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ABSTRACT

Graph theory is one of the most flourishing branches of
modern mathematics and computer applications. Domination
in graphs has been studied extensively in recent years and it
is an important branch of graph theory. An introduction and
an extensive overview on domination in graphs and related
topics is surveyed and detailed in the two books by Haynes et
al. [ 7, 8]. In this paper we present some results on minimal
edge dominating sets of corona product graph of cycle with a
complete graph.
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1. INTRODUCTION

Domination Theory has a wide range of applications to many
fields like Engineering, Communication Networks, Social
sciences, linguistics, physical sciences and many others.
Allan, R.B. and Laskar, R.[1], Cockayne, E.J. and
Hedetniemi, S.T. [4] have studied various domination
parameters of graphs.

Frucht and Harary [6] introduced a new product on two
graphs G1 and G2, called corona product denoted by G1©G2.
The object is to construct a new and simple operation on two
graphs G1 and G2 called their corona, with the property that
the group of the new graph is in general isomorphic with the
wreath product of the groups of G1 and of G2 .

The concept of edge domination was introduced by Mitchell
and Hedetniemi [11] and it is explored by many researchers.
Arumugam and Velammal [3] have discussed the edge
domination in graphs while the fractional edge domination in
graphs is discussed in Arumugam and Jerry [2]. The
complementary edge domination in graphs is studied by Kulli
and Soner [10] while Jayaram [9] has studied the line
dominating sets and obtained bounds for the line domination
number. The bipartite graphs with equal edge domination
number and maximum matching cardinality are characterized
by Dutton and Klostermeyer [5] while Yannakakis and Gavril
[12] have shown that edge dominating set problem is NP-
complete even when restricted to planar or bipartite graphs of

maximum degree. The edge domination in graphs of cubes is
studied by Zelinka [13].

2. CORONA PRODUCT OF (€,, AND
K., AND ITS PROPERTIES

The corona product of a cycle C,, with a complete graph K,,, is
a graph obtained by taking one copy of a n — vertex graph C,
and n copies of K,,, and then joining the it" vertex of C, to
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every vertex of it"copy of K,,.This graph is denoted by
C,OK,,.

The vertices of C, are denoted byv, v,, ..., v,. The edges in
C, are denoted bye, e,, ..., e, Where e;is the edge joining the
vertices v; andv;,q,i#n. For i =n,e, is the edge joining
the verticesv,andv;.

The vertices in the " copy of K, are denoted
byw;1, Wiz, ..., Wi, . The edges in theit" copy of K,, are

denoted byl;; ,j = 1,2, ...,m(";_l)

iy
The edges in the outer Hamilton cycle of theit" copy of K,
are labelled byl;; where [; is the edge joining the vertices
wi andw; 41y ,j = 1,2,..,(m —1). For j=m, ly, is the
edge joining the vertices w;,,, andw;q .

There are another type of edges in G denoted byh;; ,i=
1,2,...,nwherej = 1,2,...,mis the edge joining thevertices
v; of C,, to wy; of ith copy ofK,,. These edges which are in G
and related to the " copy of K,are denoted
byh;1, bz, ..., hi,, and these are adjacent to each other and
incident with the vertex v;0f C,,.

Theorem 2.1: The graph G = C, ©®K,, is a connected graph.
Proof: Consider the graph G = C,, ©K,,.

By the definition of the corona product, we know that the i
vertex of C, is adjacent to each vertex of it" copy of K,,in
G. That is the vertices in C, are connected to the vertices of
K,,. Since C, and K,, are connected, it follows that G =
C,®K,, isalsoconnected. m

Theorem 2.2: The degree of a vertex v in
G = C,©K,, isgiven by

m+2, ifvecC,
m , ifv€EK,.

d(v) ={

Proof: By the definition of the graph G, the i*"* vertex v of
C, is joined to m vertices of it"copy of K,, in G. The vertex
v € C, Iis adjacent to two of vertices of C,, . Therefore the
degree of avertex v € C, in Gism + 2.

There are m vertices in each copy of K, , and each vertex
v € K, is of degree m — 1. Since this vertex is adjacent to a
corresponding vertex of C,, in G, it follows that the degree of a
vertex v € K, in G ism.m

Theorem 2.3: The number of vertices and edges in G =
C,OK,, is given respectively by

1. V(@)= n(m+1),
2. |E@@)] = g(m2 +m+2).
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Proof:Consider the graph G = C, ©K,,, with vertex set V.

In G, we know that n, m denote the number of vertices of C,
and the complete graph K,,, respectively.

By the definition, the vertex set of G contains the vertices of
C, and the vertices of K,,, inn — copies.

Hence, it follows that
V(@] =n+nm= n(m+1).
By Theorem 2.2, the degree of a vertex v is given by

_(m+2, ifvEC,
d(v)—{ m , ifveEKk,.

Hence |E(G)|

= 2| > deg(v)+n Y deg(v)

veC, veK,

= nm+2) +n(m+m+....+m)
%—/
m-times
_1’l

—2(m+2+m2)

=%(m2+m+2). L]

Theorem 2.4: The graph G = C, ®K,, is non - hamiltonian.
Proof: Let V denote the vertex set of the graphG = C,, ©K,,.

Let us denote the vertices of C, by vy,v,,.......,v, and
denote the vertices of it" copy of Kby g Uiz, v e o, Uiy -

In G, the it" vertex of C, is adjacent to each vertex of it"

copy of K,,, .
Then vy, g Upp, eoe e e, Ui, v; TOrm acycle in G.

In this way, we have n disjoint cycles in G, and these cycles
are formed at each vertex of C,,. Since the vertices of C, are in
a cycle, we can not find a closed path in G that contains all the
vertices of G.

ThereforeG = C, ©K,, is non - hamiltonian.m

Theorem 2.5: The graph G = C,, ©K,, is eulerian, if m is
even.

Proof: We know that a n— vertex cycle is eulerian and a
complete graph with m — vertices is eulerian, if m is odd.

By Theorem 2.2, there are n- vertices of C, which are of
degree m + 2 in G and there are m — vertices in each copy of
K,, whose degree is m.

Then the following cases arise:
Case 1: Suppose m is even.

Then each vertex of G is of even degree. Hence, it follows that
G is eulerian.

Case 2: Suppose m is odd.

Then each vertex of G is of odd degree. Hence, it follows that
G is not eulerian. m

Theorem 2.6: The graph G = C, ©K,, is not bipartite.

Proof: Suppose m is odd. Then K,, contains an odd cycle,so
that G has an odd cycle. Hence G is not bipartite.
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Suppose m is even. Then K,, contains an even cycle. Since
the vertices of K,,, in each copy are joined to a corresponding
vertex in C,, it follows that these m + 1 vertices form an odd
cycle in G. Hence G is not bipartite. m

Theorem 2.7: The adjacency of an edge e in G = C,OK,, is
given by
2m+2,ife=¢;, €C,,
adj(e) ={ 2m —2,ife = l;; € i*" copy ofK,,,
2m,ife = h;j € G = C,OK,,.

Proof: Consider the graph G = C,,©K,,.We know that if
e =uv is any edge in a graph, joining the vertices u and
v then adj(e) = d(w) + d(v) — 2.

Casel: Lete =¢; € C,.Theedgee =e; € C, isincidentto
the vertices v; and v;,0f C,,. The vertex v; is incident to two
edges viz.,e;,e;q,ifi # n of C,and incidentto two edges
e, , e of Cyif

i =nand incident to m edges drawn from vertexv;to the

verticesw;, Wy, ..., Wy, of it" copy of K, which are

hi1, Ry, .., by respectively.

Similarly the vertex v;4is incident to two edges

viz.,e; ,e;410f C, and m edges

hi+1)1, hae1y2s 0 Rgeymdrawn from the vertex v 1to

the m vertices w;,1y1, Wi+1y2s - Wi+1ym Of (i + 1) copy
of K,,,.

Sodeg(v;) =m+ 2and deg(v;y1) =m+2.

Therefore adj(e) = (m+2)+ (m+2)—2=2m+ 2.
Case 2:Lete = [; € i*" copy of K,,. Then

Li;is the edge joining the vertex wy; to vertexw;; 1y in the ith
copy ofK,,.Since K, is a complete graph, every vertex w;
inK,has degree(m — 1). But every vertex wy; in K, is
joined to a vertex v; of C,,and this edge is denoted byh;; .

Therefore deg(wi,-) =(m-1)+1=mand
deg(wi(jﬂ)) =(m-1+1=m.
Hence adj(li/-) = m+m-—-2=2m-2.

Case 3: Lete = h;; € (,OK,,. We know that hy;is the edge
joining the vertices v; of C, to the vertex wy; in the ith copy
of K;,. As every vertexw;; in K, has degree(m — 1) we have

deg(wij) =(m-1+1=m.

Since every vertexv; in C,has degree 2 and incident
tom edgesh;q, hi, ..., hy, We have deg(v;) = m+ 2.

Thereforeadj(h;) = m +m + 2 — 2 = 2m. Thus in the
graph G = C,©K,, we have
2m+2,ife=¢; €C,,
adj(e) ={ 2m—2,ife =1; €i*" copy ofK,,
Zm,ife = hL] €EG = Cn@Km.

3. EDGE DOMINATING SETS OF
G =C,0K,,

In this section we discuss minimal edge dominating sets of

corona product graph G = C, ©K,, and the edge domination

numbers of this graph are obtained. First let us recall some
definitions.
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Definition: Let G(V,E) be a graph. A subset D of E is said to
be an edge dominating set (EDS) of G if every edge in
(E-D) is adjacent to some edge in D.

An edge dominating set D is called a minimal edge
dominating set (MEDS) if no proper subset of D is an edge
dominating set of G.

Definition: The edge domination number of G is the
minimum cardinality taken over all minimal dominating sets
in G and is denoted by 7, (G).

Theorem 3.1: The edge domination number of G =
C,©K,, ,m = 3 is given by

3n .
7,1fn15 even,
3n+1

T,ifn is odd.

Proof: Let m = 3.

Consider the graph G = C,, ©K3 with vertex set V and edge
set E given by

V = {vg, vy, o, Uy Wi, Win, Wiz, i = 1,2,3, ..., n}. Here
V1, Vs, ..., Uy are vertices of C, and w;q, w;,, w;zare vertices in
theit" copy of K5.

E= {elrez, e € i, g, Rz, 0 = 1,23, lilrli2t1i3'}
i=123..,n
Here fori =1,2,3,...,n; hij,j=123are the edges drawn
from the vertex wv;to the vertices w;;, w;,, wizofit"copy of

Kjrespectively. Andl;;, j = 1,2,3 are the edges in the i*" copy
of K,,,.

ij

Case 1: Suppose n is even.

Let
D= {lij Jforanyj=1,23; i=1,23,..,n;eq,e3, ...,en_l}.
Since n is even, |D|=n +%= 37".Supposej = 1.Then the
edgel;; is adjacent to the remaining two edges in thei" copy
ofKzand is adjacent to the edges drawn from v; to the end
vertices WillWiZOflil in thELth copy OfK3UlZ, hil 'hiZ' The
edgeh;; is dominated by the edge e;. Similar is the case when

Jj = 2 or 3 .Therefore anedgel;; , for any j = 1,2,3 and
fori = 1,2,3,...,n dominates all the edges in then-copies
of Kzand any two edgesh;;. The remaining one edge h;;is
dominated by the edge e;respectively.

The edgese; ,es, ... ,e,_1in C,will dominate the rest of the
edges inC, respectively.

Therefore D dominates all the edges in G = C,, ©K,,.Hence D
becomes an edge dominating set (EDS) ofG = C,, ©K,,.

We show that D is minimal.

Delete the edgee;from D for some i. Then the edge
h;i,for some k = 1,2,3 is not dominated by any edge in
D —{e}.

Therefore D is minimal.

The edge domination number of ¢ = C,, ©K, is given by
7, (G) = 37" if n is even.

Case2: Suppose n is odd.
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Let
D= {lij Jforanyj=1,23andi=1,23,..,ne,e3, ...,en}
Then|D| =n+ nzll = 3"2—+1 . As in Casel we can show that D

is a minimal edge dominating set ofG = C,, ©Kj.

3n . .
—,if nis even,

Therefore 3, (C,®K3) =157,

T,ifn is odd.

Theorem 3.2: The edge domination number ofG = C, ©K,,,
where m > 3 and n is even is given by

(g)m, if misodd.
(g) (m+1),if miseven.

Proof: Let G = C,, ©K,, be the given graph and
m > 3. Suppose n is even.
Case 1: Let m be odd.

_ €2,€4, -, en; iy, }
LetD = {i =123, ..,n,j =135, ..,m—2J

We can see that |1;; | = mT_lforj =1,3,5,..,m—2.

We show that D is an edge dominating set ofG = C, ©OK,,.
Clearly  the edgese,, ey, ...,e,dominate  the  edges
e1, €3, ..., e,_10f C, respectively.

Consider the edges h;; andh(1qy;,j = 1,2,...,m. The edge
h; is incident with the vertex wv;and the edge hgq); is
incident with the vertex vq).Since the edges in D are
alternately the edges in C,, it follows that all the edgesh;; ,
i=123,..,nj=12,..,mare dominated by the edges
e, €EC,i=24,..,n

Now consider an edge, say

l; € it" copy of K,,. There arem("zl_l) edges in each copy of

K,,. If we select one edge say [;, then it dominates

(2m — 3) edges l;;,j # k in K,,.The remaining undominated
edges are™ =23 Then we require at least (mz—_s)edges to

dominate these edges.

Thus1 + (’"2—_3) = (mz—_l)edges will dominate the edges [;; in
each copy of K,,,.

Thus every edge in E(G) is dominated by some edge in D.
Therefore D becomes an EDS of ¢ = C,,©OK,,

We show that D is minimal.

Delete an edge, say e, for some k = 2,4, ...,n from D.

Then the edge e, is not dominated by any edge in D — {e, }.

Again if we delete some edge [;; € ith copy ofK,,, then also
we can see that some edges in thei*® copy of K,, are not
dominated by any edge in D — {l;;} as the edges [;;are taken
in minimum number. Thus D becomes a minimal edge
dominating set of G = C, ©OK,,.

We have chosen (%) edges from C,, into the dominating set
(m-1)

of D. From each it"copy of K,,, we have chosen
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edges into the dominating set of D. As there n such copies of
K,,, we have chosen a total of n( ) edges from all copies
of K,,, into D.

Therefore|D| = %+ n(m—_l) = (g) m.

Thusy, (C,@K,,) = D] = (5)m.

Case 2: Let m be even. Let
D _{62164""'en;lijl i= 1,2,3,...,71,}
N j=135..,m-1 '

We can see that |I; forj =1,35,.. m—1.

gl =
As in Casel we can show that D is a minimal edge
dominating set ofG = C,, ©K,,.

Further as in Case 1 we can see that 1+(m2 2) = m;
edges [;are requiredin each copy of K,and there are
(%)edges fromc,, into D.

Therefore|D| = 2+ n(m) = '2—’(m+ 1).Thus

m, ifmisodd,
(m + 1),if m is even.

Theorem 3.3: The edge domination number of G =
C, ©K,,where m > 3 andn is odd is given by
((mn + 1)
> )
<n(m +1)+1
2

ifmisodd,
),ifmiseven.

Proof:Let G = C, ©K,,be the given graph. Suppose n is odd.

Case 1: Let m be odd. Let
_{ e1,e3 - enilij }
“li=123,..,n,j=135,..,m-2)

the proof of Case 1 of Theorem 3.2. we can show that D is a

MEDS of G.We have chosen(”zi) edges fromC,into the

dominating set D and( mT_l) edges l;; from each copy of K,,,

In similar lines to

to D, as there are n such copies of K,,, we have chosen a

total of n( ) edges into D.

Therefore|D| = ”Zi +n (mT—l) _ nm2+1.

nm +1

Thusy, (C,®K,) =|D| =

Case 2: Let m be even. Let
D:{ 61,63,...,6-,1;11‘]*,
i=123,..,nj=135.,m—-1
lines to Case 2of Theorem 3.2 we can show that D is a
minimal edge dominating set ofG = C,, ©K,,. Again there are
( )edges l;; fromeach copy of K,,, and ( )edges e; from
C, are chosen into D.

Therefore|D| = (ﬂ) _|_( ) n(m-}z—ﬁ

}. Then in similar
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Hencey, (C,®K;,) =

(mn;l) , ifmisodd,

(n (m+1)+1
2

),ifmiseven.

3.1 llustrations
Minimal Edge Dominating Set

Theorem 3.1

C,OK;

Theorem 3.2

C.OK:

4., CONCLUSION

It is interesting to study the edge domination number and edge
dominating sets of corona product graph of a cycle with a
complete graph. This work gives the scope for an extensive
study of edge dominating sets in general of these graphs.
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