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ABSTRACT

Graph Theory has been realized as one of the most useful
branches of Mathematics of recent origin with wide
applications to combinatorial problems and to classical
algebraic problems. Graph theory has applications in diverse
areas such as social sciences, linguistics, physical sciences,
communication engineering etc.

The theory of domination in graphs is an emerging area of
research in graph theory today. It has been studied extensively
and finds applications to various branches of Science &
Technology. An introduction and an extensive overview on
domination in graphs and related topics is surveyed and
detailed in the two books by Haynes et al [7, 8].

Products are often viewed as a convenient language with
which one can describe structures, but they are increasingly
being applied in more substantial ways. Every branch of
mathematics employs some notion of product that enables the
combination or decomposition of its elemental structures.

In this paper some results on minimal edge dominating sets of
corona product graph of cycle with a star are discussed.
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1. INTRODUCTION

Domination Theory has a wide range of applications to many
fields like Engineering, Communication Networks, Social
sciences, linguistics, physical sciences and many others.
Allan, R.B. and Laskar, R.[1], Cockayne, E.J. and
Hedetniemi, S.T. [4] have studied various domination
parameters of graphs.

Frucht and Harary [6] introduced a new product on two
graphs G1 and G2, called corona product denoted by G1©G2.
The object is to construct a new and simple operation on two
graphs G1 and G2 called their corona, with the property that
the group of the new graph is in general isomorphic with the
wreath product of the groups of G1 and of G2 .

The concept of edge domination was introduced by Mitchell
and Hedetniemi [11] and it is explored by many researchers.
Arumugam and Velammal [3] have discussed the edge
domination in graphs while the fractional edge domination in
graphs is discussed in Arumugam and Jerry [2]. The
complementary edge domination in graphs is studied by Kulli
and Soner [10] while Jayaram [9] has studied the line
dominating sets and obtained bounds for the line domination
number. The bipartite graphs with equal edge domination
number and maximum matching cardinality are characterized
by Dutton and Klostermeyer [5] while Yannakakis and Gavril
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[12] have shown that edge dominating set problem is NP-
complete even when restricted to planar or bipartite graphs of
maximum degree. The edge domination in graphs of cubes is
studied by Zelinka [13].

2. CORONA PRODUCT GRAPH
C.©K; ., AND ITS PROPERTIES

The corona product of a cycle C, wirh a star graph Ky ,,, for
m > 2, is a graph obtained by taking one copy of a n-vertex
graph C, and n copies of K; ,, and then joining the i vertex
of C, to all vertices of i copy of K1 - This graph is denoted
by C,©Ky,, .

Now we discuss some properties of the corona product graph
G = Cn OKl,m'

Theorem 2.1: The graph G = C,©Ky,, Iis a connected
graph.

Proof: Consider the graph G = C, ©OK; ,.

By the definition of the corona product graph G, the i"" vertex
of C, is adjacent to each vertex of i copy of Ky, in G. That
is the vertices in C, are connected to the vertices of K, .
Since C, and K, are connected, it follows that G is
connected.

Hence G = C,©K;,, isaconnected graph. m

Theorem 2.2: The degree of a vertex v; in G = C, OKy,,is
given by

m+ 3, if v; €C,,
d(v;) ={m+1, if v; € Ky,, and v; isin first partition,
2, ifv; € Kq,, and v; is in second partition.

Proof: Consider the graph G = C,, ©OKj ,.

By the definition of the graph G, the i*" vertex of C, is joined
to m+1 vertices of i*" copy of Kim inG. The vertex v; € C,
is adjacent to two vertices of C,. Therefore the degree of a
vertex v; € C,, ism+ 3.

Therefore d(v;)) =m+3, if v; €C,.

There are m + 1 vertices in each copy of Kj ,,, such that one
vertex v of K; ,,, is of degree m and m vertices of K; ,, are
of degree one. Since these vertices are adjacent to a
corresponding vertex of C,, in G, it follows that, the degree of
avertex v € Ky, inG is

m+ 1,if v; € Ky, and v; is in first partition,
2, ifv; € Ky, and v; isin second partition.

a(v;) ={
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Theorem 2.3: The number of vertices and edges in G =
C,©Ky,, isgiven respectively by

L V@G| =n(m+2),
2. |E@G)] = 2n(m+1).

Proof: Consider the graph ¢ = C,, ©K; ,,, whose vertex set is
denoted by V.

By the definition, the vertex set of G contains the vertices of
C, and the vertices of Kj, in n— copies. As there are n
vertices in C, and m + 1 vertices in K ,,, it follows that

[V(G)| = n+nim+1)=n(m+2).
By Theorem 2.2., the degree of a vertex v; € G is given by

m+3, if v, €C,,
d(v;) ={m+1, if v; € Ky, and v; is in first partition,
2, ifv; € Ky, and v; isin second partition.

Hence [E(G)| = 5 D_deg(v,)+n > deg(v,)

v;eC, vieK;

= nm+)H+n(@m+D+2+2+....4+2)

m-times

=%(n(m+3)+n(m+1)+2nm)
=%(n(m+3+m+1+2m))

= %(n(4m +4)) =2nm+ 2n
=2n(m+1).m
Theorem 2.4: The graph ¢ = C, ©K; ,,, is not eulerian.

Proof: In Theorem 2.2., we have seen that the degree of a
vertex v; in G has three different values viz., m+3, m+1
and 2, if v; €C, or v; € Ky,,. It is apparent that for any
value of m, the degree of the vertex wv; is not even.

Therefore G is not eulerian. =
Theorem 2.5: The graph G = C, ®Ky ,,, is non - hamiltonian.

Proof: Let V denote the vertex set of the graph G = C, ©Ky ,,.
Let us denote the vertices of C, by vy, v, ... ...., v, and denote
the vertices of it"copy of Kim, DY Wio, Uig, Uiy eereeroeny Uy -

In G, the it" vertex of C, is adjacent to each vertex of it
copy of Ky ,, .

Then vy, Uy Usp, vev ver oee, Wiy, v; TOrm acycle in G.

In this way, we have n disjoint cycles in G, and these cycles
are formed at each vertex of C,,. Since the vertices of C, are in
a cycle, we can not find a closed path in G that contains all the
vertices of G.

Therefore G = C, ©Ky ,, is non- hamiltonian.
Theorem 2.6: The graph G = C, ®K; ,,, is not bipartite.

Proof: Consider the vertex v; € C, and the vertices
Ujos Uity Uiz ven eee oon U in the it copy of Ki, in G.
Obviously the vertices v;, u;, and u;; form an odd cycle.

Therefore the graph G = C, ©Kj ,,, is not bipartite. m
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3. EDGE DOMINATING SETS OF
C,.OK,

In this section, edge dominating sets of the graph

G = C,OK; ,, are discussed. Also edge domination number of
this graph is obtained. First we recall some definitions.

Definition: Let G(V,E ) be a graph. A subset D of E is said
to be an edge dominating set(EDS) of G if every edge in E - D
is adjacent to some edge in D. An edge dominating set D is
called a minimal edge dominating set (MEDS) if no proper
subset of D is an edge dominating set of G.

Definition: The edge domination number of G is the
minimum cardinality taken over all minimal edge dominating
sets in G and is denoted by ¥'(G).

The vertices and the edges in C, are denoted by
V1, V2, e venen, Uy @Nd €4, €5, ... .. , e, respectively where e; is
the edge joining the vertices v; and v; ., i#=n. Fori=n, e, is
the edge joining the vertices v,, and v;.

The vertex in the first partition of i*" copy of K; ,,, is denoted
by wu; and the wvertices in the second partition of
i*" copy of Ky ,, are denoted by w;j, Wiz, o o oo, Wiy The
edges in the i*" copy of K; ,,, are denoted by l;; where I; is
the edge joining the vertex wu; to the vertex wy;. There are
another type of edges, denoted by h;, h;;. Here h; is the edge
joining the vertex v; in C, to the vertex u; in the
ith copy of K ,,. The edge h;; is the edge joining the vertex
v; in C, to the vertex wy; in the i*" copy of K ,.

We denote the edge induced sub graph on the set of edges
Ei = {hi'hijJ ll] ] = 1,2, ,m} by Hl" fori= 1,2, ....... ,N.

We now prove some results in the corona product graph
G=C,OKyp.

Theorem 3.1: The adjacency of anedgeein G = C, ©
K1 is given by

(2m+4, if e=¢; €C,,

. m+1, if e € i copy of Ky,
ad](e)=i2m+2, if e =h; €H,
m+3, if e = hy; € H,.

Proof: Consider the graph G = C, © Ky, .

By the definition of the graph G, the i**vertex of C,, is joined
to m+1 vertices of the i*"copy of K ,, inG.
Case 1: Lete = ¢; € C,.

The edge e = e; € C,, is adjacent to two edges of C, viz.,
e_1,eraWheni#1n;e, e, wheni=1;e,e, 4 wheni=n;
m+1 edges joining the vertex v; in C, to the vertices of

H; viz., h;, hi1, higyeeeeneneen. him; m+1 edges joining the vertex
vipggin C, to the vertices of Hiy  viz,
hiv1 Ry Rgrnyzs o hGanym.

Therefore adj(e) = number of edges adjacent to e
=2+m+1l+m+1=2m+4.

Case 2: Let e =1; € H; where [;; is the edge joining the

vertex u; in H;to the vertex wy; in H;.The edge e =1; is

adjacent to m-1 edges joining the vertex u; in H;to the

Veftlces Wity Wi, cen vin ven vin vany Wi(j—l)’ Wi(j+1)l ......... y Wim in

Hyviz., L1 ,lig,ee. v ligoy liganyseeee loms the edge
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joining the vertex v; in C, to the vertex u; in H,; viz., h;; the
edge joining the vertex v; in C, to the vertex wy; in H; viz,,

th

Then adj(e) = number of edges adjacent to e
=m-1+1+1=m+1.

Case 3: Let e = h; € H; where i=1,2,........ ,nand h; is the
edge joining the vertex v; in C, to the vertex u; in H;. Now
the edge e = h;, i #1 is adjacent to two edges in C, viz., e;_q,
e; and the edge h; is adjacent to two edges in C,, viz., e , ey;
m edges joining the vertex v; in C, to the vertices in H; — {v;}
Viz., hig, Bigyeennan. ,him ; M edges joining the vertex u; in H; to
the vertices w;q, W;p,......... Wi INH; Viz., Ui, Ligyeee, Ly -

Then adj (e) = number of edges adjacent to e
=2+m+m=2m+2.

Case 4: Lete=hy; € H; where i=1,2,........ n; j=1,2,.....m and
h;; is the edge joining the vertex v; in C, to the vertex w;
in H;.Now the edge e = h;; is adjacent to two edges in C,

viz., e;_1 , e; when i #1; ey, e, when i = 1; m-1 edges joining

the vertex v; in C, to the vertices
Wi1, Wi, e e lWi(j—i),Wi(j+1)l ........ y Wim in Hi ViZ.,
ity Rygpeeenne vhig -1y Rigir1ys e , him; the edge joining

the vertex wv;in C, to the vertex u; in H; viz., h; ;the edge
joining the vertex u; in H; to the vertex wy; in H; viz., [;.

Then adj (e) = number of edges adjacent to e
=2+(m-1)+1+1=m+3. =

Theorem 3.2: The edge domination number of

G=C, OKyp isn.

Proof: Consider the graph G = C,, O K ,,, with vertex set V

and edge set E, when

V= {vi' u Wyl = 1,2, ... .. ,nj=12, .. .. ,m},

E = {ei‘ hi,hijr ll] = 1,2, ...... ,Tl,'j = 1,2, ...... ,m}.

Let D = {hy, hy, ... ......, h, } Where h; is the edge joining the
vertex v; in C,, to the vertex u; in H;. Now edge h; is adjacent
to m edges joining the vertex w; inH;to the vertices
Wity Wigyeerninnns Wim in Hi ViZ., lill liZl ........... 1lim; two edges
in C, viz., e;_1,e; wheni #1; e;,e, wheni=1; m edges
joining the vertex v; in C,, to the vertices w;q, Wip,.cven.... Wim
in H; Viz., hig, Rigyeecnnns i . That is the edge h; dominates
all the edges in H; and two edges in C,,.

Since this is true for all i = 1,2,....,n, it follows that D
dominates all the edges of G.Thus D becomes an EDS of G.
This set is also minimal because, if we delete any edge say
h;from D, then the edges in H; are not dominated by any edge
in D-{h;}.

We could easily see that any other choice of selection of edges
in C, © Ky, less than n will not be an EDS. Hence the edge
domination number of €, © Ky, isn.

4. ILLUSTRATIONS MINIMAL EDGE

DOMINATING SET
Theorem 3.2
The edges with blue colour in Fig. are the edges of minimal
edge dominating set.
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Cs OKy3
5. CONCLUSION

It is interesting to study the edge dominating sets and edge
domination number of corona product graph of a cycle with a
star. This work gives the scope for an extensive study of other
edge dominating sets of this graph.
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