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ABSTRACT

In this paper, we prove fixed point theorems in
multiplicative metric spaces.

General Terms

The set of positive real numbers R+ is not complete
according to the usual metric IR, but it is complete in the
sense of multiplicative metric spaces.
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1. INTRODUCTION

The set of positive real numbers R+ is not complete
according to the usual metric, IR . To overcome this
problem, in 2008, Bashirov et. al. [2] introduced the concept
of multiplicative metric spaces as follows:

Definition 1.1.[2] Let X be a non-empty set. A
multiplicative metric is a mapping d:
XxX — R+ satisfying the following conditions:

i d(x,y) > 1 forall x,y € X and d(x, y) = 1 if and
only if x=y;

ii. d(x, y) = d(y, x) forall x, y € X;

iii. dx, y) < dx, z). d(z, y) for all x, y, z € X
(multiplicative triangle inequality). (iii) d(x, y) < d(x,
7). d(z, y) for all x, y, z € X (multiplicative triangle
inequality).

Example 1.1. [4] Let d: R x R— [1, o) be defined as

d(x, y) = a*! \where x,y € Rand a > 1. Then d(x, y) is a
multiplicative metric and (X, d) is called a multiplicative metric
space. We call it usual multiplicative metric spaces.
Examplel.2.[4] Let (X, d) be a metric space .Define a mapping
d, on X by da(x, y) = a?®Y) where a

> 1is a real number and dy(x, y) = a¢®¥) = {al ll]{;c z i

The metric d,(x, y) is called discrete multiplicative metric and X
together with metric d, i.e., (X, dg ) is known
as a discrete multiplicative metric space.

For more detail on multiplicative metric topology one can refer
to ([3]).

Definition 1.2.([3]) Let (X, d) be a multiplicative metric space.

A sequence {x,} in X said to be a

(i) multiplicative convergent sequence to X, if for every

multiplicative open ball

(i) B.(x)={y]|d(x,y)<E}, E>1, there exists a natural

number N such that 2, € B_(x) for all

n >N, ie dX,X) — | as n — oo(ii)

multiplicative Cauchy sequence if for all > 1,
there exists N € N such that d(x,,, X)) < € for

allm,n>Ni.e, d(X,, X, — lasn— .

A multiplicative metric space is called complete if every
multiplicative Cauchy sequence in X is multiplicative
convergingto x € X.

In 2012, Ozavsar and Cevikel [3] proved Banach-contraction
principle mappings in the setting of multiplicative metric
spaces akin  to Banach-contraction principle mappings in
metric spaces.

Let (X, d) be a complete multiplicative metric space and let f: X
— X be a multiplicative contraction if there exists a real constant
A € [0, 1) such that

d(f(x), fy)) < d[X,}’:J;‘ for all x, y € X. Then f has a

unique fixed point.

2. MAIN RESULTS

Now we prove a result for a map that satisfy the
contractive type condition.

Theorem 2.1. Let (X, d) be a complete multiplicative
metric space. Suppose the mapping

f: X — X be a continuous self- mapping satisfies the
condition

(2.1)d(fx,fy)<
[d(x, y)]%. [d(x, fy)]%=. [d(Fx, y)]°=. [d(Fy, y) ]
for all x, y € X, where iy,

fly, Gy, Gy >0and @+ 2a5+205+0, < 1.
Then f has a unique fixed point in X.

Proof. Let {x, }be a sequence in X defined as follows.
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Let x5 € X. For this X5 there exists X4 such that f(x ) =
4. Again, for this X4 there exists X5 such that f (¥4)
= X 5. Continue like this we get f (X,,) = X, 4 4-

Consider (2.1), we have

Xy, Xpz1) = d(fx,—q FX )<

ld g2 )10 ld(xy_y fr )52 [d (F gy 192, [d(f 2,20, )] %

< [d(ax,_q 2, )0]% [d(x,_q, 2,04 ]%.

[d(x,, 2, )0]%. [d(x,0q. 2, )]
On simplification ,we have
d(X g, Xppq)= d(fX—q,1X,)
<[d(xm g, )] %7 %27,

[d(x g, %,)] 52797
This implies that
Ay, Xpsp) < [d(x,_q, %, )] where

2, tig

T1-(e,ta ta,)

<1
similarly, d(X,—1, %) < [d(%,_0, %, 1)]™

d(xnv xn+1) = [d(xn—? xn—l:]] hz'

Continue in a similar fashion, we get

(it
Xy, Xpsy) < [d[xu,xl:]]h
Forn>m,

d(xnv xm)id(xn' xn—l) : d(xn—ll xn—ﬂ) T

d(xml xm+1)
m

-2, . -2 1
Sd[xg.:xlj k +h +---h

h.'l’l.
<d(xg,x,) =H.

This implies d(x,,, X,,) —1 asn,m — .

Hence (x,) is a Cauchy sequence. By the multiplicative

completeness of X, there is z € X such that X,, — z as n
—00,

Now we show that z is fixed point of f by assuming that f is
continuous or f is not continuous.

A( Xpgq, Xp) = d(FC,, FX,q)

< { max {d(xnffxn:] fd(xn—lf fxn—l:] fd[xnffxn—lj fd(xn—lf fxn] !

= max {d(xn’xn+1j ’d(xn—ifxn] ’d(xn’xnj ’d[xn—irxn+1] !

= [d[xn’ xn+1:] 2' d(xn—l’ xnj] E:'
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(iy f is continuous, since X, — z (n —o) and f is
continuous 50, lim, .. fx,= fz =
lim,, .. %,4,=7 ie.,zisafixed point of f.
(ii) fis not continuous then

d(fz, 2) < d(fx,, f2). d(fX,2)

<

[d(z,%,)]%. [d (xp f2)] 2. [d(f x,,2)]%. [d (2, 2)]%.

d(fz, z) < [d(=, fz]]“5+ﬂ4 gives fz = z, i.e., z is a fixed
point of f.

Uniqueness. Suppose z, w (z # w) be two fixed point of f,
then

d(z, w) = d(fz, fw)

[d(z, w)]*.[d(z, fw)]®.[d(fz,w)]%.[d(fw,w)]"

dz, w) < [d(z, w)]% ¥ %27 %= this implies that d(z, w) =
lie,z=w.

Hence f has a unique fixed point.

Cor. 2.1. On Putting @17 = &3 = @y =0in (2.1) , we get

Banach-contraction [3] in the sense of multiplicative metric
spaces.

Now we prove a result for a map that satisfy the rational
type contractive condition .

Theorem 2.2. Let f be a continuous self- mapping defined
on a complete multiplicative metric space X, further f
satisfies the following conditions

(2.2) d(fx, fy)

max {d(x x) ,d(y, fy) ,d(=fy) **
dizfx).d vy )d (v.fx).
d(y, ) SR,

for all x, y € X and &4 < 1. Then f has a unique fixed
point.

Proof. Let {,, } be a sequence in X, defined as follows:
Letxy € X, f(xg) =24, f(6q) = X, f( ) = X131
If X, =X, 4 for some n€ N then X, is a fixed point of f.

Taking X, # X+ forallneN

Consider (2.2), we have

dixgfeyldlx,_ fogy_0d (g, fag)

dizpen_y)

ya.

dixnany )d(xg pxn)dix .‘1—-_an+'_:"]_ &y

dixpan_s)
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d( Xnst xn)
[A(ns Xps1)]™ % [d (22041 %,

Ay, Xpeq) < [d(2,_q, %, )] " where h =

2y

~—<1,
2y

Similarly, d(%,,—, %) < [d{%,_5, %,,—4)]"

hﬂ
d(xnv xn+1) = [d[:xn—zfxn—l:]] .
Continue like this we get,
hi‘l
A%y, Xpy) < [, x4 )]
Forn>m, d(xn' Toy) <Ay, xn—l) ’ d(x:*z—ll xn—z) o
‘d(xm- xm+1)

-1, -2 m
Sd[:xg.:xlj k +h +---h

hm
< d(xgx;) =% . This implies
AT, X ) —>1(n, m > c0).

Hence (X,) is a Cauchy sequence. By the multiplicative

completeness of X, there is z € X such that X, — z asn

—00,
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Now we show that z is fixed point of f.

Since f is continuous and X, — z (n —©) so,
lim, . fx,=fz=lim, ,_x,.,=2

i.e., z is a fixed point of f.

Uniqueness follows easily.
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