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ABSTRACT

In this paper, two new Legendre Wavelet estimators of a
/

function f of two variable x and y by (281, M; 2K ~1 M')th

partials sums of their Legendre wavelet series are obtained.

These estimators are sharper and better in Wavelet Analysis.
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1. INTRODUCTION

In wavelet analysis, orthogonal functions and wavelets are used
to approximate certain functions. The orthogonal functions are
generally classified into the following families:

(1) Sets of piecewise constant basis functions including Walsh
function, block pulse function etc.

(2) Sets of orthogonal polynomials such as Legendre polynomials
and Chebyshev polynomials etc.

(3) Sets of sine-cosine functions in Fouries series.

It is remarkable to note that the approximation of a continuous
function by the help of a piecewise constant basis functions may
not be continuous. Contrast to this, if continuous basis function are
used to approximate a discontinuous function then the resulting
approximant is continuous and it gives no proper informations
for discontinuties. There are several functional equations whose
solutions vary continuously in some regions and discontinuous
in others. Continuous basis functions or piecewise constant
basis functions taken alone can not accurately or efficiently model
these dimensionally varying properties. Thus, it is necessary to use
approximating basis functions that take in account the continuous
and discontinuous phenomena. Wavelet functions are most efficient
for these situations. Legendre wavelets possess the orthogonality
property. Some results concerning to Legendre wavelet and Haar
wavelet have been discussed by researchers Islam[3], Lal and
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Kumarl[], Lal and Kumar[6], Nanshan[4] and Razzaghi[2]] etc. The
Legendre wavelet approximation of functions of two variables have
not been discussed so far. In an attempt to make an advance study
in this direction, in this paper, wavelet approximations of function
f of two variables = and y by Legendre wavelet method have been
established.

2. DEFINITIONS
2.1 One dimensional Legendre Wavelet

Wavelets constitute a family of functions constructed from dilation
and translation of a single function called mother wavelet. If we
restrict the values of dilation and translation parameter to a = ag*,
b = nboag *,ap > 1,by > 0, respectively, the following family
of discrete wavelets are constructed.

—k
Vin = \GO\T!Z)(GS% — nby)

The one dimensional Legendre wavelet over
the interval [0,1] is defined as Yn.m () =
Vm+ L 250, (2 —q), A-12F <z <a+4 12
0 , otherwise.
Where n = 1,2,...,2" ' and m = 0,1,2,..M — 1. In above
definition, the polynomials L,, are Legendre polynomials of
degree m over the interval [-1,1] which can be defined as follows,

Lo({l}') =1
Li(z) ==

(m+41)Ly11(z) = 2m+1)z Ly, (z)—mLy_1(z) m=1,2,3, ..

The set of {L,,(z) : m = 1,2,3,...} in the Hilbert space
L?[—1,1] is a complete orthogonal set. Orthogonality of Legendre
polynomial on the interval [-1,1] implies that (L,,(x), L, (z)) =

1 2m+1 ,m=n
f—l Lon () L (z)dz = { 0 , otherwise.
set of wavelets 1, ,,, (x) makes an orthonormal basis in L2[0, 1],
i.e

Furthermore, the

1
/ wnamwn/,m/dx = 6n,n/6m,m/
0



in which 6 denotes Kronecker delta function. The function
f(z) € L?[0,1] can be approximated by Legendre wavelet as

2k-1 pr—1

) ~ Z Z CrymWn,m(x) = cT

n=1m=0

in which C and () are 281 M vectors of the form

Y(x)

CT = [Cl,O7 61,1, -~-Cl,1\471~--62,05 0271...C2k—170, ...Czk—lij,l]
and
T
P(x) = [Y1,0,P1,1, V1, M -1---P2,0, P2,1--Pak-1 g, - WPor-1 ar_1]

2.2 Two dimensional Legendre wavelet

One dimensional Legendre wavelets discussed in previous section
is now generalized into two dimensional Legendre wavelets as
following:

Two dimensional Legendre wavelets over the region [0,1) x [0, 1)
can be defined as follows
d)n,m;n’,m’('rv y) = d}n m( )1/)n’ m’( )
Vm+ 5 /m 2 m (282 —7)
_ X Ly, (2k A/ ,27 S < ntlv
—1 < Yy < A +1 .,
ok = ok’
0, otherwise,
L,m' =0,1,2.,M —1,n = 1,2

where m = 0,1,2..., M —
L, 281 = 1,221 By above definition, the region
[0,1) x [0,1) is divided to 28~ x 2*'~1 subregions. The paremeter
M and M’ denote the number of Legendre polynomials for
variables x and y respectively. So, M x M’ wavelets are
constructed on each subregions. By considering ., ., (x) and
Yn ms (y) as two sets of one dimensional Legendre Wavelets over
variables x and y, respectively, the two dimensional Legendre
wavelets over the region [0, 1) x [0, 1) may be written as

wn,m,n’,m’ ("L‘, y) = wn,m(x)wn’,m’(y)-

If
\I/n,n’(x7y) = [wn,O;n’,Ou"-

wn,m—l;n’,07

be an M M’ vector of 2D - LWs defined on (nn’)*" subregion, then

) wn,O;n’,m’—h wn,l;n’,Ov “eey wn,l;n’,m’—l
T
; ’d)n,m—l;n’,m’—l]

W(z,y) =[O, ., 07,00, 0] . )

n,1y

\I/Z,n’}

is an 28~12% =1 AT M’ vector concluding 2D LWs. The set of 2D
LWs is an orthogonal set over the region [0, 1) x [0, 1)] that is

1 1
/ / wn,m;n’,m'(xvy)wnl,ml;n’l,m’l (:C,y)d.’L'dy = 6n,n15m,m1
0 0

6n’,n'1 6m,m’1 .

X

3. FUNCTION EXPANSION

Any function in L2([0,1) x [0, 1) can be expanded as,

o0 o0

3 S )

n=1n'=1m=0m'=0
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Let Syk 1 ppon1 pp(2,y) denotes the (2571, M; oK' =1 Dtk
partial sums of the series given by the equation , then

2k=1ok'=1 prq pp/—

ZZZ chm" ! Unmsnt ! (2, Y).

n=1 n’=1 m=0m/=0

Sok-1 o010 (T, 9) =

4. LEGENDRE WAVELET EXPANSION

Any function f in L2([0,1) x
Legendre wavelet series as

xy)zzzzzcnmnm’wnmnm(xy) 2)

=1m=0m'=

[0,1) can be expanded in double

Let Syi-1 pp.9m-1 5 (2, y) denote the (2F=1, M; 2K =1, M")t" par-
tial sums of the series ,then

ok=19k'=1 pp 1 pp/1

ZZZ chmn m’wnmn m( 7y)

n=1 n’=1 m=0m/=0

S2k 1 M2k - 1M’ x, y

5. LEGENDRE WAVELET APPROXIMATION
The Legendre Wavelet Approximation E2k,17 Mgk -1, w(f) of a
function f € L2[0,1) x [0,1) is given by

E2k*1,M;2’v’*1,1v1/(f) =inff — Sy ppor-1 a2

fa= </01 /01 If(x,y)|2dwdy>;

If EQR:—I’M;Qk'—lJ\/I/(f) — 0 as k,k';M,M' — oo then
Egi1 prow-1 yp(f) is called the best wavelet approximation of
f of order (2%, M; 2%~ M").(Zygmund) [1]))

W here,

6. THEOREMS

In this paper we prove the following theorems.

6.1 Theorem

If f(z,y) is function on [0,1) x
into R such that 0 < W =N < o0 ¥z, y) €[0,1) x

Then Legendre Wavelet approximation EY

continuous [0,1)

[0,1).
2k 1, M2k -1 IVI’(f)

= 2 2 Y Y ot (@) by

n=1n'=1m=0m'=0
ok—1ok'=1 pp 1 pp/ 1

Z Z Z Z cn,m;n’,m’wn,m;n’,m’ is

n=1 n’=1 m=0m/=0

of f(z,y)

SZ"'*l,M;2k’*1,JVI

given by

E(1>

ok—1 Mok 17M/(f) =nff - Sgkflij;gk’—lyMrZ

1
=0 [(22k+2k'+1)

(=2 + (awr=a) )]

, for M > 2and M’ > 2.



6.2 Theorem

If f(x, y) is continuous function on [0, 1) x [0, 1) into R such that
0< BxBy = N; < oo ¥Y(z,y) € [0,1) x [0,1).Then Legendre
Wavelet approximation E2,€71 MR A (f) of f(x,y) is given by

(2) .
EQk 1 Aok 1’M/(f) =inff— Szk—lyM;Qk’qu,z

ol
()" =))]

forM >1and M’ > 3.

X

7. PROOFS
7.1 Proof of Theorem[6.1]

The Legendre Wavelet Series of f(z,y) € L2[0,1) x [0,1) is

oo

) = 3035 S om0
m=0

n=1m=0n'=1m/=0
Then,

o0

ZZ chm" mw)’”"" mvd){uq)

1 m=0n'=1m'=0

o0
Zcpqn m! (Vp.qmt m! s Yp,q)

n/=1m/=0

hgE

<f: wp,q> =

n

NgE

{fs¥p.a)s Y o chpqnm (Vp.gin',m!s Up,a) Vo' qt)

n'=1m/=0
Cp,a0a ((¥p,aip s Yra)s Yo o)

,by orthogonality of ¥, . n/ m?
Thus,

T <<f7 ¢p,q>7¢p’7q’>
Prapd <<wp,q;p’,q’vayq>7 wpﬁq’)
_ <<f7 ¢p;q>v¢p’,q’>
<wp,qvwp,q><1/’p’,q’v1/}p’,q’>
epapd = (i ¥pa)s Yoa) (W2 =Vpg2=1)
Cn,m;n/,m/ <f7 wn,m>7wn’,m’>
<f7 wn/,m’>7wn,m>
Qpn,m? <f7 wn’,m’» (<$7y> = <’y,$>)

(
(
(
Now,

Cn,min/,m' = / / f z,y w'n m( )wn’ m/ (y)dxdy

n

= /7,721 wn,m( ) (/ﬁ/zlk f(:L' y)¢n',m/(y)dy> dx
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I

X </ Zk/ f(mvy)Lm’(2kly - ﬁ/)dy> dx (3)

n/—1
2k’
Let
a1
2k’ . .
Il = o f(%y)L (2 )dy (4)
o
Then
1 A
v+ 7 d )
I, = /1f (JZ, oF )Lm (v)zk, taking 2y — i = v

_ 1 [tor
C22W(2m/ +1) |, Ov
_ -1 or
C22W(2m/ +1) |, Ov

1 Yof [ v+
* s o ()

(Lm/+1 — Lm/_l)dU (5)

S S 7 (NS A R
Co2W(2m/+1) ) Ov \TT 2¥ 2m’ + 3
1 ! (9f v+ 7 (L,/,n/ Lfrnlfz)
+ POV R 3.0 T / d
22K (2m/ + 1) | | Ov 2k 2m/ — 1

_ 1 92 A/ , o ,
= 3= 1 O — aif xz, +,n (LW,L +2 Lm )dU
22K (2m/ 4 1) , Ov? 2k 2K (2m/ + 3)
1 Yo2f [ v+ A\ (Lyw — L)
) [0—/1 902 (w 7 ) W 1)
L lﬁ oA\ (Lavr = L)
23K w2 \7 v 2m +3)(2m +1)
2
+ i, (et L) g,
23k 81}2 2k 2m — 1 (2m' 4+ 1)

1 62 v+7n

Where

(Lm’+2 — Lm’) (Lm’—2 — Lm’)
@2m' +3)2m' +1)  (2m' —1)(2m' +1)

By equation (3) and (), We get

1 P Y S|
Cn,m;n/,m/ = m + 5 m' + 5 272 23k’

41

ok 1

82 A1
X / /B—UJZC (m,v;,n> L (2F2 — A)E,y (v)dzdy

Em/(v) =




Now putting 22 — 7 = u and integrating as above, we get

Similarly,
1 1 oAk 1
Cn,m;n/,m/ = \/; m + = 2# S3k13K 1
2 2 2 A2 (v)dv < 8 ,m' > 2
— TR
u+n v4+n 1
T p—
ence,
Where st |2 = 4M? 64
s 28k+5K'+2(2m + 1)(2m’ + 1) (2m — 3)3(2m’ — 3)3
m 2m+3)(2m + 1 2m —1)(2m +1 =
Gn+3Em+D) | Gm-DEm+1) T
1/ 11 Now,
Cnymsn!,m! = m + 5 m' + 5 ‘2 5k+25k’ o s oo s
f(‘ray) _SQkflij[;Qk’*lJ\{/ = ZZ Z Z Cn,m,n’ ’wnmn’ m/
u+n v+n n=1n/=1m=0 m/=0
) // ou2ov? < ok 7 oK )Em(u)Em/(v)dudv ok ok'~1 Nr 1 pp/—
1 - Z Z Cn,m;n’,m’wn,m;n’,m’
= - v n=1 n’=1 m=0m/=0
\/(2m + 1)(2m’ +1) 9¥ 2 Jho1 . o1 .
u+n v+ - Z - Z /Z " Z
8 6u28v2 2k 7 oK n=1 p=2k-141 =1 piogk'-141
-1 -1 M-1 M'-1
X A (u) Ay (v)dudv] @) x <Z Z ) (Z Z )
= m=M m/=0 m/'=M
Where X Cn,m;n/ m/wn min!/,m’
A () = (Lmt2 — L) (Lm-2 — L) 2kl ok'=1 ppoq ppr—
and n=1 n'=1 m=0m'=0
(L L) (L L) ok-1ok' -1 11 o
Amr = m+2 T m'=2 T = n,m;n' m' Wn m;n’ m’
-ttt EEL L e
ok—1 k-1 o
1 2dd +ZZZ ch'mn mwnWan
Cnmnml > 2(5’V+5’9'+2)(2m+1)(2m+1 8%2611 uav n=1 n'=1 m=M m/=0
216 12k 1 0
1 5) S5 DI DR IR
X //Afn(u)Afn,(v)dudv n=1 n=1 m=M m=M'
Rt )
Next,
2
Cr,omnt ot |* < 2(5k+5k’+2)(24M—|— )E2em +1) 2t a2t
m m
1 1 ”f SQ" 1 M2k - 11»[’”2 - ZZZ Z |Cnmn m/
n=1 m=0n'=1 m'=M'
X /Azn(u)du/Aﬁq,(v)du
. - - 2kl o oW1
13, + 12 + 22, 22 Nenmnt

1
L2 +L2
2 _ m—+2 m

Now, /Am(u)du = /( (2m +3)° +

-1 -1

m m—2
(2m — 1)2 ) du

—_— >2
- (2m—3)3’m_
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(by using orthogonal properties of Legendre polynomials)

n=1m=M n'=1 m'=

ok-1 o gk-1

153D ID S DRLI

n=1m=M n'=1 m'=M'



IN

IN

IN

IN

If =

2k-1 ppo12k'-1

256N
Z Z Z Z 25k 5K 22 — 3)4(2m — 3)*

n=1 m=0 n'=1 m'=M'

Qk 1 0 2k: 1 M —
256 N2

Z Z Z Z 25k+5k’+2 2m! — 3)4(2m _ 3)4

n=1m=M n'=1m/=0

ok-1 o ok/-1

256N
Z Z Z Z 25k+5K+2(9m/ — 3)4(2m — 3)4

n=1m=M n'=1 m'=M'

64N2C, ) 1 1
Q4K T4k +2 < + (2M' — 3)3> ((QM — 3)3>
1 1 1
M —3) T oM =3y

1 1
() ()

1 1 3
@M —3)7 " @M =37 | (2M —3)3(2M —3)?

, O3 being a suitable positive constant.

64N2Cy
Q4K +4k+2

64NQQC2
94k +4k+2

64N22C2
94k +4k+2

64N2C,
24k’+4k+2

1 1

@M —3)F T @M 37 T
6ANZC,

9dk'+4k+2

2 2
M =3¢ T 2M -3y
128N2C,

Q4K ak+2

(2M' - 3)3(2M — 3)3 |

IS

(2M" — 3)5(2M — 3)3

1 1 2
@M -3¢ T a3 T @M —3)P@M —3)

128N2C,
24k’+4k+2

1 1 2
[<2M/ —3p "M -3¢ " o —a)Eem - 3)3}

128 N2C,
24k’+4k+2

1 1 2
- -
[(21\4/—3)3 (2M - 3)? (2M’3)3(2M3)3}
128N2C, 1 . 1 :
2R | o —3)8  (2M —3)% ]

8V2N>/C,
Sk 1 M2k 1,M'||2 = ook +2k+1

22k’+2k+1

X

< 1
(2M’ —3)%

M>2 M >2.

: )]
+ 3 .
(2M - 3)=

International Journal of Computer Applications (0975 - 8887)
Volume 171 - No.6, August 2017

So,

(1)
Egk 1 M2k =1 pp

1
=0 |:22k’+2k+1

( 1
3
(2M’' —3)2

Thus the Theorem ([6.1)) is completely established.

7.2 Proof of the Theorem (6.2)

1
W (2m! + 1) /71

1
2%k (2m/ + 1) /71

1
23K (2m/ + 1) /71

1 1
(22k'(2m'+1)> (0_/1

1
22 (2m’ + 1) (

1 1
22K (2m/ 4 1) [1
1 1

22K (2m/ 4+ 1) [1

1
2%k (2m/ + 1) [1

1
W (2m/ + 1)
L1

23K (2m' — 1)

F(@,y) Lo (2Fy — #)dy =

-1
<22k’(2m' ¥ 1))
y ! (9i v+ n

1 |Ou oW

(Lm’-!—l - Lm’—l)dv}

- 1
N 2%’ (2m’ +1)

3f v+
I,T

X

X
\

X
/N

O2F (Lo — Lor)
G2 ¥ @ —1)
[ e = L)

_, Ov? 2¥(2m/ 4 3)
OF (L — L »)
o2 2K (2m' —1)

ﬁ (LM’+2 — LM’)

dv

2 2K (2m' + 3) dv

Lof g 2T 0"\ (Lw+2 = L)
o2\ 2K (2m’ + 3)

' ﬁ T vt n (L = Ly —2)
a0z \ " oW m — 1)

' ﬁ x v + TAL/ Lm/+2 U
oz 77 2K (2m' + 3)

Lof
ov?

T vt Lo dv
ToK (2m' + 3)

il (R W
vz 7 2K 2m' —1)
Lm 2

f
Ov?

/
/,

(2M —3)3

)

dv

dv

T vt n - dv
L (2m’' —1)



Cn,m;n/,m' =

1
T W (2m + 1)
X /182]( (m erﬁ/) < Lm+3 L/m+1 )dv
L Ou2 7T ¥ (2m’ 4+ 5)(2m' + 3)
1
23K (2m/ + 1)
T ) (ot )
L ov2 \7T oM (2m' + 1)(2m' + 3)
1
23K (2m/ + 1)
X /1 @ <;p v—i—ﬁ') ( Liwir = Lo )dv
L ov2 77 2¥ 2m' +1)(2m' - 1)
1
A )
[ () (e B )
L ovr 77 2¥ 2m' —3)(2m' — 1)
-1
T 2 (2m + 1)
T () ()
L Oud \7T7 2K (2m’ 4+ 5)(2m' + 3)
1
T e )
T () ()
L ous 77 2¥ 2m' + 1)(2m' + 3)
+ 1
20 (2m/ 1 1)
) ()
L ovd 77 2¥ @2m' +1)(2m' - 1)
1
2% (2m/ + 1)
T () ()
L Oud T 2¥ 2m' —3)(2m' — 1)
1 a3 1
_ mll % (ﬂ’;") Ep(v)dv.  (9)
Byp(v) = L1 — Liniys (L1 — Lyw-1)
(2m’ + 3)(2m’ + 5) 2m' —1)(2m’ + 3)
Ly 3— Ly g

(2m/ —1)(2m/ — 3)

Using equation (3),(3) and (@) , we get

1
<2W(2 ‘+1)E@2m+ 1)é>

u+n v+a
8u8v3 2k 7 oK
P

m(u)E

X

X

1(v)du dv) (10)
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Using  orthogonal  property  of Legendre polynomials
ie. (L (2), Ly (z)) = fL (x)de =
22m’' +1 ,m' =n'
0 , otherwise.

1 1 L2 , + L2 ,
E2/ d — m/+1 m’'+3 d
/_1 (V) /_1 @m' +3)2@m' + 52"

! 4(Li'1/+1 + Lfn’—l)
(2m’ — 1)2(2m/ + 3)2

+ dv

L Ly
+ / m'—3 m/—1 dU
_, @m —1)2(2m/ — 3)2

1 2
T (2m 4 3)2(2m! 4 5)2 (2m’ T3

%)
2m' + 7

4 2
T G —12@m +3)° (

2m’+3+2m

2
)

1 2
+ (2m/ — 1)2(2m/ — 3)? (2m’ -
< 24
- (2m/ —5)"

Similarly,

1 , 4
[1 P (u) du < 7(2m7 ok

)
5 2m' -1

an

(12)

Using Schwarz inequality, equations (TT) and (T2) in equation (T0)

96 NZ

Cn min! | = 23k+TH (2m/ — 5)6(2m — 1)2°

m >3,m>1.

Next,

2k-1 pp-12K -1

(13)

1F = SortarwranlB = DD D 3 [ enmontom

n=1 m=0 n'=1 m'=M'

0o ok -1 g
5> 2 2 >
n=1m=M n'=1 m/’=0
1 % 2k'-1 0o
2
+ E § E | Cn,m;n/,m/

n'=1 m/=M'

ok=1 pro12K' -1 o

IN

n=1 m=0 n'=1 m'=M'

ok-1 co  2k-1 ppr_

96N2
Z Z Z Z 236+TH (2 — 5)6(2m, — 1)2

962
+ Z Z Z Z 23k+TK (2m/ — 5)6(2m — 1)2

n=1 m=M n/=1m/=0

ok-1 o ok/-1

96 N2
DI IDS Z AT (2 — 5Y6(2m — 1)2

n=1m=M n'=1 m'=M'

9NZCs (| 1 1
0K +20+2 (2M'—5)5 ) \ (2M —1)

IN




96N2Cy 1 14+ 1
26K +2k+2 \ (2M' — )5 (2M —1)
n 96N2C,y 1 1
26r 2812 \ (2M' — )5 ) \ (2M — 1)
_ 96N3C,
T 96K +2k+2
o 1 n 1 n 3
(2M'—-5)>  (2M —-1) (2M'—5)5(2M —1)
, Cs being a suitable positive constant.
< 96 N2 Cy
- 26k’+2k+2
y [ 1 N 1 N 3
2M' =55 T (2M 1)  (2M'—5)5(2M — 1)
< 96N2Cy
= 96k t2kt2
y [ 2 N 2 N 4
|2M'—5)5 " (2M —1) ' (2M' —5)=5(2M — 1)
_ 192N2C,
T 96K +2k+2
y 1 n 1 + 2
(2M'—-5)> = (2M —-1) (2M'—-5)5(2M —1)
_ 192N3Ch
= Q6K 2k+2
y [ 1 N L 2 1
@M =57 T @M 1) (20— 5)F(2M — 1)%
_192N3C,
T 96K +2k+2
y [ 1 N 1 N 2 |
@M =5)° © (2M —1)  (2M’—5)3(2M —1)2 |
2
192N2C, 1 1 )
= ; =+ , M>1,M >3.
K F2KEZ | QN —5)3  (2M —1)2
8v/3Ny/Cy
1 = Sor1 apow arllz = KW

1 1
2M' —5)%  (2M —1)3
So,
@) ol 1 1 \? 1 \32
2h1 M2k L T | 9BRRET (ZM - 1) * <2M’ — 5)

Thus the Theorem (6.2) is completely established.

8. CONCLUSIONS
Estimates of the Theorems ((6.1]) and (6.2)) are given by

(=) +

1
92k+2k/+1

1
2M -3

1

E<1)
2M' -3

2k=1 M2k =1 MY

(f)—O{

)

Il

3
2

1
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for M >2and M’ > 2

E(2) =0 L 1 : 1 :

2k71,M;2k/71,M,(f)— Qk-+3K+1 (QM_l) + (QM/_5) ’
for M > 1and M’ > 3.

Since EY (f) » 0and E® (f)y = 0as

2k=1, M2k =1 ppt 2k—1 M2k =1 pp
k,k',M,M' — 0, therefore these estimators are best possible in
Wavelet Analysis.
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