, [x31, [x5], [x£], [x&]) is the preferred solution
to the FLDM.

85 =0.1429 , where §%a fairly small positive is constant
given by the SLDM.
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Now, using interval method [14] and slice-sum method

[17] the TLDM problem is:

Now  set [x

[[2,10], [1,12]], x3] = [ 0,01,[0,0]] to the

Fl= [ [2,7],[1,20]], [x£] = [[0,0], [0,0]], [x§] =

TLDM

constraints. Then, using interval method [14], the TLDM
problem is sliced into four LSILP problems named,

(UAUBLSILP)T,

(LAUBLSILP)T,

(LALBLSILP)T and

(UALBLSILP)T problems which are given below:

Let[F; | = [[f32:f33], [f31:f34]], then

Table (11): Lower and Upper Approximations of Rough
Intervals Coefficients of the TLDM

Lower approximations of rough intervals
coefficients of the TLDM

(LALBLSILP)T

(LAUBLSILP)"

f2 = max12[x, |®10[x, ]

Subject to
3lx, |® 2[x, ] <
2[x; |®3[x; ] <5,

%} x]=0,

and rough integer intervals
variables.

f.2 = max15[x, |®14[x, |
Subject to

2[x; |®[x,]< 23,
[%]®2[x, ] <15,

%} [%]=0

and rough integer intervals
variables.

Upper approximations of rough intervals coefficients of
the TLDM

(UALBLSILP)"

(UAUBLSILP)T

f. = max 8[x, | 8]
Subject to

5xJ® 4x;]<1
3x; | 4lx;]< 4

%} 1x]=0,

and rough integer intervals
variables.

¢ = max 20[x, | ®16[x; ],
Subject to

[x]®[x]<18,

%} %12

and rough integer intervals
variables.

Let[x | = [[x

7] [, x']],j = 56 ,then the TLDM do

the same actions Ilke the FLDM and the SLDM to get the

following results:

f3t =360, where x¥U = 18, xJV =0,
f3 =172.5where xtV = 11.5, xtV =0,
f# =30, where x! = 2.5, xt* =0,

f4 = 10.66667, where x{'*

= 1.333333, xJ- = 0.

Finally, apply branch and bound algorithm [9] to get

integer optimal solutions:
f3 = 360, where x¥U
f3 = 165, where xtU

f# = 24, where xt! = 2, xit

=18, x¥
=11, x6
:O'

:O'
:O'
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fi =8,wherex?t =1, xL = 0.

So, the optimal solution of the TLDM problem is
[[24,165],[8,360]] , where

[x{] = [[2,11], [1,18]], [x¢] = [[0,0], [0,0]].

Now, the SLDM decides whether the proposed solution
(e, 51, [x5], [x5), [xX0, [xE]) is a preferred solution and
acceptable to him/her or not, upon the following,
(UAUBLSILP)S, (LAUBLSILP)S, (LALBLSILP)S and
(UALBLSILP)S problems for the SLDM satisfactoriness test
function:

I+ (20,0,12,0,0,18) — £,;}(20,0,12,0,18,0) ||,

=0.1054
I£5*(20,0,12,0,18,0)||,
<685,
3(7,0,10,0,0,7) — £ (7,0,1,0,11,0
I3 L )—f5( )”2=0.0536 <55
Il£°(7,0,1,0,11,0) ||,
2(2,0,2,0,0,1) — ££(2,0,2,0,2,0
Ilf£( i )= f5( )Ilzzo_0357 <55
I££(2,0,2,0,2,0)]I,
1(1,0,1,0,0,1) — £1(1,0,1,0,1,0
I1fz C )—fi( I — 01428 <65,

I£(1,0,1,0,1,0)]l,

where §° = 0.1429

So ,([xf1, x5 ] [x31, [x5], [ ], [x2]) is  the
solutlon to the SLDM.

preferred

Finally, the following results are the preferred solution:
Table (12): Numerical Example Results

The possibly The surely
Level - -

optimal range optimal range
FLDM [13,614] [34, 190]
SLDM [7,512] [28, 261]
TLDM [8,360] [24,165]

With the optimal integer intervals of the decision variables
=[[2. ,120] [x§1=[[0,0], 00]][§]=

[[210][ 21], [x§1 = [[0,0], [0,01], [x{]
[[2,11],[1,18]], [x] = [[0,0], [0,0]].

9. CONCLUSION AND FUTURE

POINTS

This paper focused on the solution of FRTLLSILP problem,
in which all decision parameters and a decision variable in the
objective functions and the constraint are rough intervals, and
has block angular structure of the constraints. The proposed
model was based on interval method, slice-sum method,
constraint method, decomposition algorithm, branch and
bound method and used the concepts of satisfactoriness as the
upper level decision-makers' preferences until the preferred
solution was reached. Finally, an illustrative numerical
example has been provided to clarify the suggested model.

The solution algorithm has a few features:

1. It combines interval method, slice-sum method,
constraint method, decomposition algorithm and
branch and bound in an interactive model to obtain
a compromised solution for FRTLLSILP problem.

2. The results are in the form of intervals and the
interval method doesn’t ignore any part of solution
area.
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3. It used the concepts of satisfactoriness as the upper
level decision-makers' preferences until the
preferred solution was reached.

4. It can be efficiently coded.

However, there are many other aspects, which should by
explored and studied in the area of fully rough large scale
multi-level optimization such as fully rough multi-level large
scale integer quadratic programming problem, fully rough
multi-level large scale integer fractional programming
problem and fully rough fully fuzzy multi-level large scale
integer linear programming problem.
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