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ABSTRACT

The aims of this paper is to give some new theorems in the field
of fixed point theory. For that, we establish a generalized result of
Caristi’s fixed point theorem by introducing a new type of func-
tions that will be called the L Z-functions. And since that theorem
is equivalent to Ekeland’s variational principle, we derive also an -
variational-type principle, which generalizes the latter. As applica-
tion, we study the existence of solution for a system of equilibrium
problem.
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1. INTRODUCTION

Fixed point theory has several applications in many domains. It has
applications in the study of market stability in economics. In dy-
namic systems it is used to deterministic timed systems on feedback
semantics, and in the theory of integral and differential equations to
demonstrate the existence and uniqueness of solutions [[1} 12} 13} 4]
In 1922, the Polish mathematician Stefan Banach established a re-
markable fixed point theorem, the famous contraction principle [6]],
which is one of the most important results of analysis. It is the most
widely applied fixed point result in different areas of mathemat-
ics and applications. It requires the structure of a complete metric
space with contractive condition on the map which is easy to test
in many situations. It has been generalized in many different direc-
tions [13} 114, 19, 21}, 123]. Moreover, the proof of the Banach con-
traction principle gives a sequence of approximate solutions and
useful information as regards the rate of convergence toward the
fixed point.

There are in the literature many different versions of the well-
known theorems due to Banach [6] and Nadler [7]] and Caristi [17],
concerning fixed points for single-valued and set-valued dynamic
systems, respectively, in complete metric spaces [8} 9} (10} [11} [12].
For instance, the problem of existence and uniqueness of fixed
points in partially ordered sets has been studied thoroughly because
of its interesting nature. In this direction, a result was given by
Turinici [5], where he extended the Banach contraction principle
in partially ordered sets.

One of its most important extensions of Banach contraction prin-
ciple is known as Caristi’s fixed point theorem, since it is closely
connected with the variational principle due to I. Ekeland [31].
The proofs given to Caristi’s result vary and use different tech-
niques [15} 16} [17, [18]. In 1977, Siegel [19] found that Caristi’s
fixed point theorem based on the work of Brondsted [21], which
implicitly use a partially order and ensure the existence of fixed
point as a maximal element.

Brézis and Browder [23] proved a very general principle concern-
ing order relations which include the Caristi’s [17] theorem. In
2007, A. Szaz [25] generalizes the Brézis-Browder principle in ab-
stract setting, and gives an abstract generalized of Caristi’s and Eke-
land’s theorem as well.

On the other hand, many authors have extend Ekeland variational
principle [26]] in several directions, because of the important appli-
cations of this result in applied mathematics : control theory, con-
vex analysis, etc. [31},127, 128, 29].

Following this direction of research, in this paper, we use the
Szaz principle in a metric space to give a more generalized ver-
sions of Caristi’s fixed point theorem. For that, we introduce a new
class of functions called L Z-functions which generalizes the notion
of dominated function in Caristi’s theorem. Since Ekeland Varia-
tional Principle is equivalent to Caristi’s Theorem, we derive an
e-variational principle which is also a generalization of Ekeland’s
variational principle. Furthermore, we give an application of our
results for a system of equilibrium problem.

The rest of the manuscript is organized as follows: In Section II,
some standard assumptions are introduced, with the main theoreti-
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Fig. 1. Representation of the set valued map T" of the example 1. The colored area represents the sets 7'(x) over [0, 1]. The red line represents the first
bisecting plane. The two circles are the fixed points of T" over [0, 1]
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Fig. 2. Geometric verification of the condition (1) in the example 1. The blue domain of xy-plane is T" ([0, 1]). The lower green surface is § (x, y) and the
upper red one is @ (z,y) for (z,y) € [0,1] with y > =.

cal results. In Section III, an application to prove the the existence addition, < is antisymmetric, we will called it a partial order.
of the solution for a system of equilibrium problem.
x € X is maximal elementifx <y = z =y forally € X. We
2. MAIN RESULTS recall that
) » ) St(z)={z€X;z<z}.
In a nonempty set X, we define a reflexive and transitive relation
< called a preorder and we said that (X, <) is preorder set. If in The following result will be useful in the sequel.
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g.3. Other view of & (2, y) and & (z, y) of example 1, for (,y) € [0,1]% withy > .
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Fig. 4. Representation of the LZ-function @ (z,y) of example 1, for (z,y) € [0, 1]2

Theorem 1. Let (X, <) be a quasi-order set and let & : X x
X — |—00, 00] be a function satisfying :
(S1)x — sup P (z,y) is decreasing;

yeSt(x)
(S2) —oo < sup P (x,y)forallz € X;
yesSt(x)
(S3) sup P (a,y) < oo forsomea € X;
yeST(a)

(84) For every non-decreasing sequence (x,,), .y C X, with g =
a, there exists some x € X such that x,, < x foralln € N, and
liminf @ (z,, Tpt1) = 05

n—o0
($5)0 < @ (x,y) forall z,y € X withx < y.
Then there exists a maximal element & € X.

Definition 2. A function & : X x X — ]—o0, co] will be called
a LZ-function if the following hold :
(C1) super-additivity : @ (z,y) + @ (y,z) < & (x,z) for each
z,y,z € X.
(C2) y — & (z,y) is upper semi continuous for each z € X.
(C3) there exists o € X such that sup @ (zo,y) < oo.

yeX

(C4) x — @ (x,y) is bounded bellow for each y € X.

Lemma 3. Let (X, §) be ametric space, @ : X x X — |—00, 0]
a LZ-function. A binary relation defined by

rye r=y oré(z,y) <P(z,y)

is a partial order on X.

Theorem 4. Let (X, 8) be a complete metric space, T : X — 2%
a set valued map. If there exists a LZ-function ® : X x X —
|—o00, 00| satisfying for each x € X there exists y € Tz such that

6(z,y) < P (z,y) M
Then T has a fixed point in X.

Proof. Let o € X be as in (C3) and by assumption, there exists
x1 € Tz such that

(S(LCQ,Zﬂl) S @(l’o,l’l)

We construct inductively a sequence (z,, ), satisfies for eachn € N

§(xn7xn+l) S ¢(xn7xn+l) (2)

Note that if there exists ny € N such that x,, = z,,, foralln > ng
then x,,, is a fixed point of T. Assume that for all n,m € N we
get ¢, # =, hence (z,), is an increasing sequence with respect
to <.

Letn € N, by inequality ) we get

n n
D 8 (@ wri1) Y (wh, wpt1) < (w0, Tng1) < 00
k=0 k=0



then lim @ (z,,,2,41) = 0 and (z,,) is a Cauchy sequence in X
n—oo

so, converge to some T € X and since y — P (x,y) is upper
semi continuous we get for each n,m € N,

6 (xny x’VV'L) S @ (x’IL7 mTTL)
so taking the limit with respect to m yields
0(xn,T) < P (xp,T)

This proves that z,, < T foralln € N.

Define a function ~g X — ]-o0,x] by v (x) =
sup,cx @ (x, z) foreachz € X andletz < y then we have z = y
ord (z,y) <P (z,y):

if . = y then v¢ () = 7o (y);

ifx # ywe get @ (x,y) > 0and by (C1) we get forall z € X

@ (z,y) + P (y,2) < P (x,2)
hence

sup @ (y, z) < sup @ (z,2) & 73 (y) < 7 (2)

zeX zeX
that is ¢ is decreasing function.
By Theorem (X, <) has a maximal element, say z* . Since con-
dition @) implies there exists y* € T'z* such that z* < y* it must

be the case that z* = y*.
O

Example 1.
In this example, we choose X = [0, 1] and T is a set valued map
defined as follows

T:X — 2%
z — [Va,1] A3)
and @ is a LZ-function @ : X x X — |—00, o] given by
+1
® (z,y) = 10°1° [ L= 4
(@) = 10°0° (£ @

with for all z, y, z € X, we have

10° In® <L+1> +10°1n® <Z+ 1)
z+1 Y+
y+1 5 1\\*

10°In | =—= 1051

( n(x+1>+ n(y+1

3

10510 (201

rx+1

= &(z,2)

P (z,y) + 2 (y,2)

—_

IN
183
+

IN

then the super additivity (C1) is well verified. It is clear from figures
[@). () and[]that  verify the conditions (C2), (C3) and (C4). Then
® is well a LZ-function.

The metric § is defined by

6(z,y) =y — = )

Figure [T shows the set valued map T represented by the colored
domain of the plane, as the union of segments [/, 1] with z €
[0, 1].

Figureshows the surfaces of @ and § over [0, 1], in order to verify
the conditions of theorem @] we choose to plot the LZ-function ®
and the metric ¢ for z and y in [0, 1] with < y, or more precisely,
forz € [0,1] and y € T(z) = [y/z,1]. The segments T'(z) are
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represented by the colored domain of the xy-plane (see Figures (@)
and (3)). So it is clear that the condition (T)) is well verified, that is

6(z,y) < @ (z,y)

forall z € [0,1] and y € T(z) = [y/z,1]. The conditions of
theorem @ are verified, then by this theorem, 7" has at least a
fixed point in X = [0, 1]. Figure|l1|shows that the set valued map
T has a two fixed points represented by the points of intersection
with the red line y = , thatare z = 0 € [V0,1] = [0,1] and

r=1¢€ [V1,1] ={1}.

Note that if @ (x,y) = ¢ () — ¢ (y) we get the Caristi’s theorem
given by

Corollary 1. Let (X, 0) be a complete metric space and ¢ : X —
[0, 0) a lower semicontinuous function. If the mapping T : X —»
X satisfies for each x € X the condition :

6 (2,T) < ¢ (x) — ¢ (T)
then T has a fixed point in X.

On the other hand, and to give a generalized version of Ekeland’s
variational principle, we provide the following theorem

Theorem 5. Let (X, ) be a complete metric space and @ : X X
X — |—o0, 0] a LZ-function. For each e > 0 and xoy € X such
that @ (xg,x0) < infeex D (z,x0) + €, then there exists T € X
such that

(1) €6 (zo,T) < D (20, T);

(2)ed (z,y) > P (T,y) foreachy € X \ {z}.

Proof. For each x € X we define a nonempty set S (x) by
S)y={yeX; =y ored(z,y) <P (z,y)}

and by continuity of y — ¢ (x,y) and lower semi continuity of
y — —& (z,y) the set S (x) is closed subset of X and then com-
plete metric space.

Let o € X as in (C3). For each z € S(z) set

H(z) ={y € X \{z}; &6 (z,y) < @ (x,9)}

and define a set valued mapping

{2} if, H(x)=0
Tx_{H(x) if, H (z) # 0

then 7 is a self set valued mapping from S (z) to 2%(%0), Indeed,
if H () = () then Tx € 25(=0) by definition and if H () # () let
y € H (x) theny # z and 6 (z,y) < P (z,y) which implies that
x < yand since x € S (zg) i.e. zg < x then zp < y which leads
to

xo =1y ored (zo,y) <P (x0,y)

hence y € S (z) .
Note that for each z € S () there exists y € Tz such that

€6 (z,y) < P (x,y)

by theorem [2| T has a fixed point T € S (zg), it follows that
H (T) = 0. Thatis €6 (z,y) > @ (T,y) foreachy € X \ {Z} and
since T € S (xo) we get ed (zo,Z) < P (zg, T). This complete the
proof.

O

It is well known that theorem [T] is equivalent to Ekeland’s varia-
tional principle, so, we get the following :



Corollary 2. Let (X, §) be a complete metric space and ¢ : X —
]—00, 00] a proper lower semi continuous function bounded below.
For each € > 0 and 2y € X such that ¢ (z¢) < inf,cx ¢ (z) + ¢,
then there exists T € X such that

(1) €0 (0,T) < ¢ (z0) — ¢ (T);

(2) €6 (7,y) > ¢ (T) — ¢ (y) foreachy € X\ {z}.

3. APPLICATION

In this section, we propose to solve an equilibrium problem arising
in variational inequality theory.

Let m be a positive integer and (X, §;) be a complete metric space.
By a system of equilibrium problems we understand the problem of
finding T = (Z1,Z2,...,%m) € A such that

(P): fi(yi,@) <0 Viel, Yy, € A,

m

where f; : Ax A; — R, A = [] A;, with A; some given sets in
i=1

X;. An element of the set A* = [] A; will be represented by z*;
i

therefore, x € A can be written as © = (x;,z%) € A; x A*. We

denote by

6 = max d;
iel

then X = [ X;

i=1
It is clear that there is no chance that the problem (P) has a solu-
tion, so we will give a suitable set of conditions on the functions
that do not involve convexity and lead to apply theorem 3]
The following result is an extension in complete metric space of
Theorem 4.2. in [30].

Proposition 6. Assume that for every i € I, A; is compact and
fi + A; x A — R is a function satisfying the assumptions :

(@) y — fi(x;,y) is bounded above and upper semi continuous,
Vz,; € Az

(®) fi(zs, ) = 0, for every x = (z;,z%) € A.

© fi(zi,y) + fi(ys, 2) < fi(ws, 2), for every x,y, z € A, where
y=(y"9:)

Then, the set of solutions of () is nonempty.

Proof. Leti € I be given. And put foreach z,y € A

by theorem 3] for each n € N* there is z,, € A such that

1
—fi (i, Tn) 2 ;5(%‘79%) Yy € A;.

m
Since A; is compact for each ¢ € I, A = ] A; is also a compact
i=1
subset of X, then we can choose a sub-sequence (mn X ) . of (zn),
such that x,,, — @ as n — oo. Then, by (a),

i (9 ®) = imsup (~fi (yi, o) = 2 v wall) Vo € A,
—00

then Z is a solution of (P).
O

Next, we drop the assumption that A; is compact and we assume
that X; is an Euclidean space and, for each i € I, A; is closed
subset of X;.

International Journal of Computer Applications (0975 - 8887)
Volume 158 - No.2, January 2017

Let us consider the following coercivity condition (C)

©) : Ir > 0; Vo € Asuch that ||z;||, > rforsomei € I,
B € A, lyill; < llzill; - and fi (yi, @) > 0.

Theorem 7. Assume that foralli € I, f; : A; x A — Risa
function satisfying:

(a) y — fi(x,y) is bounded above and upper semi continuous,
VYV, € A;r

(b) fi(xs,x) = 0, for every x = (z,2") € A;

(©) Filwiy) + fi(yi, 2) < fi(ws, 2), for every z,y, z € A, where
y= (4" 4)-

(d) x; —> fi(zi,y) bounded bellow.

If (C) holds, then (P) admits a solution.

Proof. For each x € A and every i € I consider the set
Si(z) = {yi € Ai; llyill; < llwill;  and fi (y:, ) > 0}
Note that, by (c), forevery x andy = (y%,y;) € A, y; € S; (x) im-

plies S; (y) C S; (z). Indeed, we get for z; € S; (y) : fi (z:,y) >
0 and
fiGzisy) + fi (yi, @) < fi(zi,2) = 0 < fi (21, @)

then zZ; € SZ (x)
Let B; (r) = {y; € A;; ||y:]| < r} then it is a compact subset of
A;. By (a), S; (z) is bounded closed subset of A; then, it is compact
subset for all z € A. Furthermore, by proposition [} there exists an
element x,. € [][B; (r) (we may suppose that B; (r) # ( for all

il

1 € I) such that

fi (i, ) <0 Vy; € By (r), Vi€l (6)
Suppose that x,. is not a solution of (7). In this case, there exists
j € landz; € Aj with f; (2;,%,) > 0. Let 27 € A’ be arbitrary
and put z = (27, z;) € A. Define

aj; = 1min

v;€8:(2) ”yj HJ :

Case 1: a; < r.Lety; =¥;(z) € S;(2) such that H@H =a; <
r. Then we have
fi (j,2) 20

and since f; (z;, z,.) > 0 we get by (c)

0 < f; (F;:2) + f; (2, 20) < f (5, 0)
which contradict[@l
Case 2: a; > 0. Let againg; = 7,(2) € S;(2) such that H@JH =
a; > . Lety’ € A7 be arbitrary and puty = (77,7;) € A. Then,
by (C) we can choose an element y; € A; with [|y;|; < HQJH] =

a; such that f; (y;,7) > 0. Clearly, y; € S;(g) € S;(z2), a
contradiction since

ol < [, =, min

”yj”j

This completes the proof.
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