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ABSTRACT 

Bent functions play an important role in the designing of S-

boxes. These functions also have significant applications in 

coding theory, graph theory and sequence design. In the 

literature of bent functions their complete classification and 

characterization is still elusive, so the constructions and 

characterizations of bent functions are challenging problems. 

Many constructions methods and characterizations of bent 

functions are discussed in the literature. In this paper we 

obtain a new infinite class of bent and semi-bent functions 

using few Walsh transform values. 
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1. INTRODUCTION 
Rothaus [1] had introduced the bent functions in 1976. Due to 

the highest non-linearity of bent functions, they have gained 

importance in the designing of stream ciphers and block 

ciphers. Kumar et al. [2] extended Rothaus's definition of bent 

functions to generalized bent functions and also discussed 

their properties. Since 1974, bent functions are extensively 

studied because of their significant applications in 

cryptography (in the design of stream ciphers and in the 

substitution boxes of block ciphers) [3], coding theory [4], 

sequence design [5] and graph theory [6,7]. The new structure 

introduced in the literature of mathematics known as Rhotrix 

is gaining importance for making the cryptosystems more 

secure, see [8,9,10,11]. Irreducible polynomial play an 

important role in the structure of finite fields which is an 

essential tool in cryptography, see [12]. Bent functions are not 

balanced. A complete classification and characterization of 

bent functions is still elusive, so the construction and 

characterization of bent functions are challenging problems. 

In the recent time most of the research work have been done 

on the construction of bent functions. Primary and secondary 

constructions of bent functions are the two kinds of 

construction of bent functions. In the primary construction, 

there is no use of previously existing bent functions to 

construct new ones, while in secondary construction some 

previously known bent functions are used to construct new 

bent functions, see [13,14,15,16]. Several constructions of 

bent functions are discussed in [17,18]. Some constructions 

and characterizations of gbent functions are discussed in 

[19,20]. 

Some new constructions of bent and semi-bent functions are 

recently introduced by Xu et al. [21]. We here present a new 

construction of bent functions. 

Any function 𝑓(𝑥): 𝐹2𝑛  → 𝐹₂ is called a Boolean function. 

Let 𝑛 = 2𝑚 be a positive integer and 𝐹2𝑛  be the finite field 

with 2ⁿ elements. Let 𝐹2𝑛
∗ = 𝐹2𝑛 \{0}. For any positive integer 

𝑛, and 𝑟 dividing 𝑛, the trace function from 𝐹2𝑛 → 𝐹2𝑟  , 

denoted by 𝑇𝑟𝑟
𝑛(𝑥), is the mapping defined for every 𝑥 ∈ 𝐹2𝑛  

as: 

𝑇𝑟𝑟
𝑛 𝑥 =  𝑥2𝑖𝑟 = 𝑥 + 𝑥2𝑟 + 𝑥22𝑟

+ ⋯+ 𝑥2𝑛−𝑟
𝑛

𝑟
−1

𝑖=0
. 

In particular, the absolute trace occurs for 𝑟 = 1. In deriving 

our results we use some known properties of the trace 

function such as 𝑇𝑟1
𝑛(𝑥) = 𝑇𝑟1

𝑛(𝑥2) and for every integer 𝑟 

dividing 𝑛, the transitivity property of 𝑇𝑟𝑟
𝑛(𝑥), that is 

𝑇𝑟1
𝑛(𝑥) = 𝑇𝑟1

𝑟(𝑥) ∘ 𝑇𝑟𝑟
𝑛(𝑥). The Walsh-Hadamard transform 

of a Boolean function 𝑓(𝑥): 𝐹2𝑛  → 𝐹₂ is the function 

𝜒𝑓 :𝐹2𝑛 → 𝑍 defined by 

𝜒𝑓  𝑤 =   −1 𝑓 𝑥 +𝑇𝑟1
𝑛 (𝑤𝑥 )

𝑥∈𝐹2𝑛
, for all 𝑤 ∈ 𝐹2𝑛 . 

The values 𝜒𝑓  𝑤 , for all 𝑤 ∈ 𝐹2𝑛  are called the Walsh 

coefficients of 𝑓 and the multiset  𝜒𝑓  𝑤 , 𝑤 ∈ 𝐹2𝑛   is called 

the Walsh spectrum of a Boolean function 𝑓. If 𝑛 is even, a 

Boolean function 𝑓: 𝐹2𝑛  → 𝐹₂ is said to be bent if 𝜒𝑓  𝑤 =

±2
𝑛

2 , for all 𝑤 ∈ 𝐹2𝑛  and 𝑓  is said to be semi-bent if 

𝜒𝑓  𝑤 =  0, ±2
𝑛

2
+1  for all 𝑤 ∈ 𝐹2𝑛 .  

2. MAIN RESULTS 
We discuss the Walsh-Hadamard transform of a Boolean 

function 𝑓(𝑥) in the following Lemma. 

Lemma 2.1 Let 𝑛 be a positive integer and 𝑎, 𝑏, 𝑐 ∈ 𝐹2𝑛
∗ . Let 

𝑔(𝑥) be a Boolean function over 𝐹2𝑛 . Define the Boolean 

function 𝑓(𝑥) by 

𝑓 𝑥 = 𝑔 𝑥 + 𝑇𝑟1
𝑛 𝑎𝑥 𝑇𝑟1

𝑛 𝑏𝑥 + 𝑇𝑟1
𝑛 𝑎𝑥 𝑇𝑟1

𝑛 𝑐𝑥 ,    (2.1) 

then for all 𝑤 ∈ 𝐹2𝑛  

𝜒𝑓  𝑤 =
1

2
 𝜒𝑔  𝑤 + 𝜒𝑔  𝑤 + 𝑎 + 𝜒𝑔  𝑤 + 𝑏 + 𝑐 −

                       𝜒𝑔  𝑤 + 𝑎 + 𝑏 + 𝑐  . 

Proof. For 𝑖, 𝑗 ∈ {0,1} and 𝑎, 𝑏 ∈ 𝐹2𝑛
∗ , define 

𝑇 𝑖,𝑗  =  𝑥 ∈ 𝐹2𝑛 : 𝑇𝑟1
𝑛 𝑎𝑥 = 𝑖, 𝑇𝑟1

𝑛 𝑏𝑥 = 𝑗                   (2.2) 

and denote 

𝑆 𝑖,𝑗  (𝑤) =  𝜔𝑔 𝑥 +𝑇𝑟1
𝑛 (𝑤𝑥 )

𝑥∈𝑇 𝑖,𝑗                                      (2.3) 

and 

𝑄 𝑖,𝑗   𝑤 + 𝑐 =  𝜔𝑔 𝑥 +𝑇𝑟1
𝑛 ((𝑤+𝑐)𝑥)

𝑥∈𝑇 𝑖,𝑗  .                      (2.4)  

For each 𝑤 ∈ 𝐹2𝑛 , we have 

𝜒𝑓  𝑤 =   −1 𝑓 𝑥 +𝑇𝑟1
𝑛  𝑤𝑥  

𝑥∈𝐹2𝑛
                       

        =   −1 𝑔 𝑥 +𝑇𝑟1
𝑛  𝑎𝑥  𝑇𝑟1

𝑛  𝑏𝑥  +𝑇𝑟1
𝑛  𝑎𝑥  𝑇𝑟1

𝑛  𝑐𝑥  +𝑇𝑟1
𝑛  𝑤𝑥  

𝑥∈𝐹2𝑛
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=   −1 𝑔 𝑥 +𝑇𝑟1
𝑛 (𝑤𝑥 )

𝑥∈𝑇 0,0 

+   −1 𝑔 𝑥 +𝑇𝑟1
𝑛 (𝑤𝑥 )

𝑥∈𝑇 0,1 

 

        +  −1 𝑔 𝑥 +𝑇𝑟1
𝑛  𝑐𝑥  +𝑇𝑟1

𝑛 (𝑤𝑥 )
𝑥∈𝑇 1,0 

  

        +  −1 𝑔 𝑥 +𝑇𝑟1
𝑛  𝑐𝑥  +𝑇𝑟1

𝑛  𝑤𝑥  +1
𝑥∈𝑇 1,1 

  

      = 𝑆 0,0  𝑤 + 𝑆 0,1  𝑤 + 𝑄 1,0  𝑤 + 𝑐 − 𝑄 1,1  𝑤 + 𝑐 .    

                                                                                            (2.5)  

Now 

𝜒𝑔  𝑤 =   −1 𝑔 𝑥 +𝑇𝑟1
𝑛  𝑤𝑥  

𝑥∈𝐹2𝑛
    

        =   −1 𝑔 𝑥 +𝑇𝑟1
𝑛 (𝑤𝑥 )

𝑥∈𝑇 0,0 
+   −1 𝑔 𝑥 +𝑇𝑟1

𝑛 (𝑤𝑥 )
𝑥∈𝑇 0,1 

              

       +  −1 𝑔 𝑥 +𝑇𝑟1
𝑛 (𝑤𝑥 )

𝑥∈𝑇 1,0 
+   −1 𝑔 𝑥 +𝑇𝑟1

𝑛 (𝑤𝑥 )
𝑥∈𝑇 1,1 

           

       = 𝑆 0,0  𝑤 + 𝑆 0,1  𝑤 + 𝑆 1,0  𝑤 + 𝑆 1,1 (𝑤).                

Therefore, 

𝑆 0,0  𝑤 + 𝑆 0,1  𝑤 = 𝜒𝑔  𝑤 − 𝑆 1,0  𝑤 − 𝑆 1,1  𝑤 .  (2.6) 

Using (2.6) in (2.5), we get 

𝜒𝑓  𝑤 = 𝜒𝑔  𝑤 − 𝑆 1,0  𝑤 − 𝑆 1,1  𝑤 + 𝑄 1,0  𝑤 + 𝑐 −

                𝑄 1,1  𝑤 + 𝑐 .                                                       (2.7) 

To compute, 𝑆 1,0  𝑤 and 𝑆 1,1  𝑤  solving the following 

system 
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~
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w

w

w

w

w

g

g

g

g






that is 

𝑆 0,0  𝑤 + 𝑆 1,0  𝑤 + 𝑆 0,1  𝑤 + 𝑆 1,1  𝑤 = 𝜒𝑔  𝑤 ,    

                                                                                            (2.8) 

𝑆 0,0  𝑤 − 𝑆 1,0  𝑤 + 𝑆 0,1  𝑤 − 𝑆 1,1  𝑤 = 𝜒𝑔  𝑤 + 𝑏 ,  

                                                                                            (2.9) 

𝑆 0,0  𝑤 + 𝑆 1,0  𝑤 − 𝑆 0,1  𝑤 − 𝑆 1,1  𝑤 = 𝜒𝑔  𝑤 + 𝑎 ,  

                                                                                          (2.10) 

𝑆 0,0  𝑤 − 𝑆 1,0  𝑤 − 𝑆 0,1  𝑤 + 𝑆 1,1  𝑤 =

                                                                                𝜒𝑔  𝑤 + 𝑎 + 𝑏 .  

                                                                                          (2.11) 

Solving equations from (2.8) - (2.11), we get 

𝑆 1,0  𝑤 =
1

4
 𝜒𝑔  𝑤 + 𝜒𝑔  𝑤 + 𝑏 − 𝜒𝑔  𝑤 + 𝑎 −

                           𝜒𝑔  𝑤 + 𝑎 + 𝑏                                          (2.12) 

and 

𝑆 1,1  𝑤 =
1

4
 𝜒𝑔  𝑤 − 𝜒𝑔  𝑤 + 𝑏 − 𝜒𝑔  𝑤 + 𝑎 +

                           𝜒𝑔  𝑤 + 𝑎 + 𝑏  .                                       (2.13) 

Substituting 𝑤 = 𝑤 + 𝑐 in (2.12) and (2.13), we get 

𝑄 1,0  𝑤 + 𝑐 =
1

4
 𝜒𝑔  𝑤 + 𝑐 + 𝜒𝑔  𝑤 + 𝑏 + 𝑐 −

                             𝜒𝑔  𝑤 + 𝑎 + 𝑐 − 𝜒𝑔  𝑤 + 𝑎 + 𝑏 + 𝑐    (2.14) 

and 

𝑄 1,1  𝑤 + 𝑐 =
1

4
 𝜒𝑔  𝑤 + 𝑐 − 𝜒𝑔  𝑤 + 𝑏 + 𝑐 −

                          𝜒𝑔  𝑤 + 𝑎 + 𝑐 + 𝜒𝑔  𝑤 + 𝑎 + 𝑏 + 𝑐  .    (2.15) 

Using (2.12) - (2.15) in (2.7), we get 

𝜒𝑓  𝑤 = 𝜒𝑔  𝑤 −
1

4
 𝜒𝑔  𝑤 + 𝜒𝑔  𝑤 + 𝑏 − 𝜒𝑔  𝑤 + 𝑎 −

𝜒𝑔  𝑤 + 𝑎 + 𝑏  −
1

4
 𝜒𝑔  𝑤 − 𝜒𝑔  𝑤 + 𝑏 − 𝜒𝑔  𝑤 + 𝑎 +

𝜒𝑔  𝑤 + 𝑎 + 𝑏  +
1

4
 𝜒𝑔  𝑤 + 𝑐 + 𝜒𝑔  𝑤 + 𝑏 + 𝑐 −

𝜒𝑔  𝑤 + 𝑎 + 𝑐 − 𝜒𝑔  𝑤 + 𝑎 + 𝑏 + 𝑐  −
1

4
 𝜒𝑔  𝑤 + 𝑐 −

𝜒𝑔  𝑤 + 𝑏 + 𝑐 − 𝜒𝑔  𝑤 + 𝑎 + 𝑐 + 𝜒𝑔  𝑤 + 𝑎 + 𝑏 + 𝑐     

=
1

4
 4𝜒𝑔  𝑤 − 𝜒𝑔  𝑤 − 𝜒𝑔  𝑤 + 𝑏 + 𝜒𝑔  𝑤 + 𝑎 +

𝜒𝑔  𝑤 + 𝑎 + 𝑏 − 𝜒𝑔  𝑤 + 𝜒𝑔  𝑤 + 𝑏 − 𝜒𝑔  𝑤 + 𝑎 + 𝑏 +

𝜒𝑔  𝑤 + 𝑎 + 𝜒𝑔  𝑤 + 𝑐 + 𝜒𝑔  𝑤 + 𝑏 + 𝑐 − 𝜒𝑔  𝑤 + 𝑎 +

𝑐 − 𝜒𝑔  𝑤 + 𝑎 + 𝑏 + 𝑐 − 𝜒𝑔  𝑤 + 𝑐 + 𝜒𝑔  𝑤 + 𝑏 + 𝑐 +

𝜒𝑔  𝑤 + 𝑎 + 𝑐 − 𝜒𝑔  𝑤 + 𝑎 + 𝑏 + 𝑐    

=
1

4
 2𝜒𝑔  𝑤 + 2𝜒𝑔  𝑤 + 𝑎 + 2𝜒𝑔  𝑤 + 𝑏 + 𝑐 −

         2𝜒𝑔  𝑤 + 𝑎 + 𝑏 + 𝑐    

=
1

2
 𝜒𝑔  𝑤 + 𝜒𝑔  𝑤 + 𝑎 + 𝜒𝑔  𝑤 + 𝑏 + 𝑐 − 𝜒𝑔  𝑤 + 𝑎 +

         𝑏 + 𝑐  . 

Theorem 2.2 Let 𝒌 be a positive integer such that 𝒌 > 1 and 

let 𝒂, 𝒃, 𝒄 be three distinct elements in 𝑭𝟐𝟒𝒌
∗  such that 𝒂 + 𝒃 +

𝒄 ≠ 𝟎. Let 𝝀 ∈ 𝑭𝟐𝟒𝒌
∗  such that 𝝀 + 𝝀𝟐

𝟑𝒌
= 𝟏. Define the 

Boolean function 𝒇(𝒙) as 

𝑓 𝑥 =
𝑇𝑟1

4𝑘 𝜆𝑥2𝑘+1 + 𝑇𝑟1
4𝑘 𝑎𝑥 𝑇𝑟1

4𝑘 𝑏𝑥 +  𝑇𝑟1
4𝑘 𝑎𝑥 𝑇𝑟1

4𝑘 𝑐𝑥 .  

Then the function 𝒇(𝒙) is bent if 

𝑇𝑟1
4𝑘  𝜆 𝑎2𝑘𝑏 + 𝑏2𝑘𝑎  = 𝑇𝑟1

4𝑘  𝜆 𝑏2𝑘𝑐 + 𝑐2𝑘𝑏  =

𝑇𝑟1
4𝑘  𝜆 𝑎2𝑘𝑐 + 𝑐2𝑘𝑎  = 0  

and 𝑓(𝑥) is semi-bent if any one of the𝑇𝑟1
4𝑘  𝜆 𝑎2𝑘𝑏 +

𝑏2𝑘𝑎  , 𝑇𝑟1
4𝑘  𝜆 𝑏2𝑘𝑐 + 𝑐2𝑘𝑏    and  𝑇𝑟1

4𝑘  𝜆 𝑎2𝑘𝑐 +

𝑐2𝑘𝑎   is 1 and the other two are zero. 

Proof. Let 

𝑔 𝑥 = 𝑇𝑟1
4𝑘 𝜆𝑥2𝑘+1 .   

For each 𝑤 ∈ 𝐹2𝑛 , we have from Lemma 2.1 

𝜒𝑓  𝑤 =
1

2
 𝜒𝑔  𝑤 + 𝜒𝑔  𝑤 + 𝑎 + 𝜒𝑔  𝑤 + 𝑏 + 𝑐 −

                       𝜒𝑔  𝑤 + 𝑎 + 𝑏 + 𝑐    

            = Δ1 + Δ2,                                                              
(2.16) 

where 

Δ1 =
1

2
 𝜒𝑔  𝑤 + 𝜒𝑔  𝑤 + 𝑎    

and 
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Δ2 =
1

2
 𝜒𝑔  𝑤 + 𝑏 + 𝑐 − 𝜒𝑔  𝑤 + 𝑎 + 𝑏 + 𝑐  .  

Using 

𝜒𝑔  𝑤 = 22𝑘 −1 𝑇𝑟1
4𝑘(𝜆𝑤2𝑘+1)  

to find the values of Δ1 and Δ2. Therefore, 

Δ1 =
1

2
22𝑘   −1 𝑇𝑟1

4𝑘(𝜆𝑤2𝑘+1) +  −1 𝑇𝑟1
4𝑘(𝜆(𝑤+𝑎)2𝑘+1)  

=
1

2
22𝑘   −1 𝑇𝑟1

4𝑘(𝜆𝑤2𝑘+1) +

 −1 𝑇𝑟1
4𝑘 (𝜆(𝑤2𝑘𝑎+𝑤𝑎2𝑘+𝑤2𝑘+1+𝑎2𝑘+1))   

=
1

2
22𝑘 −1 𝑇𝑟1

4𝑘(𝜆𝑤 2𝑘+1)  1 +  −1 𝑇𝑟1
4𝑘(𝜆(𝑤 2𝑘𝑎+𝑤𝑎2𝑘+𝑎2𝑘+1))   

                                                                                          (2.17) 

and 

Δ2 =
1

2
22𝑘   −1 𝑇𝑟1

4(𝜆 𝑤+𝑏+𝑐 2𝑘+1) −  −1 𝑇𝑟1
4(𝜆 𝑤+𝑎+𝑏+𝑐 2𝑘+1)   

=
1

2
22𝑘   −1 

𝑇𝑟1
4𝑘 

𝜆(𝑤2𝑘𝑏+𝑤𝑏2𝑘+𝑤2𝑘 𝑐+𝑤𝑐2𝑘

+𝑏2𝑘 𝑐+𝑏𝑐2𝑘+𝑤2𝑘+1+𝑏2𝑘+1+𝑐2𝑘+1
 

   

−
1

2
22𝑘

 
 
 
 

 
 
 

 −1 

𝑇𝑟1
4𝑘

 
 
 

 
 𝜆(𝑤2𝑘𝑎+𝑤𝑎2𝑘+𝑤2𝑘𝑏+𝑤𝑏2𝑘

+𝑤 2𝑘 𝑐+𝑤𝑐2𝑘+𝑎2𝑘𝑏+𝑎𝑏2𝑘

+𝑎2𝑘 𝑐+𝑎𝑐2𝑘+𝑏2𝑘 𝑐+𝑏𝑐2𝑘

+𝑤 2𝑘+1+𝑎2𝑘+1+𝑏2𝑘+1+𝑐2𝑘+1 
 
 

 
 

 
 
 
 

 
 
 

.            (2.18) 

Let 

𝑐1 = 𝑇𝑟1
4𝑘 𝜆((𝑤2𝑘𝑎 + 𝑤𝑎2𝑘 + 𝑎2𝑘+1) ,                         (2.19) 

𝑐2 = 𝑇𝑟1
4𝑘 𝜆(𝑤2𝑘𝑏 + 𝑤𝑏2𝑘 + 𝑤2𝑘𝑐 + 𝑤𝑐2𝑘 + 𝑏2𝑘+1 +

𝑐2𝑘+1 ,                                                                               (2.20) 

𝑡1 = 𝑇𝑟1
4𝑘 𝜆(𝑎2𝑘𝑏 + 𝑎𝑏2𝑘 ) ,                                           (2.21) 

𝑡2 = 𝑇𝑟1
4𝑘 𝜆(𝑏2𝑘𝑐 + 𝑏𝑐2𝑘) ,                                            (2.22)     

and 

𝑡3 = 𝑇𝑟1
4𝑘 𝜆(𝑎2𝑘𝑐 + 𝑎𝑐2𝑘) .                                           (2.23) 

Using (2.19)  − (2.23) in (2.17) and (2.18), we have 

Δ1 =
1

2
22𝑘 −1 𝑇𝑟1

4𝑘(𝜆𝑤2𝑘+1) 1 +  −1 𝑐1                        (2.24) 

and 

Δ2 =
1

2
22𝑘 −1 

𝑇𝑟1
4𝑘 𝜆𝑤2𝑘+1 +𝑐2  −1 𝑡2 −

            −1 𝑐1+𝑡1+𝑡2+𝑡3 .                                                           (2.25) 

For 𝑡₁ = 𝑡₂ = 𝑡₃ = 0, we have 

Δ2 =
1

2
22𝑘 −1 

𝑇𝑟1
4𝑘 𝜆𝑤 2𝑘+1 +𝑐2 1 −  −1 𝑐1 .                 (2.26) 

If 𝑐₂ = 0, then from (2.24) and (2.26), we have 

𝜒𝑓  𝑤 = Δ1 + Δ2 =
1

2
22𝑘 −1 𝑇𝑟1

4𝑘(𝜆𝑤 2𝑘+1) 1 +  −1 𝑐1 +

                1 −  −1 𝑐1   

= 22𝑘 −1 𝑇𝑟1
4𝑘(𝜆𝑤 2𝑘+1).  

Therefore, 𝑓(𝑥) is a bent function. 

If 𝑐₂ = 1, then from (2.24) and (2.26), we have 

𝜒𝑓  𝑤 = Δ1 + Δ2 =
1

2
22𝑘 −1 𝑇𝑟1

4𝑘(𝜆𝑤 2𝑘+1) 1 +  −1 𝑐1 −

1 +  −1 𝑐1   

= 22𝑘 −1 𝑇𝑟1
4𝑘(𝜆𝑤 2𝑘+1)  −1 𝑐1   

=  
22𝑘 −1 𝑇𝑟1

4𝑘 (𝜆𝑤 2𝑘+1);         𝑐1 = 0 

−22𝑘 −1 𝑇𝑟1
4𝑘(𝜆𝑤2𝑘+1);       𝑐1 = 1

 . 

Therefore, 𝑓(𝑥) is a bent function. 

Let us suppose that 𝑡₁ = 1, 𝑡₂ = 𝑡₃ = 0, then 

Δ1 =
1

2
22𝑘 −1 𝑇𝑟1

4𝑘(𝜆𝑤2𝑘+1) 1 +  −1 𝑐1  

and 

Δ2 =
1

2
22𝑘 −1 

𝑇𝑟1
4𝑘 𝜆𝑤 2𝑘+1 +𝑐2 1 −  −1 𝑐1+1   

=
1

2
22𝑘 −1 

𝑇𝑟1
4𝑘 𝜆𝑤 2𝑘+1 +𝑐2 1 +  −1 𝑐1 .  

Therefore, 

𝜒𝑓  𝑤 = Δ1 + Δ2 =
1

2
22𝑘 −1 𝑇𝑟1

4𝑘(𝜆𝑤 2𝑘+1) 1 +  −1 𝑐1 +

                −1 𝑐2 +  −1 𝑐1+𝑐2 .                                          (2.27)  

If 𝑐₂ = 0, then (2.27) becomes 

𝜒𝑓  𝑤 = Δ1 + Δ2 =
1

2
22𝑘 −1 𝑇𝑟1

4𝑘(𝜆𝑤 2𝑘+1) 1 +  −1 𝑐1 +

                                      1 +  −1 𝑐1   

= 22𝑘 −1 𝑇𝑟1
4𝑘(𝜆𝑤 2𝑘+1) 1 +  −1 𝑐1   

=  22𝑘+1 −1 𝑇𝑟1
4𝑘(𝜆𝑤 2𝑘+1)

0;                           𝑐1 = 1
 ;         𝑐1 = 0    .                     (2.28) 

If 𝑐₂ = 1, then (2.27) becomes 

𝜒𝑓  𝑤 = Δ1 + Δ2 =
1

2
22𝑘 −1 𝑇𝑟1

4𝑘(𝜆𝑤 2𝑘+1) 1 +  −1 𝑐1 −

                                      1 +  −1 𝑐1+1   
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         =
1

2
22𝑘 −1 𝑇𝑟1

4𝑘(𝜆𝑤2𝑘+1) 1 +  −1 𝑐1 −  1 −  −1 𝑐1  

             = 0.                                                                        (2.29)      

From (2.28) and (2.29), it is clear that 𝑓(𝑥) is semi-bent and 

its Walsh spectrum is {0, ±22𝑘+1} when 𝑡₁ = 1, 𝑡₂ = 𝑡₃ = 0. 

In a similar manner, we can prove that 𝑓(𝑥) is semi-bent 

when either 𝑡₁ = 𝑡₂ = 0, 𝑡₃ = 1 or 𝑡₁ = 𝑡₃ = 0, 𝑡₂ = 1.      

Example 2.3 Let 𝑘 = 2 and 𝜁 be the primitive element of 𝐹28  

generated by the primitive polyomial 𝑥8 + 𝑥4 + 𝑥3 + 𝑥2 + 1. 

If 𝜆 = 𝜁34 , 𝑎 = 𝜁248 , 𝑏 = 𝜁15  and 𝑐 = 𝜁143 , then the function 

𝑓(𝑥) defined as     

𝑓 𝑥 = 𝑇𝑟1
8 𝜁34𝑥5 + 𝑇𝑟1

8 𝜁248𝑥 𝑇𝑟1
8 𝜁15𝑥 +

𝑇𝑟1
8 𝜁248𝑥 𝑇𝑟1

8(𝜁143𝑥)                                    (2.30) 

is a bent function. If we take 𝑎 = 𝜁248 , 𝑏 = 𝜁15 and 𝑐 = 𝜁238 , 

then we have 𝑇𝑟1
8(𝜆 𝑎2𝑘𝑏 + 𝑎𝑏2𝑘 ) = 0, 𝑇𝑟1

8(𝜆 𝑎2𝑘𝑐 +
𝑎𝑐2𝑘)=0 and 𝑇𝑟18(𝜆𝑏2𝑘𝑐+𝑏𝑐2𝑘)=1. So, the function 𝑓(𝑥) 

as defined in (2.30) is a semi-bent function.         
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