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ABSTRACT

In this paper, a new distribution called New Generalized Ex-
treme Value (NGEV) distribution is introduced. Also, the statis-
tical properties of this model are studied, such as, quantiles, mo-
ment generating function and moments of order statistics. More-
over, maximum likelihood estimators of it’s parameters are dis-
cussed. An application of NGEV distribution to a survival times
in months of 20 acute myeloid leukemia patients data set is pro-
vided. Also, bivariate New Generalized Extreme Value BNGEV
distribution.is introduced a Marshall-Olkin type. Marginal and
conditional distribution functions are studied. Furthermore, maxi-
mum likelihood estimates (MLEs) of the parameters are presented.
An application of BNGEV distribution to an UEFA Champion's
League data set is provided and the profiles of the log-likelihood
function of parameters of NGEVD and BNGEVD are plotted.
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1. INTRODUCTION

Extreme value distributions are the limiting distributions for the
minimum or the maximum of a very large collection of random
observations from the same arbitrary distribution. In the context of
reliability modeling, extreme value distributions for the minimum
are frequently encountered. The weibull distribution and the ex-
treme value distribution have a useful mathematical relationship,
i.e. the natural log of a weibull random time is an extreme value
random observation.

The aim of this paper is to introduce a new generalized extreme
value (NGEV) distribution by using the mathematical relationship
between weibull distribution and extreme value distribution. Also,
we introduce its bivariate and we call it bivariate New Generalized
Extreme Value (BNGEV) distribution, whose marginals are NGEV
distributions. It is a Marshall-Olkin type. Many authors used this
method to introduce a new bivariate distributions, see for example
Marshall and Olkin [2], Kundu and Gupta [1]], Sarhan and Balakr-
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ishnan [3]], Sarhan et al. [6], El-Bassiouny et al.[4] and El-Gohary
et al. [5].

This article is organized as follows, the new generalized extreme
value (NGEV) distribution are proposed in Section 2. Various prop-
erties including quantiles, median and moment generating function
are investigated in Section 3. Rényi entropy is provided in Section
4. Moments of order statistics are obtained in Section 4. Section 5
is devoted to the maximum likelihood estimates of the parameters
and the information matrix of the NGEV distribution. An applica-
tion of NGEV distribution to a survival times in months of 20 acute
myeloid leukemia patients data set is provided and the profiles of
the log-likelihood function of parameters of NGED are ploted in
section 6. In section 7, we introduced the bivariate case and we
call it bivariate New Generalized Extreme Value (BNGEV) distri-
bution. Also, various properties including the joint survival func-
tion, the joint cumulative distribution function, the joint probability
density function, marginal probability density functions are investi-
gated in Section 8. Section 9 is devoted to the maximum likelihood
estimates of the parameters of the BNGEV distribution. In Section
10, an application of the BNGE distribution to a UEFA Champion’s
League data set are provided and the profiles of the log-likelihood
function of parameters of BNGED are ploted. Finally, the results of
this paper are concluded in Section 11.

2. NEW GENERALIZED EXTREME VALUE
DISTRIBUTION

In this section, we discuss the new generalized extreme value
(NGEV) distribution. This distribution is derived from an exponen-
tiated weibull distribution. Let X be a random variable has Expo-
nentiated Weibull (EW) distribution [9]] with parameters o, A and
k > 0, then its cdf is given by

G(;@:(l—e*(%)k) , >0, o, k,A>0 1)

and the probability density function (pdf) is given by
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Fig. 1. The pdf of the NGEV distribution at different values of its param-
eters.

2.1 NGEY Specifications

THEOREM 1. Let a non-negative random variable Y has the
exponentiated weibull distribution, symbolically we write Y ~
EW (e, A\, k). Define a new random variable X = logY, then
the random variable X has the new generalized extreme value dis-
tribution, symbolically we write X ~ NGEV (a, A\, k). The cu-
mulative distribution function and the probability density function
of X are respectively given by

ELA S
FX(:C):<1—6*(T)) L —co< T <00, ak,A>0 (2)

and

PROOF. Since
Fx(z) = P X <z]=PllogY <z
= P[Y <e"] =G (e%)

T

k [e3
<1fe’(T) ) , —oo <z <oo,a,k,A>0.

By diffrentiation the cdf of X given in with respect to x, we
find the pdf of X given in (3), which complete the proof. m

Since the cdf of NGEV is in closed form, we can use it to generate
simulated data by using the following formula

z=In (A(—ln(l—U%)>%>,

where U is a random variable which follows a standard uniform
distribution on (0,1) interval.

Figures 1 and 2 illustrate some of the possible shapes of the pdf and
cdf of the NGEV distribution.
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Fig. 2. The cdf of the NGEV distribution at different values of its param-
eters.

3. PROPERTIES OF THE NGEV DISTRIBUTION

In this section, we discuss some properties of the NGEV distribu-
tion.

3.1 Quantile, Median and Mode
The gth quantile, can be computed to the NGEV distribution as

mq:1n<)\(—ln(1—qé))%>,0<q<1. “4)

The median of the NGEV distribution, i.e. z¢ 5, is given by

median(X) = o5 = In (/\ (— In (1 - (0.5)5)) %) .65

Moreover, the mode of the NGEV distribution can be obtained by
deriving its pdf with respect to x and equal it to zero. Thus the
mode of the NGEV distribution can be obtained as a solution of the
following nonlinear equation

(a—1) (e:)k (5 (1 - e(ef)k>l - (ej)k +1 :(2;

One can’t get an explicit solution of (G) in the general case. Numer-
ical methods should be used to solve it.

3.2 Moment generating function of NGEVD

In this subsection, the moment generating function and the rth mo-
ment about the origin of the NGEV distribution are computed.



THEOREM 2. The moment generating function of this NGEV
distribution is as follows
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The rth moment about the origin of the NGEV distribution is given
by E(X") = dt’" " Mx (t) |t=0 and by using maple software, we
find Mx (0) = 1.

4. RENYI ENTROPY OF NGEVD

In this section, we compute the rényi entropy which is a measure
of the uncertain variation

THEOREM 3. The Rényi entropies for the NGEV distribution
are given by

Ir (0) = log[I (9)], 6 # 1 @)

1
1-96
where

1(8) = a®k? 2 (0‘5; 5) (1)’ (61+Z>6 YOG,

PROOF.

i=0 0
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let (6 +14) (%)k =u,z =1In
ﬁdu,u:0—>oo

(@) + tinw, do =

1(6) = k%™ 1?: (“5 5) (-1)° (5Jlri>6/0me“u51du
= o'k 1i (0‘5 5) (—1)’ (5;‘)6“5)
|

5. MOMENTS OF ORDER STATISTICS OF NGEVD

Suppose that n random variables X7, X5 ..., X, are ordered in
non-decreasing magnitude and written as X 1 < Xop <0 <
X.n- Where the smallest order statistic is denoted by X1 n, the
second smallest is denoted by X5.,,, and so on, and the largest order
statistic is denoted by X,,.,, and X,..,, is called rth order statistic.
In the definition of order statistics, there is no restriction on whether
X,s are independent or identically distributed. But many well-
known results about order statistics are under the classical assump-
tion that X s are independent and identically distributed (iid). The
pdf of the r** order statistic is

n!
frin (m) = m

, —00 < x <0

F@IF @] 1=F@)""

where f () comes from (3) and F (z) comes from (2).
The kth moment about zero of the rth order statistic is given by the
following theorem

THEOREM 4. The kth moment about zero of the rth order
statistic for the NGEV distribution is given by
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6. ESTIMATION AND INFORMATION MATRIX
OF NGEVD

In this section we discussed the estimation of the NGEV parameters
by using the method of maximum likelihood based on a complete
sample.

6.1 Maximum Likelihood Estimators

Let x4, 22, ..., x,, be a random sample from NGEV distribution.
Then the log-likelihood function of the NGEV may be expressed
as

L = logl(z;a,k,\) =nloga+nlogk + k:Zlog (e/\1>
i=1

evi z;

_z";< - )k+(a_1)§;10g <1_e*(€¥)k) ©)

Differentiating the log-likelihood with respect to o, A and k, re-
spectively, and setting the result equal to zero, we have

oL n ,(ewz‘)k
E+Zlog(1—e x ) (10)

o

oL n ~ evi DL femi\F eri
ok E+,§_:10g<)\>72<)\)10g<)\>

fla-DY L an
i=1 176’( )
oL fnk+ﬁ " [emi k_(ozfl)k
ox ~ x Tz )

(12)

The maximum likelihood estimates @, X and % of the unknown
parameters «, A and k respectively, are obtained by setting these
above equations (T0)- (I2) to zero and solving them simultane-
ously.
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6.2 Asymptotic Confidence Bounds

In this subsection, we derive the asymptotic confidence intervals of
the unknown parameters «, A and k£ when o, A > O and k > 0. The
simplest large sample approach is to assume that the MLEs(a, A, k)
are approximately multivariate normal with mean (o, A, k) and co-
variance matrix I, where I, ! the inverse of the observed infor-
mation matrix which is defined by

92r 921 220 !

9g2 0P\ 0ook
BgL BoéL E)oéL

It =— |- oL oL
gl A
dkda  DkOA k2
var (@)  cov (a,i) cov (@, k
= | cov /)\\,& var (X)  cov /):,E (13)
cov E,& cov (E, X) var (E)

The second partial derivatives included in I5! are given as follows
2L _ -n
a2 T a2

n n eri \k e®i )2
?92TI5 = *2 Zi:l()\) (IOg(A)) +

(1 (5 ()

(a— 1)2?:1

2L _ nk  k(1-k) <—n e?i\k | (a—1)k —n R;
o =% Tt i (50) e N FEY I

2 n W
aaaéfk =2 SN F
1767< X )
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1*67 A )
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where the functions W; and R; are given by

W; =log (£*) e

e®i\k
Ro=e (%) ()"
The above approach is used to derive the (1 — §) 100% confidence

intervals for the parameters o, A and k as in the following forms

RGO

k

:EZ%\/W, :\\:I:Z% var (X), E:I:Z% var (75),

where Z s is the upper (%)th percentile of the standard normal

Q)

distribution.



7. APPLICATION OF THE NGEV DISTRIBUTION

Now we use a real data set to show that the NGEV distribution is
competitive among other known distributions such as Gumbel type-
2 (G type-2) distribution, Exponentiated Fréchet (EF) distribution,
Fréchet distribution and lognormal (LN) distribution. The data set
in Table 1 shows the survival times in months of 20 acute myeloid
leukemia patients reported in Afify et al. [19].

Tablel: Survival times in months of 20 acute myeloid leukemia patients

2226 2113 3.631 2473 2720 2746 1972

2.050 2.061 3915 0.871 1548 2808 1.079

1200 0.726 2967 1958 2265 2.353

The MLEs of the unknown parameters o, A and k are given in Table
2. Also, the values of the log-likelihood functions L, the statistics
AIC (Akaike Information Criterion), CAIC' (Consistent Akaike-
Information Criteria) and BIC' (Bayesian Information Criterion)
are given in Table 3 for the five distributions in order to verify which
distribution fits better this real data set.

Table 2: The MLEs and the values Of L

[ Model | MLEs [ L ]

Gtype2 | 8 =2.6040,% = 2.0651 | -29.08667
EF a = 0.3928,6 = 3.4393 | -31.89448
Fréchet 6= 1.7378 -35.45610
LN 7l = 0.6071,6 = 0.4360 | -25.71549
NGEV | & =26.380,\=0.292 | -24.347
k= 0.382

Table 3: The values Of AIC, BIC and CAIC
[ Model | AIC [ BIC | CAIC |

G type-2 | 62.1733 | 64.1648 | 66.1648
EF 67.7889 | 69.7804 | 71.7804
Fréchet | 72.9122 | 76.9037 | 74.9079
LN 55.431 | 57.4225 | 59.4225
NGEV 54.694 | 52.5971 | 56.194

Since the values of —L, AIC, BIC and CAIC (see Table 2 and
Table 3) are smaller for the NGEV distribution compared with
those values of the other models, then the new distribution seems
to be a very competitive model based on this real data set.
Substituting the MLEs of the unknown parameters into (T3), we get
an estimation of the variance covariance matrix as the following:

1.559 x 10® —27.535 —5.764
I;'=| —27535 0513 0.111
—-5.764  0.111  0.025

The approximate 95% two sided confidence intervals of the
unknown parameters o, A and k are, respectively,given as [-
50.99,103.78], [-1.112,1.696], [0.0721,0.6919].

The profiles of the log-likelihood functions of «, A and k of NGEV
for survival times in months of 20 acute myeloid leukemia patients
data are ploted in Fig. 3 and Fig. 4. From the plots of the profiles
of the log-likelihood function of «, A and k , we observe that the
likelihood equations have a unique solution.
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Fig. 4. The profile of the log-likelihood function of k.

8. BIVARIATE NEW GENERALIZED EXTREME
VALUE DISTRIBUTION

In this section, we discuss the BNGEV distribution.We start with
the joint survival function and derive the corresponding joint prob-
ability density function of this distribution

8.1 The Joint Cumulative Distribution Function

Suppose that Uy ~ NGEV (a1, A\ k), Uy ~ NGEV (aa, A k)
and U3 ~ NGEV (as, A, k) are independent random variables.
Define X; = max{U;,Us} and X5 = max{Us, Us}. Then, the
bivariate vector (X1, X3) ~ BNGEV (o, as,as, A k)

In the following lemma, We study the joint cumulative distribution
function of the random varibles X; and X5.

LEMMA 5. The joint cdf of X1 and X5 is given by



— 2000

where z = min (1, x2) .
PROOF.

Fengev (1,22) = P (X1 <1, X5 <o)
= P (max{U;,Us} < x4,

max {Us, U3} < x2)

= P(U; <21,U; < 2o,

Us < min (21, x2)) .

Where, U; (i =1,2,3) are mutually independent random vari-
ables. Then, we obtain

Fenerv (z1,22) = P(Uy <) P (Uz < 22)
XP(U3 S min(ml,mg))

Fngev (151;1117)\7]?) Fngev (352;@27)\7]?)
xFnaev (203, \, k)

- (1) e )
w(1-e =)™
(1)

8.2 The Joint Probability Density Function

In this subsection, we study the joint probability density function
of the random varibles X; and X5 in the following theorem.
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THEOREM 6. If the joint cdf of (X1, X3) is as in (14) then, the
Jjoint pdf of (X1, X5) is given by

fi (331,332) if x1 < o
fQ (331,332) Zf To < X1
fs(@) ifri=z =2

fenGev (T1,T2) =

where
fi(z1,22) = fneev (1,00 + a3, \ k) fveey (22; 00, A k)
x k x k x k
e®1 (e er2
:(O(1+OZ3)]€2<T> 6(’\)062<>\)
eZ\* 21\ k\ @1tasz—1
xei(%> (1767(6%1))
Lwg Rk @271
x (1—e’(T) ) (15)
fa(z1,22) = fyaev (T1500, M k) fnaev (25 a2 + as, A, k)
x k T k T K\ @1—1
= a1k? <£) ef( *1) (1—67( *1) >
A
@2\ K 2\ F
><(Oé2+043) (%) 67( A )
2o\ k\ @2+a3z—1
x (1—6*( ) ) (16)
%]
f3(z) = fyncev (T;00 + ag + ag, \ k)

a1+a2+a3

z\ k > = ar+agztaz-1
ask (%) e ()" <1fe*(%)k) 17)

PROOF. Let us first assume that x; <  zo. Then,
Fpneev (71, x2) in (14) becomes

@1\ k\ ¥1tas Lo\ R @2
Fengey (T1,22) = (175( x-) ) (176*(72) ) .

Then, upon differentiating this function w.r.t. z; and xo we obtain
the expression of f (x1,x2) gives in (15). By the same way we
obtain fs (1, x2) when zo < z;. But f3 (x) cannot be derived
in a similar way. For this reason, we use the following identity to
derive f3 (x)

ffic fffc fl (131,432) ditldiﬁg + szc ffolc fg (131,432) d.TQdiEl +
ffzc f3(z,x)de =1

let
11 = ff; fffo f1 (ml,mg)dazldazg and

ff; f,zolc fa (w1, 2) dradz,
then

e * z1\k 7(&1)7@ a)+az—1
L= 2 2 (ay + ag) K2 (52) (1_6 : )

z1\ K Lra\k crg Rk @271
Xazef(e’\l) (ezg)kef( *2) (1—67(72) ) dxidxs

12 -

A

) z k 2o\ k 2o\ k\ @1F+aztaz—1
= / ask <%> ef(ekz) (1 — ef(ekz) ) e dzo
- (18)




Similarly

o x k T k

I, = / ok (%) e_( ’\1)
- Jwp VR @1taztaz-l

X (1—67( A ) ) dxy (19)

From (T8) and (I9), we get
fO f5 dm =1- Il 12

ok _(eE\F
= [T (art+aztaz)k(5) e ()
N ajtagstaz-1
X <1fe’(T) ) dr—

B\ @1 toaztaz-1

I agk (££)F e (5" (1_5(%) ) o

ok 2k al+tastaz—1
© ak er kef(ﬂT)k 1—@7(%),‘ dzr
—o0 H1 A
Then
f3 (1‘,1’) =

_a3k( )k 7(%)k ]_—(37(?7)]c

fyaev (T3 a1 + az + az, A\ k)

ajtaztaz-1

ag
altaz+tasz

This completes the proof of the theorem. m

8.3 Marginal Probability Density Functions

The following theorem gives the marginal probability density func-
tions of X and X5.

THEOREM 7. The marginal probability density functions of X;
(i =1,2) is given by

fx. () = (ai+a3>k<€f)ke(e?)’“

z; a;+az—1
X (1—67(6)‘ )k) ’

= fyeev (T 0+ a3, A\ k),

i=1,2. (20)

PROOF. The marginal cumulative distribution function of X,
say F' (x;), as follows:

F(z;) = P(X; <ux)
P (max{U;,Us} < z;)
P(

Ui <z;,Us < ;)

since, the random variables U; (¢ = 1,2) and Us are mutually in-
dependent, then

F(z;) = P(U; <z;) P(Us < xy)
= Fyeev (T 05 + ag, A\ k)

@i\ kY ¥itos
= (176*(5A ) ) 1)

Differenting w.r.t. #; we obtain the formula given in (20). m

8.4 Conditional Probability Density Functions

Given the marginal probability density functions of X; and X
we can now derive the conditional probability density functions as
presented in the following theorem
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THEOREM 8. The conditional probability density functions of
X, given X; = x;, f(x;|z;) 4,5 =1,2; 1 # j, is given by

1 .
f;((>|x (wilz;) if z; <,

2 .
f§(1)|xj (wila;) if @i <,

3 .
f” (x2|x]) if x; =x; =,

Ixix; (@ilzy) =

where N
f)((n\x (zilz;) = (Otj (i + az) k (5 )k e*(eT)

(1 - ef(ﬂii )k>a+%1> + (a; + az) (1 — e7<e§j )k)%

z;\k o\ k a;—1
1P (@ilay) = auk (52)" e (57) (176;( ) )
fX [ X (l‘,|$]) a; +a3 (176 (ef\l) ) 1’ .

PROOF. The proof follows immediately by substituting the joint
probability density function of (X3, X5) given in . and
and the marglnal probability density function of X; (z = 1 ,2)
glven in (20), using the relation

in|Xj (xz\x]) =

fX',Xj(Ii»Ij) ,
— = i=1,2. =
ij (17)

9. MAXIMUM LIKELIHOOD ESTIMATORS OF
BNGEVD

Kundu and Gupta [[1] used the method of maximum likelihood
to estimate the unknown parameters of the bivariate generalized
exponential distribution. In the same way we use the method of
maximum likelihood to estimate the unknown parameters of the
BNGYVD distribution.

Suppose ((z11,%21), ...y (T1n,Z2,)) is a random sample from
BNGVD distribution.Consider the following notation

L = {4 zu<z}, L = {izu>xn}, Iz =
{’L a:h—xgl—x} I—Il UIQU[3, |[1‘—TL1,|[2|—’I’LQ,
|I3| = ng, and ny + na + n3z = n.

The likelihood function of the sample of size n is given by:

l(al,a2,a3,)\,k) 1f1(271ufl72z) 1f2($1z,$2z) 1f3(36z)

The log-likelihood function can be expressed as
L(ay, a9, a3, A\ k) =Inl (a1, as, az, A\ k)
= miln(m+az) + niln(k) + kX In(SE) —

NN
it (ez%)k + (a1 +a3—1)Y " In (1767( x ) )
min (02) + myIn (k) + kS, In (552) - S0 (552)"

z9; \ k
(e =1)37" In (1_6 ( x ) + naIn (aq)

meln(k) 4 BT () - X ()
(= 1) 3552 ln<1_@ (E,Ah)) + noln(ag + asg)
meln(k) + REZ () - X ()
(a2 a5 —1)32 In (1_5 (%) )+n31n(a3)

Fraln(k) £ KX () - SR ()T +
(1 +ag+az—1)37"% In (1 _ e (55)

+ o+ o+ o+ o+ A




Differentiating the log-likelihood with respect to oy, a2, a3, A and
k respectively, and setting the results equal to zero, we have

1

oL _ +3M In (176*(%)k>+ﬂ

doy a1+a3 o

no 117 n3 e"'i k
+Zln(1—e = )—I-Zln(l—e A)> (22)
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+Zln(1—e =) )—I-Zln(l—e A)> (23)
i=1
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n e n3 T k
+Zln<176 A ))+Zln<1767(’\)> (24)
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The maximum likelihood estimates &y, Ga, &z, A and k of the un-
known parameters av;, aia, a3, A and k respectively, are obtained
by solving Equations (22) -

(26)

10. DATA ANALYSIS OF BNGEVD

In this section, a real data set is used to compare the goodness of
fiting of the Marshall-Olkin bivariate exponential (MO) distribu-
tion and Bivariate New Generalized Extreme value (BNGEV) dis-
tribution. The data set (see Table 4) was first analyzed in [1] and
represents the soccer data where at least one goal is scored by the
home team and at least one goal is scored directly from apenalty
kick, foul kick or any other direct kick( all of them will be called
kick goals) by any team that has been considered. It is a bivariate
data set, and the variables X; and X are as follows: X represents
the time in minutes of the first kick goal scored by any team and
X, represents the first goal of any type scored by the home team.
Clearly, the variables X; and X, have the following structure: (i)
X < Xo, (i) Xy = Xo, (iii) X; > Xo.

Table 4 UEFA Champion’s League Data
[ X [ X [ X [ Xo [ X [ Xe [ X0 [ X, ]
26 20 66 62 51 28 42 3
63 18 25 9 76 64 27 47
19 19 41 3 64 15 28 28
66 85 16 75 26 48 2 2
40 40 18 18 16 16
49 49 22 14 44 13
8 8 42 42 25 14
69 71 36 52 55 11
39 39 34 34 49 49
82 48 53 39 24 24
72 72 54 7 44 30

The required numerical evaluations are carried out using the Pack-
age of Mathcad software. Table 5 provides the MLEs of the model
parameters.The model selection is carried out using the AIC
(Akaike information criterion) and the B/C (Bayesian information
criterion).

Table 5: The Maximum likelihood estimates (MLEs)

[ Model | MLEs ]
MO | A = 0.012, %, — 0.014
X5 = 0.022
BNGEV | a; = 3.682,a, = 1.398

Qs = 3.386, \ = 57.447
k= 0.022
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Fig. 6. The profile of the log-likelihood function of 1

Table 6: The values Of L, AIC and BIC.
[ Modl | L | AIC | BIC |
MO -339.006 | 684.012 | -344.423

BNGEV | -297.342 | 604.684 | -306.369

Since the values of —L, AIC and BIC' (see Table 6) are smaller
for the BNGEV distribution compared with those values of the
other models, then the new distribution seems to be a very com-
petitive model to these data

The profiles of the log-likelihood function of o, o, a3, A and k
of BNGEYV for UEFA Champion's League data are ploted in Fig. 5,
Fig. 6 and Fig. 7. From the plots of the profiles of the log-likelihood
function of «, asg, a3, A and k ,we observe that the likelihood
equations have a unique solution.

11. CONCLUSIONS

In this paper, we proposed a new generalized extreme value
(NGEV) distribution. Some statistical properties of this distribu-
tion have been studied and discussed such as quantile, median,
moment generating function and moments of order statistics. The
maximum likelihood estimators of the parameters are derived. A
real data set is analyzed using the new distribution, Gumbel type-
2 (G type-2) distribution, Exponentiated Fréchet (EF) distribu-
tion, Fréchet distribution and lognormal (LN) distribution. Baised
on the comparisons between all these models, we conclude that,
the introduced model is highly competitive in the sense of fitting
this real data set. Also, bivariate New Generalized Extreme Value
(BNGEV) distribution.is introduced. Marginal and conditional dis-
tribution functions are studied. Furthermore, maximum likelihood
estimates (MLEs) of the parameters are presented. A real data set
is analyzed using the new distribution and Marshall-Olkin bivariate
exponential (MO) distribution. Baised on the comparisons between
all these models, we conclude that, the introduced model is highly
competitive in the sense of fitting this real data set.
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