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ABSTRACT

In this paper, we introduce a way of constructing a rough set
via grill ordered topological spaces. Increasing and decreasing
sets are defined based on grill and comparisons between
current approximations and previous approximations by
Shafei and Kandil are carried out. Also it is shown that the
chances of getting better approximation by our method of
approximations are greater than any of the available methods.
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1. INTRODUCTION

A rough set, first described by Polish computer scientist
Zdzisaw |. Pawlak in 1991 [13], is a formal approximation of
a crisp set (i.e., conventional set) interms of a pair of sets
which give the lower and the upper approximation of the
original set. In the standard version of rough set theory, the
lower and upper approximation sets are crisp sets, but in other
variations, the approximating sets may be fuzzy sets. Rough
set methods can be applied as a component of hybrid solutions
in machine learning and data mining. They have been found
to be particularly useful for rule induction and feature
selection. Rough set based data analysis methods have been
successfully applied in bioinformatics, economics and
finance, medicine, multimedia, web and text mining, signal
and image processing, software engineering, robotics, and
engineering (e.g. power systems and control engineering).
Recently the three regions of rough sets are interpreted as
regions of acceptance, rejection and deferment. This leads to
three-way decision making approach with the model, which
can potentially lead to interesting future applications. The set
with the same lower and upper approximation is the crisp set,
otherwise a rough set. The boundary region is the difference
between the upper and lower approximations. The accuracy
of the set or ambiguous depending on the boundary region is
empty or not respectively. If the boundary region is empty we
have succeeded in our attempt to define the set. The standard

rough set theory starts from an equivalence relation R on a
finite universe X.

This paper investigates a new notion of generalized closed
rough sets using grills, filters and ordered relations. The
increasing and decreasing sets with respect to grill were
defined and hence their corresponding lower and upper

approximations. Examples are given to illustrate the new
approximations and comparative study was carried out with
previous approximations of [5, 6].

In the approximation space (X, R), Pawlak [13] considered
two operators, the lower and upper approximations of subsets.
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RA)={x € X: [x]z € 4},
R(A)={x € X: [x]g NA # ¢}.

The Boundary, positive and negative regions are also defined:
BNg(A) = R(A) —R(A).

POSR(A) = R(A).

NEGR(A) = X — R(A).

2. PRELIMINARIES

In this section, the needed definitions and results that are
necessary to understand this paper were given.

Definition 2.1.[1] If R is a binary relation on X and A CX,
then A is called "after composed"(respectively after-c
composed) set if A contains all the after (respectively fore)
sets for all its elements, i.e., for all a €A, aRSA

(respectively Ra €A), where aR = {b : (a, b) R} and Ra = {b
: (b, @) ER}.

Definition 2.2.[12] Let (X,R) be a poset. A set AcX is said to
be

(1) Decreasing if for every a €A and x €X such that xRa, then
X €EA.

(2) Increasing if for every a €A and x €X such that aRx, then x
€A.

Theorem 2.3.[12] Let (X, R) be a poset and A X. Then, the
class of all increasing (decreasing) sets forms a topology on X
which is denoted by ;.. (Tgec )-

Definition 2.4.[11] A subfamily F of P(X) is called a filter on
X if

1D geF.

(2) If Ay, Ay EF, then AJNA EF.

(3)IfAeFand AcB cX, then B €F.

!?efinition 2.5.[11] A subset B of P(X) is called a filter base
i

1 ¢eB.

(2) If By, B, € B, then there exist B; < B;N B,.

A filter base B can be turned into a filter by including all sets
of P(X) which contains a set of B, i.e., Fg={A €P(X) : A2B, B
€B}

Definition 2.6.[11] Let & <P(X). Then ¢is called a filter-
subbases on X if it satisfies the finite intersection property,
i.e., any finite sub collection of £has anon-empty intersection.
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Definition 2.7.[3] A collection G of nonempty subsets of a
space X is called a grill on X if

(i()AeGandAcB cX =B €G.
(ii)ABeXand AuB eG =A eGorB €eG.

Definition 2.8.[4] A triple (X, tr, p) where TR is the topology
generated by any relation R and pis a partially order
relation, is called an order topological approximation space
"OTAS".

Definition 2.9.[4] Let triple (X, g, p) be an OTAS, A cX.
Then the lower, upper approximations, boundary regions and
accuracy levels respectively are given by:

Rinc(A)= U{GE tx: G is an increasing and GSA}.
Ruec(A)= U{GE tr: G is a decreasing and G SA}.
R™(A)= n {F € 7" F is an increasing and A SF}.
R™(A)=n{F € 15" F is a decreasing and A CF}.
BNinc(A)= R Rincn)s BNgec(A)= RU® - Rec(a)-

Rinc (a)

Einc (A)

ainC(A) -

dec _ | Rdec (4
ca(A) _|§dec(A)

a'™(A) is an increasing accuracy and a®(A) is a decreasing
accuracy.

Definition 2.10.[5] A triple (X, Fr, p) is said to be
generalized order topological approximation space
(GOTAS), where Fris a filter generated by any relation R and
pis a partial ordered relation.

Here, to construct the filter Fg, let = {XxR : x €X} be a subbase
of a filter Fg.

Definition 2.11.[5]A (X, Fg, p) be an GOTAS and A =X. Then
the lower, upper approximations, boundary regions and
accuracy levels respectively are given by:

R «inc(A)= U{GE Fg: G is an increasing and G SA}.
Ragec(A)= U{GE FR: G is a decreasing and G SA}.

R*inC(A): '
{ N {H € Fy: H is anincreasing and A < H}.
X X

if not exists § € F, : His anincreasingand A € H.

R*deC(A)z '
{ N {H € F: His adecreasingand A € H}.

Xifnotexistsy e F, : His adecreasingand A € H.
BNxinc(A)= R R*inc(A),
BNxec(A)= R™" — Regacia

Redec (4)
Rdec (4)

Ruinc (1)

*i — *G-d —
a mC(A) - Rrinc(A)|! a eC(A) -

1

a™(A) is an increasing accuracy and a ®(A) is a
decreasing accuracy.
Lemma 2.12. [5] Let R be a binary relation on X. Then 7z — ¢

CFg, where tr is the topology generated by the subbase é=
{xR:x €X} and Fis a filter generated by the same subbase.

Lemma 2.13.[5] In any GOTAS (X, Fg, p), Tr— ¢ SFg.

In the next definition, the generalized order topological
approximation space is also defined by using the subbase §*=
{RxR :x €X} to generate filter Fy.
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Definition 2.14.[6] Let (X, Fg, p) is said to be generalized
order topological approximation space (GOTAS), where Fy is
a filter generated by any relation R and pis a partially
ordered relation.

Definition 2.15.[6] A (X, Fg, p) be an GOTAS and A cX.
Then the lower, upper approximations, boundary regions and
accuracy respectively are given by:

Raxinc(A)= U{GE Fy: G is an increasing and G €A}
Ragec(A)= U{GE Fy: G is a decreasing and GSA}.
R™™(A)= n {He F3" H is an increasing and A CH}.
R™®(A)= n {He F3" H is a decreasing set and ACH}.
BNwsing(A)= RV Ruingia,

BNuxgec(A)= R Ruvgecia)-

Roxdec (4)
Rdec (4)

Rosine (4)

ki _ **G-d _
&) =[] e =

1

a™™(A) is an increasing accuracy and a ®%(A) is a

decreasing accuracy.

3. ROUGH SETS BY USING GRILL IN
ORDERED TOPOLOGICAL SPACES

In this section, we introduced a new rough set via grill in
topological ordered spaces depending on a general binary
relation and a partially order relation.

Using the grill, we defined the two sets namely G -

increasing, G -decreasing and with the general binary

relation, a topology 7 was generated with &= {xR: xeX}as a
subbase. The lower and upper approximations were defined

with respect to the sets G -increasing and G -decreasing.

Definition 3.1. Let (X, R) be a poset and G SP(X) be a grill
on X. Then aset A €Xis called

(1) G -decreasing set iff RaN A’ € G for all a €A, where Ra =
{b: (b, a) ER}.

(2) G-increasing set iff aR N A’ €G for all a €A, where aR =
{b: (a, b)eR}.

Definition 3.2.A quadruple (X, tr, p, G) is called a general
ordered topological approximation space along with a grill "

G -GOTAS ", where 1z is a topology generated by any
relation R and p is a partial order relation.

Definition 3.3. A (X, g, p, G) be a G -GOTAS, A cX. Then

the lower, upper approximations, boundary regions and the
accuracy levels respectively are given by:

Rg.inc(A)= U{H € 7x: H is a G-increasing set and HCA}.
Ri-gec(A)= U{H € tx: H is a G-decreasing set and HCA}.

EG-inC(A):
{ N {F €14:FisaG — increasing set and A S F}.
X .

if not exists F € tp: Fis a G — increasing set and A € F.

EG-deC(A):
{ N {F € 1x: F is a G — decreasing set and A S F}.

X if not exists F g 1,: F is a G — decreasing set and A € F.
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BNG-inc(A): ﬁG-inc(A - EG-inc(A)-
BNG-dec(A): ﬁG-dec(A) - BG-dec(A)-

Re—dec (4)
“C—dec @)
R

Re—inc (a)
EG —inc (A)

aG»inC(A) — ‘ aG-deC(A) —

a®™(A) is an increasing accuracy and a®®(A) is a
decreasing accuracy.

Example 3.4.Let X = {a, b, ¢, d}, R = {(b, b),(c, c),(d, d),(a,
b),(a, d),(b, c).(b, d).(c, a).(c, b).(c, d).(d, a),(d, b),(d, ¢)} Tr=
{¢. X, {b, d}{b, c, d}}, w='= {¢. X, {a}, {a c}}, p= aU{(a,
¢).(a, d),(b, ¢),(d, c)}and G = {X, {a}, {c},

{a,b}, {a,c}, {a,d}, {b,c}, {c,d}, {a,b,d}, {a,c,d}, {b,c,d}}.
Table 1, gives the values of approximations, boundary values
and the accuracy levels calculated using G - increasing sets

for the same set of Shafei [4], using Definition 3.3, along with
the above values using increasing sets of Shafei and it is seen
that Definition3.3, minimized the boundary region in more
number of cases than  Shafei's method. Totally the
probability of getting better accuracy is higher than Shafei's

method as far the G -increasing sets are concerned.

Table 2, shows the values of approximations, boundary values
and the accuracy levels which are calculated using G -

decreasing sets. When a comparison is made with Shafei's
values, where the above values are calculated using
decreasing sets. It is found that there is no change in accuracy
level. When considering the boundary values, it is obvious
that Shafei's definition gives better result than our
approximations.

Proposition 3.5. Let (X, 7z, p, G) be a G-GOTAS and A, B
cX. .Then

(1) Roinc(A) € A €R®™(A) (Ro.gec (A) SA S RE*(A)),
equalityholds if A = ¢ or X.

(2) A €B = R®™(A) cR®™(B) (RS%(A) CRC%(B)).
(3) A B = Ra.inc(A) SRc-inc(B)(Ro-dec(A) ERG-ec(B)).
(4) R&™(A N B) €R®™(A)U R®™™(B)
(R® (A n B) CR®**(A)U R®“(B)).

(5) Re.inc(AN B) = Re.inc(A) N Re.inc(B)

(Re-dec(AN B) = Ri.gec(A) N Rg gec(B))
(6) R®™ (A U B) =R®"™(A)U R®"™(B)

(R® (A UB) =R®*“(A)U R*(B)).
(7) Re.inc(AU B) 2 Rg.inc(A) N Re.inc(B)

(RG-dec(A UB) 2 Rigec(A) N Rg-ec(B))
(8) RE™(R®™(A))2 R®™™(A)

(REE(RE°(A)) 2 RE*(A)).

International Journal of Computer Applications (0975 — 8887)
Volume 161 — No 8, March 2017

(9) EG-inc(A) @G-inc(A)) S EG—inc(A)
@G-dec(A) (BG-dec(A)) c BG—dec(A)-

4. GENERALIZED ROUGH SETS VIA
FILTER BY USING G -INCREASING
AND G -DECREASING SETS

In this section, we introduced a new rough set approximation
by using the notion G -increasing and G -decreasing sets

along with a filter space defined by a general binary relation
together with a partially ordered relation.

Definition 4.1.A quadruple (X, Fg, p, G) is called Gg,-
general ordered topological approximation space along with
a grill Gand is denoted as "G, -GOTAS", where Fy is a filter

generated by any relation R using the subbase ¢= {xR: x €X}
and pis a partially order relation and G a given grill on X.

Definition 4.2.Let (X, Fg, p, G) be a Gz, -GOTAS, A €X. Then

the lower, upper approximations, boundary regions and
accuracy levels respectively are given by:

Rsg.inc(A)= U{H € Fg: H is a G-increasing set and HSA}.
Rxg.gec(A)= U{H € FR: H is a G-decreasing set and HSA}.
R*G-iHC(A):
{ N {F € Fp: Fisa G — increasing set and A € F}.
X ;

if not exists F € Fy: F is a G — increasing set and A C F.

R*G-deC(A)=
{ N {F € Fy: Fisa G — decreasing set and A € F}.

X if not exists f € Fy: F is a G — decreasing set and A C F.

BNsg.inc(A)= R ®—Rug incia,
BNsg.dec(A)= R ™R gec(ay-

RG—dec (a)
R*G—dec (4)

RiG—inc ()
R*G—inc (4)

a*G»inC(A) — 1 a*G-deC(A) —

a"®™(A) is an increasing accuracy and a ©%¢(A) is a
decreasing accuracy.

In Table 3, calculated approximations, boundary values and
accuracy levels via filters using G -increasing sets by

Definition4.2, together with Kandil's [5] calculated values are
given. It is seen that there is no significant difference between
the values of both methods.

In Table 4, we compare the upper and lower approximations
of sets via filters by Kandil and Definition 4.2, based on

decreasing and G -decreasing sets respectively. Though the

probability of accuracy is more in our attempt, Kandil's
method reduces the boundary values in a better way.

Proposition 4.3.Let (X, Fg, p, G) be a Gr,-GOTAS, A cX. (1)
ReginA) SA CRC™A) (Regac(h) SA CRE(A)),
equality holds if A= ¢ or X.

(2) A €B = R™®(A) cR™CT™(B) (R™S%(A) <R C%(B)).
(3) AcB= R*G-inc(A) —CR*G—inc(B) (R*G—dec(A) —CR*G—dec(B))-
(4) R"*™(A nB) SR"*™(A)U R"™*"™(B),

R™%Y(A n B) CR™*™(A)U R"***(B).
(5) Ruginc(AN B) = Rug.inc(A) N Reg.inc(B,
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RsG.gec(AN B) = Ru.gec(A) N ReG.dec(B))
(6) R™®™(A U B) =R™™(A)U R""™(B),
R™®¢(A U B) =R"**(A)U R"®*(B)).
(7) ReG-inc(AU B) 2 Rg.inc(A) N Reg.inc(B)
RG.dec(A UB) 2 Ruggec(A) N Rxg.dec(B)
(8) R™S™(R™™(A)) 2 R™™(A)
R™CU(R™C%(A)) 2 R™CUC(A),
(9) Reguinc(RoG-inc(A)) S Re.inc(A)
R dec(RG-dec(A)) S Rec gec(A)-
5. GENERALIZED ROUGH SETS VIA

FILTER BY AN AFTER-FORE SETS
OF A RELATION

In this section, we calculate rough set approximation via filter
by using G -increasing and G -decreasing sets which depends

on a general binary relation together with a partially order
relation. Here, the filter is generated by after-fore set that has
a nonempty finite intersection.

The filter F; was constructed by &*= {RxR : x eX} as the
subbase of a filter Fy.

Definition 5.1.A quadruple (X, Fg, p, G) is called Gg; - grill
ordered topological approximation space "Gp:-GOTAS",
where Fgis a filter generated by the after-fore sets of any
relation R that has a non-empty finite intersection, pis a
partial order relation and G is a grill on X.

Definition 5.2.Let (X, Fg, p, G) be a Gp;-GOTAS |, A X

Then the lower, upper approximations, boundary regions and
accuracy levels respectively are given by:

R inc(A)= U{H € Fg: H is a G-increasing set and HSA}.
R gec(A)= U{H € F: H is a G-decreasing set and HCA}.
R*’"G-inC(A)=
{ N {F € F{:FisaG — increasing set and A S F}.
X ;

if notexists F e F3':F is a G — increasing set and A € F.
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R**G-deC(A):
{ N {F € Fy:FisaG — decreasing set and A S F}.

X if not exists p ¢ F,’g’: Fisa G — decreasing setand A € F.

BN inc(A)= R™C® — R ingays
BNsgdec(A)= R %™ - Rusg geciay.

RisG—inc (1)
R*+G—inc (A)

-i - Rivg—
a"Op) = Q) =

a"®"(A) is an increasing accuracy and a” S %(A) is a
decreasing accuracy.

Note 5.3.All the inequalities hold good in Gg,-GOTAS in(X,
Fr, p, G) are also true in Gp;-GOTAS.

Table 5, shows the comparison between the boundaries and
accuracy levels of Kandil's Definition 3.2 [6] and the present
Definition 5.2. (in case of increasing sets). It is seen that the
present definition reduces the boundary region by increasing
the lower approximations and decreasing the upper
approximations.

Table 6, gives comparison between the boundaries and
accuracy levels of Kandil's Definition 3.2 [6] and the present
Definition 7.3.2. (in case of decreasing sets). The probability
of getting better approximation is more by the present
definition than Kandil's method. The lower approximation is
increased but the upper approximation is not decreased in
most of the cases in our method.

6. CONCLUSION

This paper, defined approximations by grill in three different
ways, namely using, a topology, a filter generated by any
relation and a filter generated by an after-fore sets of any
relation. In all the cases, the probability of getting a better
accuracy using G -increasing and G -decreasing sets is more
than the method of Shafei and Kandil.

Among all the three cases, the approximation via filter
generated by after-fore sets gives a better lower

approximation in both the cases of G —increasing and G -
decreasing sets.

Table 1.Comparison between the boundary and accuracy by using El-Shafei et al.'s method 2.10 [4] and the present
Definition 3.2 in case of increasing (G-increasing) sets.

A El-Shafei et al.'s method 2.10 [4] The current method in Definition 3.2
Ric(A) | R™(A) | BNinc(A) [ @™(A) | Reinc(A) | R*™(A) | BNainc(A) | a®™(A)
¢ ¢ ¢ ¢ 0 é @ @ 0
@ ¢ X X 0 ¢ @ @ 0
{b} ® X X 0 b X X 0
{c} ® X X 0 b X X 0
{d} ® X X 0 b X X 0
{a, b} ® X X 0 b X X 0
{a, c} ¢ X X 0 ¢ X X 0
{a, d} ® X X 0 ® X X 0
{b, c} ® X X 0 ® X X 0
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{b, d} ¢ X X 0 {b, d} X {a,c} 0.5
{c, d} ® X X 0 b X X 0
{a, b, c} ® X X 0 b X X 0
{a, b, d} ® X X 0 b X X 0
{a, c, d} ¢ X X 0 ¢ X X 0
{b,c,d} | {b,c,d} X {a} 0.75 {b, d} X {a, c} 0.5
X X X ¢ 1 {b, d} X {a, c} 0.5

Table 2. Comparison between the boundary and accuracy by using Shafei et al.'s method 2.10 [4] and the present
Definition 3.2 in case of decreasing (G-decreasing) sets.

A Shafei et al.'s method The current method in Definition 3.2
Raec(A) | R*(A) | BNac(®) | a™(A) | RoweclA) | RE*=(A) ds% a® (A
¢ ¢ ¢ ¢ 0 ¢ X X 0
@ ¢ @ @ 0 ¢ X X 0
{b} ® X X 0 b X X 0
{c} ® X X 0 b X X 0
{d} ® X X 0 b X X 0
{a, b} ® X X 0 ® X X 0
{a, c} ¢ X X 0 ¢ X X 0
{a, d} @ X X 0 ® X X 0
{b, c} @ X X 0 ® X X 0
{b, d} ¢ X X 0 ¢ X X 0
{c, d} @ X X 0 ® X X 0
{a, b, c} ¢ X X 0 ¢ X X 0
{a, b, d} ¢ X X 0 ¢ X X 0
{a, c, d} ¢ X X 0 ¢ X X 0
{b, c, d} ® X X 0 b X X 0
X X X ® 1 b X X 0

Table 3. Comparison between the boundary and accuracy by using Kandil et al. Definition 5.2 [5] and the present Definition

4.2 in case of increasing sets

A Kandil ‘s method The current method in Definition 4.2
Renc(A) | R™(A) | BNic(A) | @™(A) | Recinc(A) | RE™(A) | BNegin(A) | a™*™(A)

¢ ¢ ¢ ¢ 0 ¢ {a} {a} 0
{a} ¢ X X 0 ¢ {a} {a} 0
{b} [0) X X 0 [0) X X 0
{c} ¢ {c} {c} 0 ¢ X X 0
{d} [0) X X 0 [0) X X 0

{a, b} [0) X X 0 [0) X X 0

{a, c} ¢ X X 0 ¢ X X 0

{a, d} [0) X X 0 [0) X X 0
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{b, c} ® X X 0 ® X X 0
{b, d} ¢ X X 0 {b, d} X {a, c} 0.5

{c, d} ® X X 0 ® X X 0

{a, b, c} ® X X 0 ® X X 0
{a, b, d} ¢ X X 0 {a, b, d} X {c} 0.75

{a, c, d} ¢ X X 0 ¢ X X 0
{b,c,d} | {b,c,d} X {a} 0.75 {b, d} X {a, c} 0.5
X X X ¢ 1 {a, b, d} X {c} 0.5

Table 4. Comparison between the boundary and accuracy by using Kandil et al. Definition 5.2 [5] and the present Definition

Table

4.2 in case of decreasing sets

A Kandil’smethod The current method in Definition 4.2
Reiec(A) | R™(A) [ BNegeolA) [ @™ ™(A) | Reaecl®) [ RET(A) | BNwgaecld) | a©(A)
¢ ¢ ¢ ¢ 0 ¢ {c} {c} 0
@ ¢ @ @ 0 ¢ X X 0
{b} ¢ X X 0 ¢ {c} {c} 0
{c} ¢ X X 0 ® X X 0
{d} ¢ X {c} 0 ¢ X X 0
{a, b} ¢ X X 0 ® X X 0
{a c} ¢ X X 0 ® X X 0
{a, d} ¢ X X 0 ® X X 0
{b, c} ¢ X X 0 ® X X 0
{b, d} ¢ X X 0 ® X X 0
{c, d} ® X X 0 ® X X 0
{a, b, c} ) X X 0 ¢ X X 0
{a,b,d} | {a,b,d} X {c} 0.75 ¢ X X 0
{a, c, d} ) X X 0 ¢ X X 0
{b, c,d} ¢ X X 0 ¢ X X 0
X X X ® 1 ® X X 0

5. Comparison between the boundary and accuracy by usi
5.2 in case of inc

reasing sets

ng Kandil et al. Definition 3.2 [6] and the present Defi

nition

A Kandil’s method The current method in Definition 5.2
Resing(A) | R7™(A) | BNuxing(A) | @ ™(A) | Ruwguinc(A) | RTE™(A) | BNuxginc(A) | a” T™(A)
¢ ¢ ¢ ¢ 0 ¢ {a, b} ¢ 0
{a} ¢ X X 0 ¢ {a} {a} 0
{b} ¢ X X 0 ¢ {b} {b} 0
{c} ¢ {c} {c} 0 ¢ X X 0
{d} ¢ X X 0 {d} X {a, b, c} 0.25
{a, b} [0) X X 0 [0) X X 0
{a, c} ¢ X X 0 ¢ X X 0
{a, d} ¢ X X 0 {a, d} X {b, c} 0.5
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{b, c} ¢ {b, c} {b, c} 0 ¢ X X 0
{b, d} ¢ X X 0 {b, d} X {a, c} 0.5

{c, d} {c, d} X {a, b} 0.5 ¢ X X 0

{a, b, c} ® X X 0 ® X X 0
{a, b, d} ¢ X X 0 {a, b, d} X {c} 0.75
{a,c,d} | {a,c d} X {b} 0.75 {a,d} X {b, c} 0.5
{b,c,d} | {b,c,d} X {a} 0.75 {b, d} X {a, c} 0.5
X X X @ 1 {a, b, d} X {c} 0.75

Table 6. Comparison between the boundary and accuracy by using Kandil et al. Definition 3.2 [6] and the present Definition
5.2 in case of decreasing sets

A Kandil's method The current method in Definition 5.2
Rosgec(A) | RT%(A) [ BNosgec(A) | @ %(A) | Rogaec(A) | R C(A) | BNusggec(A) | @ CE(A)
¢ ¢ ¢ ¢ 0 ¢ © {} 0
@ ¢ @ @ 0 ¢ X X 0
o} ¢ o} {0} 0 ¢ X X 0
{©} ¢ X X 0 ¢ © {} 0
{d} ¢ X X 0 {d} X {a, b, c} 0.25
{a, b} ¢ {a, b} {a, b} 0 ¢ X X 0
{a c} ® X X 0 ® X X 0
{a, d} {a, d} {a, d} ¢ 1 {d} X {a, b, c} 0.25
{b, c} ® X X 0 ® X X 0
{b, d} ¢ X X 0 {d} X {a,b, c} 0.25
{c, d} ¢ X X 0 {Sc, d} X {a, b} 0.5
{a, b, c} ¢ X X 0 ¢ X X 0
{a, b, d} {a, b, d} X {c} 0.75 {d} X {a,b, c} 0.25
{a, c, d} {a, d} X {b, c} 0.5 {c, d} X {a, b} 0.5
{b, c, d} ¢ X X 0 {c, d} X {a, b} 0.5
X X X ® 1 {c, d} X {a, b} 0.5
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