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ABSTRACT
Let G = (V,E) be a colored graph with vertex set V (G)
and edge set E(G) with chromatic number χ(G) and di is
the degree of a vertex vi. The Randić matrix R(G) = (rij)

of a graph G, is defined by rij =
1√
didj

, if the vertices

vi and vj are adjacent and rij = 0, otherwise. The Randić
energy [5] RE(G) is the sum of absolute values of the
eigenvalues of R(G). The concept of Randić color energy
ERC(G) of a colored graphG is defined and obtained the Randić
color energy ERC(G) of some graphs with minimum number of
colors.
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1. INTRODUCTION
LetG = (V,E) be a graph on vertex set V (G) = {v1, v2, . . . , vn}
and edge set E(G). Let di be the degree of a vertex vi for
i = 1, 2, . . . , n. The adjacency matrix A(G) = (aij) of a graph
G is a square matrix of order n, where

(aij) =

{
1, if the vertices vi and vj are adjacent;
0, otherwise.

Since A(G) is symmetric, its eigenvalues λ1, λ2, . . . , λn

are all real numbers, whose sum is equal to zero.
The energy E(G) [14] of a graph G is

E(G) =

n∑
i=1

|λi|.

In 1975 by Milan Randić [10], is defined Randić index as

R = R(G) =
∑
i∼j

1

didj
, where

∑
i∼j

indicates summation

over all pairs of adjacent vertices vi and vj . Randić matrix [5]
R(G) = (rij) of G is a n× n symmetric matrix defined by

rij =


0, i = j;

1√
didj

, vi and vj are adjacent;

0, vi and vj are not adjacent.

Let ρ1, ρ2, . . . , ρn be the eigenvalues of the Randić matrix R(G),
these eigenvalues are real numbers, and that their sum is zero, the
Randić energy [5] of a graph G is defined as

RE = RE(G) =

n∑
i=1

|ρi|.

In the last few years, research publications on Randić spectrum,
Randić indices and Randić energy can be found in literature [3],
[4], [5], [7], [8].
A coloring of graph [1] G is a coloring of its vertices such that
no two adjacent vertices receive the same color. The minimum
number of colors needed for coloring of a graph G is called
chromatic number and denoted by χ(G). The color adjacency
matrix [1] AC(G) are as follows: If c(vi) is the color of vi, then

aij =

{
1, if vi and vj are adjacent with c(vi) 6= c(vj);
−1, if vi and vj are non-adjacent with c(vi) = c(vj);
0, otherwise.

If λ1, λ2, . . . , λn are eigenvalues of Ac(G) are called color
eigenvalues. Color energy [1] of a graph is

Ec(G) =

n∑
i=1

|λi|.

For more literature on color energy of a graph, we can see [1], [2],
[11], [12], [13].

1.1 Randić color matrix and Randić color energy
Motivated by Color Energy of a Graph [1] and Randić Matrix and
Randić Energy [5], have obtained a new matrix called Randić color
matrix.
Let G be a simple colored graph with n vertices. The Randić color
matrix ARC(G) = (rij) is a square n× n matrix defined by

rij =


1√
didj

, if vi and vj are adjacent with c(vi) 6= c(vj);
−1√
didj

, if vi and vj are non-adjacent with c(vi) = c(vj);

0, otherwise.

The characteristic polynomial of ARC(G) is |ρI − ARC(G)|.
Let ρ1, ρ2, . . . , ρn be eigenvalues of Randić color matrix
ARC(G). Since ARC(G) is real and symmetric matrix, so its
eigenvalues are real numbers and that their sum is zero. If the
eigenvalues ofARC(G) are ρ1, ρ2, . . . , ρn with their multiplicities
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are m1,m2, . . . ,mr then spectrum of ARC(G) is denoted by

SpecRC(G) =

(
ρ1 ρ2 . . . ρn−1 ρn
m1 m2 . . . mr−1 mr

)
.

The Randić color energy ERC(G) of a colored graph G is defined
as

ERC(G) =

n∑
i=1

|ρi|.

2. RANDIĆ COLOR ENERGY OF SOME GRAPHS
THEOREM 1. If Kn is complete graph with n vertices and

χ(Kn) = n, then Randić color energy of Kn is ERC(Kn) = 2.

PROOF. Let Kn be the complete graph with n vertices. Since
χ(Kn) = n, we have Randić color matrix

|ρI −ARC(Kn)| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ρ −1
n−1

−1
n−1 . . . −1

n−1
−1
n−1

−1
n−1

−1
n−1 ρ −1

n−1 . . . −1
n−1

−1
n−1

−1
n−1

−1
n−1

−1
n−1 ρ . . . −1

n−1
−1
n−1

−1
n−1

...
...

...
. . .

...
...

...

−1
n−1

−1
n−1

−1
n−1 . . . ρ −1

n−1
−1
n−1

−1
n−1

−1
n−1

−1
n−1 . . . −1

n−1 ρ −1
n−1

−1
n−1

−1
n−1

−1
n−1 . . . −1

n−1
−1
n−1 ρ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
n×n

.

R′1 = R1 +R2 + · · ·+Rn−1 +Rn, then we get (ρ− 1) common
in first row

|ρI−ARC(Kn)| = (ρ−1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 . . . 1 1 1

−1
n−1 ρ −1

n−1 . . . −1
n−1

−1
n−1

−1
n−1

−1
n−1

−1
n−1 ρ . . . −1

n−1
−1
n−1

−1
n−1

...
...

...
. . .

...
...

...

−1
n−1

−1
n−1

−1
n−1 . . . ρ −1

n−1
−1
n−1

−1
n−1

−1
n−1

−1
n−1 . . . −1

n−1 ρ −1
n−1

−1
n−1

−1
n−1

−1
n−1 . . . −1

n−1
−1
n−1 ρ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
n×n

.

R′k = Rk + R1
n−1 , k = 2, 3, . . . , n, we get, Characteristic

polynomial |ρI −ARC(Kn)| = (ρ− 1)
(
ρ+

1

n− 1

)n−1
,

SpecRC(Kn) =

 −1

n− 1
1

n− 1 1

, Randić Color Energy of

Kn is ERC(Kn) = 2.

THEOREM 2. If Sn is star graph with n vertices and
χ(Sn) = 2, then Randić color energy of Sn is
ERC(Sn) =

√
n2 − 4n+ 8 + (n− 2).

PROOF. Let Sn be the star graph with n vertices. Since
χ(Sn) = 2, we have Randić color matrix

|ρI−ARC(Sn)| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ρ −1√
n−1

−1√
n−1 . . . −1√

n−1
−1√
n−1

−1√
n−1

−1√
n−1 ρ 1 . . . 1 1 1

−1√
n−1 1 ρ . . . 1 1 1

...
...

...
. . .

...
...

...

−1√
n−1 1 1 . . . ρ 1 1

−1√
n−1 1 1 . . . 1 ρ 1

−1√
n−1 1 1 . . . 1 1 ρ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
n×n

.

R′k = Rk−Rk−1, k = 3, 4, 5, . . . , (n−1), n, then taking (ρ−1)
common from R3 to Rn, we get

|ρI−ARC(Sn)| = (ρ−1)n−2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ρ −1√
n−1

−1√
n−1 . . . −1√

n−1
−1√
n−1

−1√
n−1

−1√
n−1 ρ 1 . . . 1 1 1

0 −1 1 . . . 0 0 0

...
...

...
. . .

...
...

...

0 0 0 . . . 1 0 0

0 0 0 . . . −1 1 0

0 0 0 . . . 0 −1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
n×n

.

C ′k = Ck + Ck+1 + · · ·+ Cn, k = 2, 3, . . . , (n− 1), n, then

|ρI −ARC(Sn)| = (ρ− 1)n−2
∣∣∣∣ ρ −(n−1)√

n−1
−1√
n−1 ρ+ (n− 2)

∣∣∣∣ ,
Characteristic polynomial

|ρI −ARC(Sn)| = (ρ− 1)n−2
[
ρ2 + (n− 2)ρ− 1

]
,

SpecRC(Sn) =

 −(n−2)−
√

n2−4n+8

2

−(n−2)+
√

n2−4n+8

2
1

1 1 n− 2

 ,

Randić Color Energy of Sn is

ERC(Sn) =
√
n2 − 4n+ 8 + (n− 2).

THEOREM 3. If Kn,n is complete bipartite graph with 2n
vertices and χ(Kn,n) = 2, then Randić color energy of Kn,n is
ERC(Kn,n) = 4n−2

n
.

PROOF. Let Kn,n be the complete bipartite graph with 2n
vertices. Since χ(Kn,n) = 2, we have Randić color matrix
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|ρI−ARC(Kn,n)| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ρ 1
n . . . 1

n
1
n

−1
n

−1
n . . . −1

n
−1
n

1
n ρ . . . 1

n
1
n

−1
n

−1
n . . . −1

n
−1
n

...
...

. . .
...

...
...

...
. . .

...
...

1
n

1
n . . . ρ 1

n
−1
n

−1
n . . . −1

n
−1
n

1
n

1
n . . . 1

n ρ −1
n

−1
n . . . −1

n
−1
n

−1
n

−1
n . . . −1

n
−1
n ρ 1

n . . . 1
n

1
n

−1
n

−1
n . . . −1

n
−1
n

1
n ρ . . . 1

n
1
n

...
...

. . .
...

...
...

...
. . .

...
...

−1
n

−1
n . . . −1

n
−1
n

1
n

1
n . . . ρ 1

n

−1
n

−1
n . . . −1

n
−1
n

1
n

1
n . . . 1

n ρ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2n×2n

.

R′1 = (R1 + R2 + · · · + Rn) − (Rn+1 + Rn+2 + · · · + R2n),
R′k = Rk + R2n, k = 2, 3, . . . , n and R′k = Rk − R2n,
k = n + 1, n + 2, . . . , 2n − 1, then we get

(
ρ+ 2n−1

n

)
common

in first row and
(
ρ− 1

n

)
common from R2 to R2n−1

=

(
ρ+

2n− 1

n

)(
ρ− 1

n

)2n−2
∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 . . . 1 1 −1 −1 . . . −1 −1
0 1 . . . 0 0 0 0 . . . 0 1

.

.

.

.

.

.
. . .

.

.

.

.

.

.

.

.

.

.

.

.
. . .

.

.

.

.

.

.
0 0 . . . 1 0 0 0 . . . 0 1
0 0 . . . 0 1 0 0 . . . 0 1
0 0 . . . 0 0 1 0 . . . 0 −1
0 0 . . . 0 0 0 1 . . . 0 −1
.
.
.

.

.

.
. . .

.

.

.

.

.

.

.

.

.

.

.

.
. . .

.

.

.

.

.

.
0 0 . . . 0 0 0 0 . . . 1 −1
−1
n

−1
n .. . −1

n
−1
n

1
n

1
n .. . 1

n ρ

∣∣∣∣∣∣∣∣∣∣∣∣∣
2n×2n

.

R′2n = R2n + R1
n

, we get Characteristic polynomial

|ρI −ARC(Kn,n)| =
(
ρ+

2n− 1

n

)(
ρ− 1

n

)2n−1
,

SpecRC(Kn,n) =

(
−
(
2n−1
n

)
1
n

1 2n− 1

)
.

Randić Color Energy of Kn,n is ERC(Kn,n) = 4n−2
n
.

THEOREM 4. If Kn,n+1 is complete bipartite graph with
2n + 1 vertices and χ(Kn,n+1) = 2, then Randić color energy
of Kn,n+1 is

ERC(Kn,n+1) =
2
[√
n2 + 2n+ 2 + n

]
n+ 1

.

PROOF. Let Kn,n+1 be the complete bipartite graph with
2n + 1 vertices. Since χ(Kn,n+1) = 2, we have Randić color
matrix ARC(Kn,n+1) is a square matrix of order 2n+ 1.

|ρI −ARC(Kn,n+1)| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ρ 1
n+1

. . . 1
n+1

−1√
n(n+1)

. . . −1√
n(n+1)

−1√
n(n+1)

1
n+1

ρ . . . 1
n+1

−1√
n(n+1)

. . . −1√
n(n+1)

−1√
n(n+1)

.

.

.

.

.

.
. . .

.

.

.

.

.

.
. . .

.

.

.

.

.

.

1
n+1

1
n+1

. . . 1
n+1

−1√
n(n+1)

. . . −1√
n(n+1)

−1√
n(n+1)

1
n+1

1
n+1

. . . ρ −1√
n(n+1)

. . . −1√
n(n+1)

−1√
n(n+1)

−1√
n(n+1)

−1√
n(n+1)

. . . −1√
n(n+1)

ρ . . . 1
n

1
n

−1√
n(n+1)

−1√
n(n+1)

. . . −1√
n(n+1)

1
n .. . 1

n
1
n

.

.

.

.

.

.
. . .

.

.

.

.

.

.
. . .

.

.

.

.

.

.

−1√
n(n+1)

−1√
n(n+1)

. . . −1√
n(n+1)

. . . ρ 1
n

−1√
n(n+1)

−1√
n(n+1)

. . . −1√
n(n+1)

1
n .. . 1

n ρ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
R′k = Rk − Rn, k = 1, 2, 3, . . . , n − 1, R′m = Rm − Rn+1,
m = n + 2, n + 3, . . . , 2n + 1 then taking

(
ρ− 1

n+1

)
common

from R1 to Rn−1 and
(
ρ− 1

n

)
from Rn+2 to R2n+1

(
ρ− 1

n+ 1

)n−1 (
ρ− 1

n

)n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 . . . −1 0 0 . . . 0
0 1 . . . −1 0 0 . . . 0

.

.

.

.

.

.
. . .

.

.

.

.

.

.

.

.

.
. . .

.

.

.
0 0 . . . −1 0 0 . . . 0
1

n+1
1

n+1
. . . ρ −1√

n(n+1)

−1√
n(n+1)

. . . −1√
n(n+1)

−1√
n(n+1)

−1√
n(n+1)

. . . −1√
n(n+1)

ρ 1
n .. . 1

n

0 0 . . . 0 −1 1 . . . 0

.

.

.

.

.

.
. . .

.

.

.

.

.

.
. . .

.

.

.
0 0 . . . 0 −1 0 . . . 0
0 0 . . . 0 −1 0 . . . 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
C ′n+1 = Cn+1 + Cn+2 + · · ·+ C2n+1

=
(
ρ− 1

n+ 1

)n−1 (
ρ− 1

n

)n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 . . . 0 −1 0

0 1 . . . 0 −1 0

.

.

.

.

.

.
. . .

.

.

.

.

.

.

.

.

.

0 0 . . . 1 −1 0

1
n+1

1
n+1

. . . 1
n+1

ρ
−(n+1)√
n(n+1)

−1√
n(n+1)

−1√
n(n+1)

. . . −1√
n(n+1)

−1√
n(n+1)

ρ+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(n+1)×(n+1)
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C ′n = C1 + C2 + · · ·+ Cn−1 + Cn, then

|ρI−ARC(Kn,n+1)| =
(
ρ− 1

n+ 1

)n−1(
ρ− 1

n

)n ∣∣∣∣∣∣∣
ρ+ n−1

n+1
−(n+1)√
n(n+1)

−n√
n(n+1)

ρ+ 1

∣∣∣∣∣∣∣
Characteristic polynomial

|ρI−ARC(Kn,n+1)| =
(
ρ− 1

n+ 1

)n−1(
ρ− 1

n

)n [
(n+ 1)ρ2 + 2nρ− 2

]
,

SpecRC(Kn,n+1) =

(
−n−
√
n2+2n+2
n+1

−n+
√
n2+2n+2
n+1

1
n+1

1
n

1 1 n− 1 n

)
,

Randić Color Energy of Kn,n+1 is

ERC(Kn,n+1) =
2
[√
n2 + 2n+ 2 + n

]
n+ 1

.

THEOREM 5. If Km,n is complete bipartite graph with m+ n
vertices and χ(Km,n) = 2, then Randić color energy of Km,n is

ERC (Km,n) =

√
(m2 +n2 −m−n)2 +4mn(m+n− 1)+ (m2 +n2 −m−n)

mn
,

where m < n.

PROOF. Let Km,n be the complete bipartite graph with m+ n
vertices. Since χ(Km,n) = 2, we have Randić color matrix

|ρI −ARC(Km,n)| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ρ 1
n .. . 1

n
1
n

−1√
mn

−1√
mn

.. . −1√
mn

−1√
mn

1
n ρ . . . 1

n
1
n

−1√
mn

−1√
mn

.. . −1√
mn

−1√
mn

.

.

.

.

.

.
. . .

.

.

.

.

.

.

.

.

.

.

.

.
. . .

.

.

.

.

.

.
1
n

1
n .. . ρ 1

n
−1√
mn

−1√
mn

.. . −1√
mn

−1√
mn

1
n

1
n .. . 1

n ρ −1√
mn

−1√
mn

.. . −1√
mn

−1√
mn

−1√
mn

−1√
mn

.. . −1√
mn

−1√
mn

ρ 1
m ... 1

m
1
m

−1√
mn

−1√
mn

.. . −1√
mn

−1√
mn

1
m ρ .. . 1

m
1
m

.

.

.

.

.

.
. . .

.

.

.

.

.

.

.

.

.

.

.

.
. . .

.

.

.

.

.

.
−1√
mn

−1√
mn

.. . −1√
mn

−1√
mn

1
m

1
m ... ρ 1

m
−1√
mn

−1√
mn

.. . −1√
mn

−1√
mn

1
m

1
m ... 1

m ρ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
R′k = Rk − Rm, k = 1, 2, 3, . . . ,m − 1, R′d = Rd − Rm+1,
d = m+2,m+3, . . . ,m+n, then taking

(
ρ− 1

n

)
common from

R1 to Rm−1 and taking
(
ρ− 1

m

)
common from Rm+2 to Rm+n,

we get

(
ρ− 1

n

)m−1 (
ρ− 1

m

)n−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 . . . 0 −1 0 0 . . . 0 0
0 1 . . . 0 −1 0 0 . . . 0 0

.

.

.

.

.

.
. . .

.

.

.

.

.

.

.

.

.

.

.

.
. . .

.

.

.

.

.

.
0 0 . . . 1 −1 0 0 . . . 0 0
1
n

1
n .. . 1

n ρ −1√
mn

−1√
mn

.. . −1√
mn

−1√
mn

−1√
mn

−1√
mn

.. . −1√
mn

−1√
mn

ρ 1
m ... 1

m
1
m

0 0 . . . 0 0 −1 1 . . . 0 0

.

.

.

.

.

.
. . .

.

.

.

.

.

.

.

.

.

.

.

.
. . .

.

.

.

.

.

.
0 0 . . . 0 0 −1 0 . . . 1 0
0 0 . . . 0 0 −1 0 . . . 0 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Characteristic polynomial

|ρI−ARC (Km,n)|=
(
ρ− 1

n

)m−1(
ρ− 1

m

)n−1
[mnρ2+(n2+m2−n−m)ρ−(m+n−1)]

SpecRC (Km,n) =

[
−(m2+n2−m−n)±

√
(m2+n2−m−n)2+4mn(m+n−1)

2mn
1
n

1
m

1 m− 1 n− 1

]
.

Randić Color Energy of Km,n is

ERC(Km,n) =

√
(m2 + n2 −m− n)2 + 4mn(m+ n− 1) + (m2 + n2 −m− n)

mn
.

THEOREM 6. If S0
n is crown graph with 2n vertices and

χ(S0
n) = 2, then Randić color energy of S0

n is ERC(S0
n) = 4n−4

n
.

PROOF. Let S0
n be the crown graph with 2n vertices. Since

χ(S0
n) = 2, we have Randić color matrix

|ρI −ARC(S0
n)| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ρ 1
n . . . 1

n
1
n 0 −1

n . . . −1
n

−1
n

1
n ρ . . . 1

n
1
n

−1
n 0 . . . −1

n
−1
n

...
...

. . .
...

...
...

...
. . .

...
...

1
n

1
n . . . ρ 1

n
−1
n

−1
n . . . 0 −1

n

1
n

1
n . . . 1

n ρ −1
n

−1
n . . . −1

n 0

0 −1
n . . . −1

n
−1
n ρ 1

n . . . 1
n

1
n

−1
n 0 . . . −1

n
−1
n

1
n ρ . . . 1

n
1
n

...
...

. . .
...

...
...

...
. . .

...
...

−1
n

−1
n . . . 0 −1

n
1
n

1
n . . . ρ 1

n

−1
n

−1
n . . . −1

n 0 1
n

1
n . . . 1

n ρ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2n×2n

.

C ′k = Ck + Cn+k, k = 1, 2, 3, . . . , n then R′n+k = Rn+k −Rk,
k = 1, 2, 3, . . . , n then we get,

|ρI −ARC(S0
n)| = ρn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ρ 2
n
. . . 2

n
2
n

2
n
ρ . . . 2

n
2
n

...
...

. . .
...

...

2
n

2
n
. . . ρ 2

n

2
n

2
n
. . . 2

n
ρ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
n×n

.

Characteristic polynomial

|ρI −ARC(S0
n)| = ρn

(
ρ+

2(n− 1)

n

)(
ρ− 2

n

)n−1
,

SpecRC(S0
n) =

(
−
(
2(n−1)

n

)
0 2

n

1 n n− 1

)
.

Randić Color Energy of S0
n is ERC(S0

n) = 4(n−1)
n

.
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