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ABSTRACT
We present the radial point interpolation method (RPIM) to solve
problems for pricing American and European put options on a divi-
dend paying asset. Using RPIM, we get a system of ordinary differ-
ential equations which is then solved by a time integration methods
. To resolve the difficulties associated with solving the free bound-
ary problem associated with American options, we use a penalty
approach. Numerical experiments are presented which prove the
computational efficiency of the RPIM.
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1. INTRODUCTION
Options on dividend paying assets are more popular than those on
non-dividend paying assets.
Several attempts wear made in the past to solve these option pricing
problems through a variety of techniques. We describe a few of
them below.
Barone-Adesi and Whaley [1] gave simple analytic approximations
for pricing exchange-traded American call and put options written
on commodity futures contracts. Their approximations were com-
putationally efficient than those obtained by binomial method or
standard finite-difference methods.
Mallier and Alobaidi [11] used laplace transform methods to study
the valuation of American call and put options with constant divi-
dend yield.
Meyer [12] illustrated that a straightforward numerical implemen-
tation of the time discrete method of lines for the Black-Scholes
equation can readily cope with the disappearance and reappearance
of the early exercise boundary. They discussed the performance of
the method by computing option prices when dividends are paid
discretely at a known rate or known amount as well as with a con-
stant dividend yield.
Kallast and Kivinukk [5] derived a method for pricing and hedging
American options written on a dividend-paying asset. This method

is based on Kim equations presented in [8]. They demonstrated that
a simple approximation of the Kim integral equations by quadrature
formulas leads to an efficient and accurate numerical procedure.
This approximation was accompanied by the Newton-Raphson iter-
ation procedure in order to compute the optimal exercise boundary
at each time.
Battauz and Pratelli [2] analyzed some problems arising in the eval-
uation of American options when the underlying security pays dis-
crete dividends. They studied the problem of maximizing the ex-
pected gain process over stopping times taking values in the union
of disjoint, real compact sets.
Company et al. [3] obtained the numerical solution of a modified
Black-Scholes equation modelling the valuation of stock options
with discrete dividend payments. They used a delta-defining se-
quence of the involved generalized Dirac delta function and applied
an approach based on the Mellin transforms.
Vellekoop and Nieuwenhuis [15] presented a method to deal with
cash dividends pricing equity options, under the assumption that in
between dividend dates the asset follows lognormal dynamics, and
where the same dynamics are used to price all derivative products.
They defined an algorithm which is computationally efficient and
guarantees to generate prices that exclude arbitrage possibilities.
Some other relevant works that can be worth mentioning here are
those of Khaliq et al. [7] who developed adaptive θ-methods for
solving the Black-Scholes PDE for American options; Zhao et al.
[17] who discussed some compact finite difference methods for
pricing American options on a single asset with methods for deal-
ing with optimal exercise boundary, and Tangman and Bhuruth [14]
who described an improvement of Han and Wu’s algorithm [4] for
American options.
The RPIM has the following advantages ([9]): The shape func-
tion has the Kronecker delta property, which facilitates easy treat-
ment of the essential boundary conditions; the moment matrix used
in constructing shape functions is always invertible for irregular
nodes; and the polynomials can be exactly reproduced up to desired
order by polynomial augmentation. Some of these properties make
the RPIM as a very powerful tool when solving complex problems
like those considered in this chapter paper as well as their possible
extensions to price multi-asset options.
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There are numerous variants of the mesh free approaches. One
of the most popular ones is the radial point interpolation method
(RPIM) we provide below a brief account of work using RPIM.
Rad et al. [13] used the meshfree radial basis point interpolation
(RBPI) to solve the BlackScholes model for European and Ameri-
can options.They combined the RBPI with several numerical tech-
niques, namely: an exponential change of variables, which allows
them to approximate the option prices on their whole spatial do-
main, a mesh refinement algorithm, which turns out to be very
suitable for dealing with the non-smooth options payoff, and an
implicit Euler Richardson extrapolated scheme, which provides a
satisfactory level of time accuracy.
Liu et al. [10] developed a meshless approach based on the Point
Interpolation Method (PIM) for numerical simulation of a space
fractional diffusion equation. Two fully-discrete schemes for the
one-dimensional space fractional diffusion equation are obtained
by using the PIM and the strong-forms of the space diffusion equa-
tion.
The rest of the paper is organized as follows. Some pricing prob-
lems for American and European options on dividend paying assets
are described in Section 2. Section 3 deals with the application of
radial point interpolation method to solve these problems. In Sec-
tion 4 we discuss the development of the radial point interpolation
method. Finally some numerical results along with a discussion on
them are given in Section 5.

2. PROBLEM DESCRIPTION
The Black-Scholes model for pricing American and European op-
tions on dividend paying assets is also an initial-boundary value
problem. For European options this problem reads as

∂V

∂t
+

1

2
σ2S2 ∂

2V

∂S2
+ (r −D)S

∂V

∂S
− rV = 0, (1)

where r is the risk-free interest rate, S is the price of the stock, σ
is the volatility of the stock price, D is the dividend yield (which is
constant in the present case) on the stock, and V (S, t) denotes the
option’s value at time t for the stock price S.
The initial condition is given by the terminal payoff function

V (S, T ) =

{
max(E − S, 0) for put
max(S −E, 0) for call

(2)

whereas the boundary conditions are given by

V (S,T ) =

{
V (0, t) = Ee−r(T−t), V (S, t)→ 0 as S →∞ for put
V (0, t) = 0, V (S, t)→ Se−D(T−t) as S →∞ for call

(3)
where T is the maturity time andE is the strike price of the option.
The exact solution of the differential equation (1) with the initial
condition (2) and the boundary conditions (3) is given by ([16]):

V (S,T ) =

{
V (S, t) = Ee−r(T−t)N(−d̃2)− e−D(T−t)SN(−d̃1) for put
V (S, t) = e−D(T−t)SN(d̃1)−Ee−r(T−t)N(d̃2) for call

(4)
where N(·) is the cumulative distribution function of the standard

normal distribution with

d̃1 =
log(S/E) + (r −D + 1

2
σ2)(T − t)

σ
√
T − t

, (5)

and

d̃2 = d1 − σ
√
T − t. (6)

On the other hand, the American option pricing problem takes the
form of a free-boundary problems. The early exercise possibility
leads to the following model for the value P (S, t) of an American
put option to sell the underlying asset ([6]):

∂P

∂t
+

1

2
σ2S2 ∂

2P

∂S2
+ (r −D)S

∂P

∂S
− rP = 0, (7)

S > Sf (t), 0 ≤ t < T

P (S, T ) = max(E − S, 0), S ≥ 0,

∂P

∂S
(Sf , t) = −1,

P (Sf (t), t) = E − Sf (t),

lim
S→∞

P (S, t) = 0,

Sf (T ) = E,

P (S, t) = E − S, 0 ≤ S < Sf (t).

where Sf (t) represents the free boundary, E represent the exercise
price of the option, P denotes the value of the option and as before,
σ is the volatility of the underlying asset, r is the risk-free interest
rate, D is the dividend yield on the stock.
Since early exercise is permitted, the P of the option must satisfy

P (S, t) ≥ max(E − S, 0), S ≥ 0, 0 ≤ t ≤ T. (8)

The above problems are solved by applying the mesh free method
discussed in next section.

3. THE RADIAL POINT INTERPOLATION
METHOD (RPIM)

Following [9], we approximate the solution using the RPIM as

u(x) =

n∑
i=1

Ri(x)ai +

m∑
j=1

Pj(x)bj = RT (x)a + PT (x)b, (9)

whereRi(x) is the i-th radial basis function (RBF), n is the number
of RBFs, m is the number of polynomial basis functions (PBFs),
and Pj(x) is monomial in the space coordinates xT = [x, y]. It is
clear that the conventional RBF is augmented with m polynomial
basis functions or in another words we can say that when m =
0, this RPIM will coincide with the conventional RBF approach.
Coefficient a and b are constant vectors yet to be determined.
Coefficients ai and bj in equation (9), can be determined by enforc-
ing equation (9) to be satisfied at n nodes surrounding the point of
interest x. This leads to n linear equations, one at each node. The
matrix form of these equations can be expressed as

Us = Ra + Pmb, (10)

where the solution vector is

Us = [u1 u2 · · · un]T , (11)

the moment matrix of RBFs is

R =


R1(r1) R2(r1) · · · Rn(r1)
R1(r2) R2(r2) · · · Rn(r2)
...

...
...

R1(rn) R2(rn) · · · Rn(rn)


(n×n)

, (12)

with

rk =
√

(xk − xi)2 + (yk − yi)2, (13)
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and the polynomial moment matrix is

Pm =


1 x1 y1 · · · Pm(x1)
1 x2 y2 · · · Pm(x2)
...

...
...

...
1 xn yn · · · Pm(xn)


(n×m)

. (14)

The coefficient vector multiplying to RBFs in (9) is

a = [a1 a2 · · · an]T , (15)

and the coefficient vector multiplying to PBFs in (9) is

b = [b1 b2 · · · bm]T . (16)

There are n+m variables in equation (10). The additionalm equa-
tions comes from the following m constraints

n∑
i=1

Pj(xi)ai = PT
ma = 0, j = 1, 2, · · · ,m. (17)

Combining equations (10) and (17) we obtain the following system
of equations

Ûs =

[
Us

0

]
=

[
R Pm
PT
m 0

] [
a
b

]
= Gã (18)

where

ã = [a1 a2 · · · an b1 b2 · · · bm]T , (19)

and

Ûs = [u1 u2 · · · un 0 0 · · · 0]T . (20)

Because the matrix R is symmetric, it is therefore clear from the
structure of the matrix G that it will also be symmetric.
Solving system (18), we obtain

ã =

[
a
b

]
= G−1Ûs. (21)

Now equation (9) can be written as

u(x) = RT (x)a + PT (x)b = [RT (x) PT (x)]

[
a
b

]
= [RT (x) PT (x)]G−1Ûs using (21)

= Φ̂T (x)Ûs, (22)

where the RPIM shape functions can be expressed as

Φ̂T (x) = [RT (x) PT (x)]G−1 (23)
= [φ1(x) φ2(x) · · · φn(x) φn+1(x) · · · φn+m(x)].

Finally, the RPIM shape functions corresponding to the nodal dis-
placements vector Φ(x) are obtained as

Φ(x) = [φ1(x) φ2(x) · · · φn(x)], (24)

where

Φk(x) =

n∑
i=1

Ri(x)Ḡi,k +

m∑
j=1

Pj(x)Ḡn+j,k, k = 1, 2, · · · , n,

(25)
in which Ḡi,k is the (i, k)th element of matrix G−1.
Equation (22) can be re-written as

u(x) = Φ(x)Us =

n∑
i=1

φiui. (26)

The derivatives of u(x) are obtained as

u,x(x) = ΦT,x(x)Us. (27)

In the above, a comma indicates a partial differentiation with re-
spect to the spatial coordinate x.
Equation (27) gives

∂Φk
∂x

=

n∑
i=1

∂Ri
∂x

Ḡi,k +

m∑
j=1

∂Pj
∂x

Ḡn+j,k (28)

and

∂2Φk
∂x2

=

n∑
i=1

∂2Ri
∂x2

Ḡi,k +

m∑
j=1

∂2Pj
∂x2

Ḡn+j,k. (29)

In case of Multiquadric radial basis function

R(‖S − xj‖) =
√

(‖S − xj‖)2 + c2, (30)

the partial derivatives are obtained as

∂R(‖S − xj‖)
∂S

=
(‖S − xj‖)√

(‖S − xj‖)2 + c2
(31)

and

∂2R(‖S − xj‖)
∂S2

=
c2

((‖S − xj‖)2 + c2)3/2
. (32)

In the next section we will discuss the use of above RPIM in pricing
European and American put options on a dividend paying asset.

4. APPLICATION OF RADIAL POINT
INTERPOLATION METHOD IN PRICING
OPTIONS

4.1 Pricing European options on a dividend paying
asset

We approximate the unknown function V (the value of the Euro-
pean option) using the radial basis functions as

V (S, t) ≈
N∑
j=1

aj(t)φ(‖S − xj‖), (33)

where a′js are unknown coefficients and φ(‖S−xj‖) are the RBFs.
We will use the following radial basis functions for this problem

φ(S) = e−‖S−xj‖
2/c2 , (34)

where c is a positive parameter.
Collocating at the same N points {xj}Nj=1, equation (1) becomes

∂V (xi, t)

∂t
+

1

2
σ2S2

i

∂2V (xi, t)

∂S2
+(r−D)Si

∂V (xi, t)

∂S
−rV (xi, t) = 0.

(35)
Differentiating (33), we get

∂V (xi, t)

∂t
=

N∑
j=1

daj(t)

dt
φ(‖S − xj‖), (36)

∂V (xi, t)

∂S
=

N∑
j=1

aj
∂φ(‖S − xj‖)

∂S
, (37)
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and

∂2V (xi, t)

∂S2
=

N∑
j=1

aj
∂2φ(‖S − xj‖)

∂S2
. (38)

In case of Gaussian basis functions, we have

∂φ(‖S − xj‖)
∂S

= −2(S − xj)
c2

e−‖S−xj‖
2/c2 (39)

and

∂2φ(‖S − xj‖)
∂S2

=
4(S − xj)2 − 2c2

c4
e−‖S−xj‖

2/c2 . (40)

Substituting the expressions for various partial derivatives from
equations (36)-(38) into (35), we obtain

N∑
j=1

d

dt
(aj(t))φ(‖xi − xj‖)

+
1

2
σ2x2i

N∑
j=1

aj(t)

[
4(xi − xj)2 − 2c2

c4
φ(‖xi − xj‖)

]

+(r −D)xi

N∑
j=1

aj(t)

[
−2(xi − xj)

c2
φ(‖xi − xj‖)

]

−r
N∑
j=1

aj(t)φ(‖xi − xj‖) = 0. (41)

We can write equation (41) in form of a system of differential equa-
tions as

Φ
da

dt
+Ra = 0, (42)

where

Φij = e−‖xi−xj‖
2/c2 (43)

and

Rij =
1

2
σ2x2i

(
4(xi − xj)2 − 2c2

c4

)
Φij

+ (r −D)xi

(
−2(xi − xj)

c2

)
Φij − rΦij . (44)

To solve the system described by (42), we use a θ-method

Φ
an+1 − an

∆t
+ θRan+1 + (1− θ)Ran = 0, (45)

with the initial condition given by the first part of equation (2) and
boundary conditions given by the first part of equation (3).
We can rewrite equation (45) as

[Φ− (1− θ)∆tR]an = [Φ + θ∆tR]an+1, (46)

an = [Φ− (1− θ)∆tR]−1[Φ + θ∆tR]an+1. (47)

Equation (33) applied at all collocation point can be written in the
matrix form as

V = Φa. (48)

Using equation (48), equation (47) can be written as

V n = Φ−1[Φ− (1− θ)∆tR]−1[Φ + θ∆tR]ΦV n+1. (49)

The above equation is solved along with (2) and the first part of
equation (3) to obtain the numerical solution. Also the form of
this equation should be read in context to the computing process
because in the problems like those considered in this paper, we
usually have a final boundary value problem rather than an initial
boundary value problem. To this end, note that the scheme given
by (46) corresponding to θ = 0, 0.5, and 1 are the implicit Euler,
Crank-Nicolson and explicit Euler methods, respectively.

4.2 Pricing American options on a dividend paying
asset

To solve the American option problem (7), which is a free boundary
problem, we approximate the model by adding a penalty term. This
leads to a nonlinear partial differential equation on a fixed domain.
We consider the initial-boundary value problem

∂Pε
∂t

+
1

2
σ2S2 ∂

2Pε
∂S2

+(r−D)S
∂Pε
∂S
−rPε+

εC

Pε + ε− q(S)
= 0,

(50)
with the initial condition as the first part of equation (2), and the
boundary conditions as

Pε(0, t) = E, lim
S→∞

Pε(S, t) = 0, (51)

where C ≥ rE, q(S) = E − S, and 0 < ε� 1.
By inserting equations (33),(36)-(40) into equation (50), we obtain

N∑
j=1

d

dt
(aj(t))φ(‖xi − xj‖)

+
1

2
σ2x2i

N∑
j=1

aj(t)

[
4(xi − xj)2 − 2c2

c4
φ(‖xi − xj‖)

]

+(r −D)xi

N∑
j=1

aj(t)

[
−2(xi − xj)

c2
φ(‖xi − xj‖)

]

−r
N∑
j=1

aj(t)φ(‖xi − xj‖)

+
εC∑N

j=1 aj(t)φ(‖xi − xj‖) + ε− q(S)
= 0. (52)

We write equation (52) in form of a system of differential equations
as

Φ
da

dt
+Ra +Q(a) = 0, (53)

where

Φij = e−‖xi−xj‖
2/c2 , (54)

Qi(a) =
εC

Φia + ε− q(xi)
, i = 1, · · · , N (55)

and

Rij =
1

2
σ2x2i

(
4(xi − xj)2 − 2c2

c4

)
Φij

+(r −D)xi

(
−2(xi − xj)

c2

)
Φij − rΦij . (56)
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The θ-method for equation (53) reads

Φ
an+1 − an

∆t
+θRan+1+(1−θ)Ran+θQ(an+1)+(1−θ)Q(an) = 0.

(57)
By replacing an in the penalty term by an+1, the linearly implicit
scheme for (57) is given by

Φ
an+1 − an

∆t
+ θRan+1 + (1− θ)Ran +Q(an+1) = 0, (58)

with the initial condition given by the first part of equation (2) and
boundary conditions given by equation (51).
Also note that the scheme corresponding to θ = 0, 0.5, and 1
are the implicit Euler, Crank-Nicolson and explicit Euler methods,
respectively.

5. NUMERICAL RESULTS AND DISCUSSION
The parameters used for the simulations for European put option
on a dividend paying asset using the multiquadratic radial point in-
terpolation method are: r = 0.05, σ = 0.2, D = 0.04, E =
10, t0 = 0, T = 0.5, S0 = 0 and Smax = 30. We
have set the parameter c in the radial basis function as 2h where
h = (Smax − S0)/(N − 1). Using the RPIM approach, the result-
ing problems for European put option on a dividend paying asset
are presented in Table 5. The first column in this table represents
values of the asset price S, the second column represents the exact
solution, the third column indicated the numerical values of the Eu-
ropean put option on a dividend paying asset that we obtain using
the RPIM and the last column represents the error.

Table 1. Values of European put
option on a dividend paying asset

using radial point interpolation
method

S Exact RPIM(100) Error
2 7.7927 7.7927 0.0000
4 5.8323 5.8323 0.0000
6 3.8720 3.8720 0.0000
7 2.8941 2.8941 0.0000
8 1.9443 1.9451 0.0007
9 1.1154 1.1163 0.0008
10 0.5271 0.5250 0.0021
11 0.2037 0.2037 0.0000
12 0.0653 0.0653 0.0000
13 0.0176 0.0178 0.0003
14 0.0043 0.0042 0.0001
15 0.0009 0.0009 0.0000
16 0.0002 0.0002 0.0000

Table 5 presented the discrete maximum norm error and mean
square norm error which calculated using

ErrorMax = maxi=1,2,...,N (Vexact − VRPIM) (59)

and the mean square norm:

RMSError =
1

N + 1

√√√√ N∑
i=0

(Vexact − VRPIM)2 (60)

Using the RPIM approach, the resulting problems for European put
option on a dividend paying asset are solved via Crank-Nicolson’s

Table 2. The maximum norm error
and mean square norm error

N Max Error RMS Error
25 3.67 ×10−2 1.50×10−3
50 1.40 ×10−2 3.82 ×10−4
75 6.30 ×10−3 1.16 ×10−4
100 2.10 ×10−3 2.36 ×10−5
150 1.60 ×10−3 1.64 ×10−5
200 8.81 ×10−4 6.06 ×10−6

Table 3. Values of American put option on a dividend
paying asset using radial point interpolation method

S RPIM21 RPIM41 RPIM101
0.6 0.4014 0.4014 0.4014
0.7 0.3019 0.3019 0.3019
0.8 0.2049 0.2050 0.2050
0.9 0.1216 0.1219 0.1220
1.0 0.0646 0.0651 0.0653
1.1 0.0321 0.0326 0.0327
1.2 0.0156 0.0159 0.0160
1.3 0.0078 0.0080 0.0081
1.4 0.0042 0.0043 0.0044

RMS 5.3283×10−5 5.5987×10−6 3.2560×10−7

method (i.e., θ = 0.5). Results are presented in Table 5 and Figure
1.
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V

 

 
t=0
t=T

Fig. 1. Values of the European put option on a dividend paying asset
using the multiquadratic radial point interpolation method are with r =

0.05, σ = 0.2, D = 0.04, E = 10, t0 = 0, T = 0.5, S0 =
0 and Smax = 30..

For the American put options, we choose r = 0.1, σ = 0.2, D =
02, E = 1, t0 = 0, T = 1, ε = 0.01, S0 = 0, and Smax = 2.
We again use the Crank-Nicolson method with ∆t = 0.01. Using
the multiquadratic radial point interpolation method, we obtain rea-
sonably accurate results this can be seen from Table 5 and Figure
2.
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Fig. 2. Values of the Amercan put option on a dividend paying asset
using the multiquadratic radial point interpolation method are with r =

0.1, σ = 0.2, D = 0.02, E = 1, t0 = 0, T = 1, ε = 0.01, S0 =
0, and Smax = 2.

Note that in the case of the American option the exact value of V
is not available . Therefore, we use a very accurate approximation
of it with a very large number of centers and time steps (namely
we set N = 300 and M = 1000).
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