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ABSTRACT

In this paper, double wavelet series of a signal f of two variables
t1 and to using Haar Scaling function ®(t1,t2) = &(t1)p(t2)
and Haar Wavelet function W(t1,%2) = (t1)1(t2) has been
introduced and it has been verified by a number of examples.
Several  properties of this signal and it’s image
have been studied.The significient result of  this
paper are the decomposition and reconstruction of
signals of a single variable ?¢; and signals of two variables
t1 and to using Haar Scaling signal as well as Haar Wavelets.
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Wavelet Series of two variables, Application of Wavelets in Image
Processing.
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1. INTRODUCTION

The Haar Wavelet expansions of signal and their applications in
Image Processing is an interesting problem in Computer Science.
Haar Wavelet is generally known as the first basic wavelet. It was
firstly introduced by Alfred Haar[l] in 1910. Haar Wavelets in
single variable are applicable very frequently in Signal Processing.
There is a need of larger storage space for the digital images
because they have repeated data. Also, there is a requirement of
much storage space and sufficiently large period of downloading
for the sufficiently large amount of data as per our need for
the furthur study. This type of huge personal workload can be
minimized if the required data is compressed. It is a challenging
task to compress the pixels without affecting the quality of
image by compression techniques. In modern technology, the
computer has the capacity to store a large amount of data as per
need of modern society. This problem is affected by low internet
connection due to which it takes a large amount of time to
download the considerable amount of data. It is remarkable to
note that wavelet transform and the exapansion of signal by
wavelet methods increase the speed of this process. The wavelet

K.K.Shukla

Department of Computer Science and Engineering
Indian Institute of Technology
Banaras Hindu University
Varanasi-221005, India

Sarika Keshri
DST-CIMS
Institute of Science
Banaras Hindu University
Varanasi-221005, India

expansions of signals have sufficient applications and role in
deducting disrupt in the functioning of signals. If a researcher is
interested to download the image of a signal by the help of
computer then computer perform this task by the wavelet
transform matrix of the concerned signal. This procedure is
completely depending on approximation coefficients of the
wavelet expansions of the series of concerned signals. When a
perticular information is generated by the help of wavelets then it
can be converted into its image. This process is continued until the
original image is reconstructed. Now a days, several steps of data
compression can be perfomed by wavelet. The collection of finger
print cards are performed by using the compression techniques as
per need of FBI(Federal Beuro of Investigation). There is a need
of larger storage space for this technique. Thus the researchers
feel difficulties. This difficulty is increased in case of storage
space and requirements of some informations. A number of earlier
mentioned problems of compression of data can be solved by the
help of wavelets like Haar wavelet, Maxican wavelets, Shannon
wavelets etc.

Signal processing is an advanced technology for the
processing of images using mathematical operations by using
some forms of signal processing. In this process, input is an
image, a series of images or video of frames and output of
image processing is either an image or a set of characteris-
tics in the form of parameters related to the image concerned.
Thus, signal processing encompasses the fundamental theory,
algorithm, transferring informations and applications.In this
process, the informations are transfered in several different
physical, symbolic or abstract formats which depends on the
designing of the signals.

Mathematical, statistical, linguistic, computational representations
are useful in modelling, synthesis, analysis, discovery as well as
recovery and sensing and learning of technology and engineering
of signal processing.

In general, image processing is concerned to digital image
processing but in the major, there are possibilities of optical as
well as analog image processing.

There are important role of computer graphics and computer vision
in image processing. In computer graphics, images are made by
the help of following techniques:



(1) Physical models of objects, enviorments and lightening from
natural resources (scenes) which are possible in most animated
movies.

In case of computer vision, high-level image processing is
generally considered. In this process, a machine, a computer
software intends to decipher the physical aspects of an image are
helpful to study the properties of images consist of videos or 3D
full body magnetic resonance scans.

In advance science and technology, generally images gain very
wide scopes. In case of scientific visualization, it includes micro
array data.

Ihe classical numerical analysis techniques contain the principles of
signal processing and digital control systems include the important
concepts of digitalization on digital refinements of related methods.
The objectives of this paper are mentioned below :

(i) The expansion of signals(as a function of single variable)
using Haar scaling functions and Haar wavelet to demostrate
the imortance of wavelet exapansion.

(ii)) The expansion of signal(as a function of of two variables) using
double Haar scaling function and double Haar wavelet function
and its verification for the correctness of introduced expansions
by several examples.

(iii) The expansion of signal as a function f(t) of single variable
belonging to Lipa class 0 < o < 1

(iv) To generate the concept of the signals as a function f(¢1, t2) of
class Lip(a, ) of two variables and to discuss the importance
of these signals

(v) To investigate the nature of above mentioned signals(or
functions) and to study in detail the performance of images
of these signals under specific conditions.

(vi) To decompose original signal and image and reconstruct
original signal from decomposed signal.

2. DEFINITIONS AND PRELIMINARIES
2.1 Signal

A signal is variation of physical (measurable) quantity over time.
Signal is composed of number of fundamental waves like sine
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Fig. 1. Graph of ECG

waves, cosine waves etc with different frequencies, amplitudes and
phases. The time of appearance of concerned waves are different
within the time interval of informations received by signals. Signal
can be of two types i.e. Stationary and Non Stationary (transient).

Stationary signal consists of waves having different frequencies
and amplitudes. Times of presence of all component waves within
the time interval (in which signal exists) are same and present in
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the entire time interval (in which signal exists). Phases of these
waves are also same i.e. these waves start at phase zero.

Non Stationary (transient) signal is composed of waves having
different frequencies, amplitudes, phases and with different time
of appearance within time interval (in which signal exists) i.e.
component waves usually appear for short amount of time (within
time interval taken into consideration for the signal) and may start
with different phases.

Time and Space tradeoffs
Data needs to be transformed into other form provided that it
may be constructed back to its original form in order to minimize
amount of time (transfer time when data is transferred over
network) and storage space.

Decomposition of a Signal

Taking all possible combination of frequencies, phases and time
of presence within time interval considered of fundamental waves
and calculating their amplitudes w.r.t. the signal.

Reconstruction of the signal
Summing up all the waves according to their time of presence.

Fourier Transform

Set {e'“* = cos(wt) — isin(wt)} forms orthonormal basis in
L2%(R) where

< f, e > is amplitude of sinusoidal wave for fixed w .

Signal is decomposed by calculating amplitudes of sinusoidal
waves for all w w.rt. f(t) ie. calculate < f, et > for all w
and is reconstructed by taking linear combination of all waves i.e.
S < fiet > e™tln this way, Fourier transform converts
signal in time domain into signal in frequency domain. Stationary
signal can be best decomposed and reconstructed using Fourier
transform. But for decomposition of non stationary signal, an
orthonormal basis is needed, which contains waves of all possible
combination of different frequencies as well as different phases

and different time of presence within the time interval.

Role of Wavelet in Signal Processing

In 1982, Morlet first time introduced the idea of wavelets as a
family of functions constructed from translations and dilations of
a single function called mother wavelet. later Meyer and Mallat
recognized that construction of different wavelet bases can be
realized by the so called multiresolution analysis. The fundamental
idea of multiresolution analysis is to represent a function as a limit
of successive approximations, each of which is a smoother version
of the original function. The successive approximation corresponds
to different resolution, which leads to the name multiresolution
analysis as a formal approach to constructing orthonormal wavelet
bases using resonable rules and methods.

2.2  Multiresolution Analysis (MRA)

Mutiresolution analyses (MRA) with father wavelet or scaling
function ¢ consists of a sequence of closed subspaces {V;} jez of

L*(R) satisfying the following properties.

Monotonicity
The sequence is increasing. V; C V1 forall j € Z.

Existence of Scaling Function




There exist a function ¢ € Vj such that g ,, = {¢(t — n),n € Z}
is an ort2honormal bagsis for all V;, )
ie |fllz = [ NfIPdt =301 < f,p0,n > | forall f € V.

Dilation Property
f(t) € Vo iff f(27¢) € V}, foreach j € Z.

Trivial Intersection Property
NjezV; = {0}

Density
UjezVj = L? (R)

2.3 Haar Scaling Function and Father Wavelet in
single variable

A function ¢ € L2(R) over the interval [0,1) is defined as follows

¥ = Xlo,1)

or

1 ifo<t<1
t) = = ’
#(?) {0 otherwise

is called Haar scaling function in one variable.

Haar Secaling Function

Fig. 2. Graph of one dimentional Haar scaling function ()

Dilated and translated version ¢ is defined as follows :

@i k(t) = 20/%p(27t — k)

where

p(2t — k) =

1 ifk/279 <t < (k+1)/27,
0 otherwise

is called a system of Haar scaling functions.
 satisfies the following properties:

(i) ¢ e L*(R).

(ii) Scaling function ¢, x (t) are supported on a dyadic interval.
ie. I, =[k/27,(k+1)/27) foreach j, k € Z

(iii) V; = span{p; i, j, k € Z}.
{V;}%__, is a Multiresolution Analysis of L?(R)

j=—00

(iv) [7 e(t)dt #0
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V) @(t) =32,  enp(2t —m)in € Z
where ¢, =< ¢(t), (2t —n) >

2.4 Haar Scaling Function and Father Wavelet in two
variable

Let R be the set of real numbers. A function @ : [0,1) x [0,1) = R
defined by

D(t1,t2) = @(t1)p(t2)
is called a Haar Scaling function in two variable ¢; and 5

D g (b1, t2) = ik (t)ey w(ta)

= 20/299' 227ty — k)p(27 t, — k')
2.5 Haar Wavelet Function
A function ¢ € L?(R) over the interval [0,1) is defined as follows:
¥ = Xjo,1/2) — X[1/2,1)
or
1 ifo<t<1/2

Pp=<-1 if1/2<t<1,
0 otherwise

is called a Haar wavelet function.

Haar Wavelet Function

Fig. 3. Graph of one dimentional Haar wavelet function(t))

Dilated and translated version 1); j is defined by :

viklt) = 272 (2t —k)
29/ ifk/2 <t < (k+1/2)/2,
= —29/2 if(k4+1/2)/29 <t < (k+1)/27,
0 otherwise

Haar wavelet 1 satisfies following properties:

Q) ¥ e L*(R).

(ii) Wavelet function 1); 1 (t) are supported on a dyadic interval.
ie. I;, =[k/27,(k+1)/27) foreach j, k € Z

(iii) Foreachj, W; =clospzm) < ¥k €Z >,
L*R) =32, W;



(iv) ® satisfies admissibility condition (C'y,) defined as follows:

Cw:mi(if)‘z‘“ <O=>w(0):0(:>/xw(t)dt:
V) Y(t) =205 (D) a2t +n)in € Z

where ¢,11 =< ¥(t), (2t +n) >

2.6 Haar Wavelet Function in two variable
A function ¥ : [0,1) x [0,1) — R is defined by

U(ty,t2) = Pty) Ytz)
is called Haar wavelet in two variables ¢; and ¢,
where ’l/J( ) [O 1/2)( ) X[I/Z,l)(t)-

U(ty,t2) = (Xj0,1/2)(t1) —
—X[1/2,1) (t2))
= X[o0,1/2)(t1)X[0,1/2) (t2) — X[0,1/2) (t1)X[1/2,1)(t2)
— xnu/2,0 E1)X0,1/2) (t2) + X1/2,0) (F1) X[ /2,1) (t2)
1 0<ty, ty<1/2
-1 0<t:<1/2,1/2<t,<1
1/2 <t <1,0< ty < 1/2
1 1/2<t, ta<1
0 otherwise

X2, (1)) (X[0,1/2) (t2)

3. SINGLE HAAR WAVELET SERIES

3.1 Haar Wavelet Series for a signal f € L?(R) over
the interval [0, 1) at resolution m.

Wavelet series of a signal f € L%(R) using Haar scaling function
¢ and Haar wavelet function ¢ is written as

2m_1 o 29-1
= Z Cm,nPm,n () + Z Z d; 1 ; (1) (€]
n=0 j=m k=0

where

Cm,n =< f7 Pm,n >, dj,k =< f7 w]k >

For m = 0 the series ([I)) reduces to,

0o 27-1
f(t) = coowpoo(t +Z dj kP55 (t) (€5
J=0k

=0

For f(t) = X[0,3/4)(t), the value of c,, ,, and d ;, are calculated
considering table

By rewriting equation ( [2) w.r.t.the conditions mentioned in the
table ([I), we can say that,

Any signal f € L2?(R) over the interval [0,3/4) can be
expanded at resolution m = 0 in single Haar wavelet series as

oo
+ Z dj0tj0(t)
j=1
oo 3%2772-1

+>° Z dj ki r( 3)
j=2 =

f(t) = ¢0,000,0(t) + do,0%0,0(t) + d1,191,1(2)
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Cases| [0,3/4)N[k/2?,(k+1)/27)| Values of j and k satisfied

. [k/27,(k+1)/27) j=k=0
overlapes [0,3/4)

). [0,3/4) intersects j=k=1
[k/27, (k +1)/27)

3). [0,3/4) overlapes j>1k=0and
[k/27, (k +1)/27)

j>21<k<(3%2972-1)
Table 1.

4. DOUBLE HAAR WAVELET SERIES

4.1 Double Haar Wavelet Series for a signal
f € L?(R x R) in the region [0,1) x [0,1) at

resolutions m; = m and my = m/.

A signal f : [0,1) x [0,1) — R is expressed as double wavelet
series using doublw Haar scaling function ¢ and Haar mother
wavelet ¥ in the following form:

om_19m' 1

tl7t2 Z Z Cm,n;m/ ,n' Pm,n;m/ n’(tlth)

n=0 n'/=0

o 201

+ Z Z Z TYLnJ’k/LPan’k/(t17t2)

n=0 j'=m' k'=

00 2"1 -1
Z Z Z g,k;m/ n’w] kym/, n’(t17t2)

o 20-1 0o 201

+ 35T ST ST et (b ) ()
—m/ k'=0

j=m k=0 j'=m/

where

Cm,n;m/ n/ =< fa Pm,n;m! ,n’' >,

/ _ /
Cmamigt ok =< Js P >

d’] k;m/,n/ =< f? ,lp;',k;m’,n’ >,
dj s k0 =< Fs Vs ksgt b >

Pm,nym! ,n’ (tla t2) = Pm,n (tl)sanﬂ,n’ (t2)7

O (t1st2) = Qo (E1)jr w0 (t2),
w},k;m/,n’ (tla t2) = wj,k(tl)ﬂonl’,n’ (t2)7

Y sg e (t1, t2) = 5 . (t1) g0 (t2)-



4.2 Double Haar Wavelet Series for a signal
f € L?*(R x R) in the region [0,3/4) x [0,3/4) at
resolutions m; = my = 0.

For f(t1,t2) = X(o,3/4)(t1)X[0,3/4)(t2), m = m' = 0, the series
Ml reduces to

f(tita) = €0,0:0,090,0:0,0(t1,t2) + €0.0.0.090,0:0,0(t1, t2)

o0
! / / /
+ €0,0,1,1%0,051,1(t152) + Z €0.0:57.0%0.0:57.0(t15 t2)

§'=1

0o 3x29'-2_1

+ Z Z c0 055" ,k"pi),o;j’,k’(tht?)

j'=2 k=1
+ dloﬁo;o,owo,o;o,o(tlyh) + do,0:0,0%0,0,0,0(t1, t2)

+ dooatoora(tite) + 3 dooyovoos ot tz)

i'=1

oo 3x29'-2-1

+ Z Z do,0:57, 10,0457,k (t1, t2)

= K'=1
+ d’1,1;o,o¢1,1;o,o(tlat2) + di1,0,0%1,10,0(t1, t2)

o0
+ diati10(tt2) + Z dy 1,5,0%1,155,0(t1, t2)

i'=1

o 3x29'-2_1

+ Z Z di 101,155 0 (B, 62)

=2 k=1
o0
i /
+ D 00.0%00.0(t1 t2)
=1

[e's)

i~
+ Z dj,0:0,095,0,0,0(t1, t2) + Zdj,0;1,1¢j,0;1,1(t1,t2)

j=1 j=1

+ Z d;,0:57,095,0:57,0(t1, 2)

145/=1

3

<.
Il

0o 3x29'2-1

+ZZ Z dj,0:5, k' V5,051 (t1, t2)

j=1j=2 k'=1

3

oo 3%2972-1

+Z Z dykoowgkoo(tlatz)

=2
3x27-2_1
dj1;0,005,k50,0 (t1, t2)

+
'M8

djks1,1%5,k51,1(t1, 22)

Z dj kgt 05 k550 0(t1, t2)

<.

Il
[\V)
>

Il
-
Q\
-

3429721 oo 342021

SN dikgwtingstint) G)

=2 k=1 j=2 k'=1
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5. DECOMPOSITION AND RECONSTRUCTION
OF A SIGNAL

5.1 Decomposition of signal

The decomposition of a signal can be performed by the help of
following steps:

(i) Needs to be discritized such that total number of discrete points
will be in exponent of 2 and minimum number of discrete
points will be 2(™*1) i.e. space between two discrete points
will be (b—a)/2" if 2" is total number of discrete points taken
provided r > (m + 1).

(ii) Construct Haar wavelet matrix of 2" x 2" for resolution m.

(iii) Use following formulae to obtain decomposed signal

[DecomposedSignallixar = [Original Signal]yxar

x [HaarWavelet M atriz]ar cor

5.2 Reconstruction of signal

The reconstruction of a signal from decomposed signal is obtained
by following formula:

[ReconstructedSignal]ixor = [DecomposedSignal]yxar

* [HaarW avelet M atriz]or o

6. LIPSCHITZ CLASS
6.1 Lip,|a,b] Class
A function f € Lip,|a,b] forany 0 < o < 1 if

|f(t1) = f(t2)] = O(|(ts — £2)[%) V1,12 € [a, 0],
(T'itchmarsh[2], p.406)

Define f : [0,1] — Rby f(t) =t*, Vt€[0,1),0<a<1.

35

25

15

05 -2 Lo ot

Fig. 4. Graph of signal f1(t) = ¢, t € [0,1] and fo(t) = t*, t € [0,1]
fora =1/5

6.2 Lip, g([a,b] X [c,

A function f of two variables ¢; and ¢, belongs to Lip(,,g) if

d]) class

0<a,B<1.
V(tl,tQ)e

|f(t1+u, ta+0) — ftr1, t2)] = O(|ul® +|v]?),

Define f : [0,1] x [0,1] — R by f(t1,t2) =t +13,
0,1 x [0,1],0 <, B < 1



Fig. 5. Graph of signal f1 (¢1,t2) = t1 + t2, (t1,t2) € [0,1] x [0,1]

Fig. 6. Graph of signal fo(t1,t2) =t +t§, (t1,t2) € [0,1] x [0,1])
forae=1/2,4=1/3

7. EXAMPLES

7.1 Expansion of signal f(t) =t, t € [0,1) at resolution
m = 0.

Assignal f: [0,1) — Ris defined by f(t) =¢, ¢t € [0,1).
The wavelet series of f using ¢ and ) is given by

27

-

F(t) = coopoo(t) +

=0 k=0

d; ks k(1) (6)

To evaluate c,, ,,

Cm,n

<ﬁ¢mn>:/ffuwmm@w

(nt1)/2™ (nt1)/2m
/ t*2m/2dt:2m/2/ tdt
n/21n n/27n

1 1
= W(n+§> )
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To evaluate d; ;,

%k:<<ﬁ%k>:/mf@%mwm

(k+1)/27
- / Fa by (8)dt
k)24
(k+1/2)/27 (k+1)/27
= / t*Qj/th—/ tx29/2d¢
k/27 (k+1/2)/23

. (k+1/2)/29 (k+1)/27
= 21/2(/ tdtf/ tdt)
k/27 (k+1/2) /27

11 nN° )
— 523%{2(1”5) — k2 —(k+1) }

1 1

= Tiwn ®

From equations [6]to [§]

1 oo 29-1 11
f)=t= 5%00,0@)4'2 1 23]/2% k(t)
=0 k=0
Then,
1 2
||f”§ =15 H<P0,o”§
2
c 29-1 1 2 1 2
- 2
+ XX () (o) It
7=0 k=0
o 279-1
1 , 1 1 )
= 1”900,0 s+ 6 Z Z ﬁ“%‘,k”z
=0 k=0

) % ) (n+1)/2™
H%Mb:/l%mmlﬁ:/ (222t

/2’"L
(n+1)/2™
= 2"‘/ dt =1

/2m

o0 (k+1)/27
[0l = [ oo Pae= | | y.0(1) 2t

k/27

(k+1/2)/29 (k+1)/29 )
- / (29/%)2dt +/ (—27/%)2dt
k/23 (k+1/2)/27

)2 (k41)/29
I
k)2 (k+1/2)/27
| INT ko (kt1) Iy 1
_ 9] e D _ il el
2{(’”2)21 2 T2 (“2)21‘}

=1

W@Z[lf@ﬁﬁzﬂﬁng

27 -1

1 1 o 1 1
leoolls + 152220 g5 lsnlls = 5

=0 k=0
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0o 201 0 27 -1 taking square of norm of the equation both sides,
oSy Lol s L sy
16 §=0 k=0 2 416 j=0 2% k=0 2 - 1)? 1\? 2
: 115 = 3= (5) (n+3) hornl
_1+1 Zl _1+1 1 1 n=0
T4 16 \ = 2% T4 16\1-1/4f 3 % 21 N2, N2
Jj= - 2
+ 23 () (55m) It
The wavelet expansion [f]is verified. j=1 k=0
1
1
= 53 (n+3) lewnl?
n=0
‘ ’/"“ 1 0o 29-1
0.8 o i
+ eSS sl (10)
06| e ] j=1 k=0
oal //,-' | taking R.H.S of equation [T0]
02 ] RH.S = iZ net i 2||
o 23 —= 2
UUJ UH U,‘Z [],‘3 U;l UIE UTE CI!T [],‘8 [],‘9 1 0o 291 1
t 2
T 16 Z Z ﬁ”%‘,k”z
Fig. 7. Graph of signal f(¢) = ¢, ¢ € [0,1) with number of discrete I=1 k=0
points=16. 1 1 1 2 1 & 271 1
=3 <”+ 5) + 1622 2 3
n=0 j=1 k=0
00 27 -1
1/1 9 1 1
= |-+~ — — 1
(G820
j=1 k=0
T T T T T 5 1 1
' 5+ 1L )
031 R Jj=1
02} ] 5 1, 1/4 \ 1
01} ] 16 16\1-1/4)
or |‘-‘ [P Therefore [T0lis satisfied.
w1r v .
Q02+ Ilnuf" 1
0 o1 02z 03 04 05 06 07 08 09 05— 7
t l“.
o4 £
Fig. 8. Graph of decomposed signal f(t) = ¢, t € [0, 1) with number of 03 .’: | _
discrete points=16 at resolution m = 0 using Haar wavelet matrix 0o H i
011 ".‘
I i
7.2 Expansion of signal f(t) =t, t € [0,1) at resolution T og 03 0z 05 06 07 08 03
m = 1. !
) Fig. 9. Graph of decomposed signal f(t) = ¢, t € [0,1) with number of
! o 271 discrete points=16 at resolution m = 1 using Haar wavelet matrix.
= ch n@ln +Z ]kwjk ) (9)
j=1 k=0
1 7.3 Expansion of signal f(t) = t, t € [0,1) at resolution
cl,n 23/2 n+ 5 m

2m -1 oo 29-1
10 =3 g (n+ 1)+ 2 X G ggmvn) fO = 3 cnnun®+ 30 3 dithin(®)
n=0 j=1 k=0

j=m k=0
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R.H.S. =

2m_1

>

n=0

1

1
93m/2 n+§ Pm,n(t)

To evaluate cf ,

0o 3%2972-1
Z o+2 2

2 2
o0 tdoo+

we will calculate each term of this equation seprately with respect

to the cases mentioned in table ([T)

3/4
< f, >= tdt = —
Co,0 f %0,0 /) 32

)

(

(

0o 29-1
D DP I = NI
j=m k=0
2m_1
1
2
113 = g 3 (n43) lomal
n=0
0o 291
1 1 2
+ = > > sl 81
16 j=m k=0 2 Then, 03,0 = 510
1 2m -1 1\2 1 & 201 1
- - — — To evaluate d?2 , w.r.t. case-1 of table
28m (n+2) +16222j 0,0 ('
n=0 j=m k=0
i 3/4
2m 1 0 27 -
1 (2 1 1 1 d00:<f,1/J0,0>:/ t % 1o,0(t)
~ g 2 (i)t e () o
23m o~ 4 16 =, 29\ &= 1/2 3/4 1
1 ) = / tdt —/ tdt = ——
= 5= 0 12 52
1
Then, dao = ﬁ
S _ To evaluate df,l w.r.t. case-2 of table ('
025} .f' b 3/4 1/2
] 5% 2
var ] dig = < fobra>= [ tx2V2dt=""2—
,"' ’ 1/2 32
015 ¥ i
{ 50
0aH] E 2 _
," Then, dl,l = QTO
0.05 1
ST S . 2
X R THET B To evaluate Z i—1 d o W.r.t. case- 30ftable(.
t
1/27
Fig. 10. Graph of decomposed signal f(t) = ¢, t € [0,1) with number djo = < fij0 >:/ txj0(t)
of discrete points=64 at resolution m = 3 using Haar wavelet matrix ) 0 )
1/2i+1 ) 1/27 ]
= / t*29/2dt—/ t#29/2dt
0 1/2i+1
7.4 Expansion of signal f(t) =t, t € [0,3/4) 11
resolution m = 0. T 4235/2
i - 11\ 1/
f(t) = co0p0,0(t) +dooto,0(t) + ditbra(t) + Zdj,ol/}j,o(t) Then, Zd] 0= Zl T4 23j/2> ~ 16 (Zl 935
=1 J j=
o 3420721 1 1/8 1
+ > Z dj k1 ( (11) 16\1-1/8)  24%7
j=2 =
, , , To evaluate > 7° QZB*QJ ’ 1d2 W.rL.t. case- 30ftable(
I£lz = cdollvoolls +daollvoolls +d? s l¥1all; ,
i 2 (k+1)/27
> din = < f,; >:/ t ),k (t)dt
2 k K k
+ Zd olls, 0”2"’2 Z k”w]’,kHQ ’ . k/23 ’
Jj=2 = (k+1/2)/27 ] (k+1)/27 )
o 312921 = / ‘ t*2ﬂ/2dtf/ L 2/%dt
n &, /20 (k+1/2)/20
Z 0 ]222 2:: ok , (k+1/2)/27 (k+1)/27
= 2”2(/ tdt—/ tdt)
k/27 (k+1/2)/27
11
T 4239/

_ 2 2
= o0 T do,o

3/4
L.H.S. = ||f|\§:/ t2dt 56
0
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taking square of norm of equation[T2] we get
oo 320721 oo 3x2072-1 11 2 9 1
Then, d = ( - —— ) -
20 g Ui TS SRS 35 3
n=0 j=m k=0
1 3%2/-2_1 1
- = . Now,
w2 (2 ®) |
j=2 k=1 271
1 0 3 1 R.H.S. = Z cm n d?-’k.
_EZQ 4%2% 23 g=m k=0
- - - putting values of c,, ,, and d; ;, in this equation, we get
- S m) - (s ’
= 162 — 2 Y — 2 j B 2m_1 1 2
= = RHS. = 3 (5073) +0
5 n=0
287 =1
= /13
81 1 50 1 5 9 2
R.H.S = 510 T 510 T 310 + .7 + 7 26 17112 Hence equation [T2]is verified.
Hence equation [TT]is verified.
2
034 b 150 E
02 *“\‘
! 1
o}
ol '\“ ------------- 05+ B
01} l‘{ i ’ 1 0 . . s . . s . ‘ ‘
"’,' 0 01 02 03 04 05 06 0.7 08 09
0 - 0.1 02 03 04 U,‘E [],‘5 [],‘7

Fig. 12. Graph of signal f(t) = X[o,1)(¢) with number of discrete
Fig. 11. Graph of decomposed signal f(t) = ¢, ¢ € [0, 3/4) with number points=64.

of discrete points=16 at resolution m = 0 using Haar wavelet matrix

7.5 Expansion of signal f(t) = x0,1)(t), at resolution

08} .
m.
06} i
2m 1 0o 291 0al |
= Z Cm,n@m,n(t) + Z Z dj,k'wj,k(t) (12) ------ |“
n=0 j=m k=0 02r ]
[]- 1
Cm,”n, =< X[O,1]7¢m,n > L L L L L L L L L
(n+1)/2m™ %04 0z 03 04 05 06 07 08 03 1
= / X[0,1] (t) Som,n(t)dt t
n/2m
(n+1)/2™ Fig. 13.  Graph of decomposed signal f(t) = x[o,1)(t) with number of
— om/2 / dt discrete points=64 at resolution m = 3 using Haar wavelet matrix
n/2m
1
T oom/2 7.6  Expansion of signal f(t) = x0,3/4) (), at resolution
m = 0.
djx = < X[,1], ¥jk >

(k+1)/29
= / , X[0,1)(t) Y5,k (t)dl
k27

(k+1)/2j 0o 3x2972-1
= / A YiE)dt =0
k

/27 + Z Z dg k% k
Jj=2 k=1

f(t) = c0,000,0(t) + do,0%0,0(t) + d1,191,1(t) + Z dj 0,

13)



0o 329721

Il = c2o+d2o+ Z O+Z Z &,

, 3/4 3
L.HS. = |m|2:/ dt ==
0

>

0 oo 3
R.H.S. = Cg,0+d3,o+d%,1 +Z 0+Z
— j=2

%272

we will calculate each term of this equation seprately with respect

to the cases mentioned in table (|I|).
To evaluate cf ,

3/4 3
Co,0 = <f5900,0>:/ dt:z
0

9
24
To evaluate dg}o w.r.t. case-1 of table (

2 _
Then, 5, =

3/4

doo = < fiho,0 >= Yo,0(t)dt
0
1/2 3/4 1
= / dtf/ dt = —
0 1/2 4
2 1
Then, d;, = 51

To evaluate dil w.r.t. case-2 of table (

3/4 21/2
dl,l = <f,1/1171 >:/ 21/2dt
1/2 4

Then, dil =

24
To evaluate > 7 | d? ; w.r.t. case-3 of table (

1/27
djo = < [,¢50 >:/ ¥j0(t)dt
0
=0

Then, Zd?»o =
j=1

To evaluate > 7°, 23*% o d? ,, w.r.t. case-3 of table (

djr = < fivr>
(k+1)/2

_ /k/' Vi (B)dt = 0
27
o 3x2972-1

Then, Z Z d, =0
j=2 k=1

9
RH.S = —+—+—+0+0_7_|\f\|2

Hence equation [[3]is verified.
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02f
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Fig. 14. Graph of decomposed signal f(t) = ¢, ¢ € [0, 3/4) with number
of discrete points=16 at resolution m = 0 using Haar wavelet matrix.

7.7 Expansion of signal
f(ti,ta) = t1 +to, (t1,t2) €[0,1) x [0,1) at
resolutions m = m’' = 0.

From equation (EI) double Haar wavelet series for a signal f €

LQ(R x R) in the region [0, 1) x [0, 1) at resolutions m and m/ is
given by,

om _1 21nl _1

f(t17t2) - Z Z Cm,n;m’,n’@m,n;m’,n’(t17t2)

n=0 n/=0

o 201

’
+ Z Z Z cm n,],k’@m,n;j’,k’(tlth)
n=0 j'=m' k'=0

o 20-12m 1

+ Z Z djkm n/ Jk;m’,n’(tl’tQ)

j=m k=0 n'=0

o 20-1 o 291

+ 0 3N ST S dig it t2) (14)

j=m k=0 j'=m' k'=0

To evaluate c,,, ;1 n/

Cm,nym,n/ = < f: Pm, n;m! ,n' >

(n+1)/2™  p(n'+1)/2m
= / / (t1 +t2)
n/2m n!/2m’

* ‘Pm,n(tl)%n',n/ (tQ)dtldtQ

(n+1)/2m
= / t1Pm,n(t1) dty
n/2m
(n'+1)/2m
/ , Som’,n’(tQ) dtz
n!//2m
(nt1)/2™
+/ So'm,n(tl) dtl
n/2m
(n'+1) /2™
/ tQSOm’,n’ (t2) diy
n//27n/
) (n+1)/2m (n/+1)/2m
= (m+m W(/ tydty / dts
n/2m n//27n'

(n+1)/2™ (n'+1)/2m'
+/ dtq / to dt2>
n/2m n'/2m’
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_ 1 {(1+2n)

1
T 2 2mem)2 " 2m

To evaluate ¢/

m,n;j’ k'

/ p—
Crm,nsg! K =

P (E1) Y 1 (

.a +2n’)} )

2m’

< f7 Lptm,n;jr’kr >

(n+1)/2™ (k’+1)/2j'
B [1/2”L /I;’/Qj/

(tl + tg)

t2) dtldtg

(n+1)/2™
= / tPm,n(t1) dty
n

/2m

(K'+1)/27"
/k’/zj’

Yk (t2) dta

(n+1)/2m
+/ Gmn(t1) dty

n/2m

(k' +1) /23"
/ , tath;
k' /23

1 1 1

U
To evaluate d’,, .

d/

3, k;m! \n/

(k+1)/27
o

T4 om/2 232

1K (tQ) dtg

(16)

=< f7 d{;‘k;m/’n/ >

(n/+1) /2™
/n'/zm’

(tl + tg)

* wj«k(tl)wm’,n’ (t2) dt1dts

(k+1)/29
= / , L1k
k

/21

(n/41) /2™
/n//QNL/

Pm/

(t1) dty

o (t2) dta (17)

(k+1)/29
+/ ik (t1) dty
k

/23

(n'+1) /2™
/n'/QM’

1 1 1

tQQD

To evaluate d; ../ 1

< foj kgt >

(k+1)/29  p(k/+1)/27
/’C/Qj /k’/Qj’

1 o (t1) 00w (t2) diydis
(k41)/29

/k/QJ

(k+1)/27
pjx(t) diy /
k

k)29
=0

dJJw K=

Jr

T om'/2 23j/2

t19; k(t1) dty /

me e (t2) di (18)

19)

(t1 +t2)

(k'+1) /27

) i i (t2) dis
K27
(K'+1) /29

) t2¢j’,k’(t2) dts
//QJ/
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putting m = 0 and m’ = 0 in equation ([T4),

0 0

f(t1,t2) = Z Z €0,150,n' P0,n;0,n' (t1, t2)
n=0n'=0
0 oo 29-1
+ Z Z Z C’O,n;j’,k’(pi),n;j’,k’(tht2)
n=0j'=0 k'=0
o 29-1 0
+ Z dlj,k:;O,n’w;',k;O,n’ (tlv t2)
7j=0 k=0 n'=0
o 27-1 o 27‘/71
+y Z Z dj posgt kg kgt o (E1, 2)
=0 k=0 j/=0 k=
= €0,0;0,0 SOO,O;O,O(t17t2)
0o 201
+ Z Z C(),o;j’,k/@(),o;j’,k/(tlyt2)
§'=0 K'=0
0o 29-1
+ Z Z d; 10,0V k:0,0(t15 t2)
j=0 k=0
00 20-1 oo 20 -1
+3 ) Z Z syt sy ke (1, 2)
=0 k=0 j/=0 K'=
By equation ([T3),
€0,0;0,0 = 1
By equation ([31),
, 1 1
C, g = T s
0,0;5',k 4 9235'/2
By equation ([31),
1 1
4 —
dj k30,0 = T4 935/2
f(ti,t2) = @o,0,0,0(t1,t2)

1 1
- 1 Z Z W gp{),O;j’,k’(t17t2)

1
Z 235/2 V) k0,0t t2)
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I£15

2
2 oo 27—
+ (77) (237’/2) ‘9000,37
sy
1\2.>™ 271
F (DS () Il
0 k=0

h\
I
<)
Il
<)

j=
= H<P0,000H§
o 24’21
+ 24 Z Z 23] ’k’H2
=0 k'=
13
+ 722:0 QT] 14 x0.0ll5 (20)

To evaluate ||©,, ! Hg

2
l©m,nsms,me ||2

(o ¢] {o¢] 9
/ / ‘ @m,n;m’,n’(tlah) | dtydiy

(n+1)/2™
| @mn(ta) [ dty

//2’"
/ n +1)/2m

| (pm’,n’(tZ) |2 dt2

//2m
(nt1)/2™
/ 2m/2)2 dtl
n/27”
(+1)/2m
/ 2™/ dty =1 1)
n /27"
2

To evaluate Hcp’m il K H
gk ||y

ngin,n;j’,k/Hz = [ /7 | QO{m,n;j’,k’(tth) |2 dtldt?

(nt1)/2m
/ | om.n(ta
n/2m

(k'+1)/27
[ T d
k

1 /24"

/<n+1)/2m P (K +1/2)/29"
(2m/2)24dt, < /
n/2m K /23"

, (K'+1)/27 §
(27 /2)2dt2+/ (—27 /2)2dt2)
(k'+1/2) /27"
=1 (22)

)17 dty
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2
w]km n'

To evaluate ’
2

Hw;,k;m’,n’nz = [ /; |w;,k;m’,n’(t1’t2) ‘2 dtldtg

(k+1)/29
[ Tt P an
k

/29

(n/+1)/2m
/ , |§0m/7n/(t2) ‘2 dtg
n//2m

(k+1/2)/27
= (/ (29/%)2 dt,
k)29

(k4+1)/27 ]
+/ (—27/2)2 dt1>
(

k+1/2) /24

('+1)/2m
/ (2m /2)2 dtz
n’/?""’

=1 (23)

To evaluate ij,k;jr,k/ﬂg

14k aell5 = / / | ) sy g (1, t2) |* dtrdts

(k+1)/27 5
/ | 9,5 (t1) |"dts
k

/29
(K'+1)/29'
/ | e (t2) |2dts
(k+1/2) /27
= ( (29/2)2 dt,
k/21
(k+1)/29
+/ (—27/2)2 dtl)
+1/2>/2J
(W+1/2)/29"
( (2972 dty
k’/2J
(K'+1)/27" 3
/ —27'/2)2 dt2)
+1/2)/27

is clear that,

and ( [3),

=1,

By equation ( @), (

2
0,050,011 =

/
1, H‘Po,o;j’,k/ )
2
/ —
[ k00l =1

taking L.H.S. of equation ([20),

1 1
I1£13 =/ / (t1 +t2)? dt1dts
0 0

= - 24)

L.H.S.
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taking R.H.S. of equation ([20),

R.HS = ||<P0,0;0,0H§

v
1 oo 27 -1 1 )
+274j,§0 I;J 235" ||<'D,0,O:j’»k’H2
1 & 27-1 1
+?Z 235 H%,k;o,ouz
j=0 k=0

2
putting values of ||¢0,0.0,0

I, ||t
25 [|Po,0;5 k' 5

2
!
(145 k50,015, we get,

1 1 ] — 1
R.H.S:1+2—422ﬁ+2—42 5

Il
—_
JF
2
2
()
S| =
Ve
™}
2
)
—
—_
~—
+
2l -
[
()
x;’_k
VR
[\v)
2
L
—_
~—

Il

—

Jr

N -
VS
M2
R =
o,
~_
Jr

N -
/N
NgE
|~

_1+1 1 +1 1
- 24\ 1—1/22 24\ 1—1/22

By equation ([3T) and ([32),we get
L.HS=RH.S

(25)

(2RI

Hence, double wavelet series is verified.

Fig. 15. Graph of signal f(¢1,t2) = t1 +t2, t € [0,1) x [0,1) with
order of matrix=16

Fig. 16. Graph of decomposed signal f(t1,t2) = t1 + to, t € [0,1) X
[0, 1) with order of matrix=16 at resolutions m; = mo = 0
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7.8 Expansion of signal
f(ti,t2) = t1 +ta, (t1,t2) €[0,3/4) x [0,3/4) at
resolutions m = m' = 0.

From equation (@), double Haar wavelet series for a signal f €
L?(R x R) in the region [0,3/4) x [0.3/4) at resolutions m =
m' = 0 is given by,

[t t) =

+

/ !
€0,0:0,0%0,0;0,0(t1, t2) + C0,0;0,0900,0;0,0(751 yt2)

o0
! / / !
Ch.0:1,120,0:1,1 (b1 2) + > € 057,080,057, (t1, 12)
i=1

) 3*2]./’271

! /
§ E Co,o;j/,k/@o,o;j/,k/(tlvt2)

j=2 k=1
/0,0;0,01/16,0;070(1517 t2) + do,0,0,0%0,0;0,0(t1, t2)

o0
do,0;1,1%0,0,1,1 (81, t2) + Z do 0;5,0%0,0;5,0(t1, t2)

j'=1

0o 3x20'-2-1

Z Z do,0:5',k'%0,0,57, 1 (t15 t2)

j'=2 k=1
11,1;o,o¢l1,1;o,0(t17t2) + d1,1;0,0%1,150,0(t1, t2)

it (b t) + ) it ot t2)

3'=1

0o 3+29'-2-1

Z Z dy 150011550 (E1, E2)

=2 k=1

o0

U /

Zdj,O;o,owj,o;o,o(thtz)

j=1

o oo

D di00,0%5000(t1, ) + D djoa,1t.00,1 (s t2)
Jj=1 j=1

> diogotiogolty,ta)

J=1j'=1

0o 3x20' =21

S0 D djogrwiogw(tt2)

j=1j=2 k=1

oo 3x%2972-1

NgE

d/',k;0,0w;,k;0,0(th t2)
j=2 k=1

=
0o 3x2972-1
Z Z dj k;0,0%5,k;0,0 (L1, t2)
=2 k=1
oo 3%2972-1
Z Z dj k1,195,811 (t, t2)
=2 k=1

co 3%2972-1 oo

Z Zdj,k;j',olf’j,k;j',o(tl,tz)
j=1

j=2 k=1

NgE

<
[

3429°2-1 oo 342021

Z Z dj st kW5 ket ke (F1, T2)

j=2 k=1 j'=2 K=1

3
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taking square of norm of both sides,

17113

0 0;0,0 HSOO 0,0,0“2
2
+5.000 [[€0.00.0ll5

12 ’ 2
+o.011 90,0011l
~
12 /
+ E :Co,o;j’,o [1£0,0:7 oH

oo 3x29'-2-1

2
+Z Z Coo;’,k' HWOO,]’,I@’HQ

/_ k!_l
2
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2
+d3 0.0.0 1%0,000,01l5
2
+d3 011 10,0115
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2
"‘Z Z 3 0,50 1 100,050 15

/_2 k/_
+d'3 100 lel,l;o,ouz
+d3 10,0 11,510,015
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00 3*27‘/’2 1

+ Z Z d1,1,g’k' le L5, k’Hz

j'=2 k=1

Zd/ ,050 o”l/)g 0,0,0“2
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2
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Jj=1
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Jj=1
00 [ee]
2
+ Z Z d?,o;j',o 105,055,015
j=1j'=1

2
& os0 0 1950, 115

oo 3%2972-1

/
+§: E: 4 k0,0 ij,k,o,oy‘z
j=2 =

oo 3#2972-1

+Z Z ],k,0,0 |‘¢],k00“2
j=2

oo 3%2972-1

JFZ Z d?,k;l,l Hd’j,k;l,lug
J

=2 k=1

3%20 72

27
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-

o0
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00

2 /2 12 /2
= €0,0,0,0 T €C0,0;0,0 + Co,01,1 T E €0,0;5,0

oo 3x29'-2-1

+ E E Co 0:5/, k" T do,o,o,o +d3 0.0,0

j'=2

k=1

j'=1

0o 32921

Jrdoo1l+zdoo]'0+2 Z 505771

j'=2 k=1

+dl,l,00+dl100+d1111+zd1,1,],

oo 3x29'-2-1

j'=2

k=1

i'=1

+Z Z dllj’k’+Zd,J000+Zd§!O?O’U
j=1

00 oo 3x20"2-1

+Zdj SR 3) ST IPTED 3D DED DI I

oo 3#2972-1

j=14'=1

j=1j'=2 Kk'=1

oo 3%2972-1

+Z Z dﬂkoo"‘z Z j,k,0,0
Jj=2 k=1

o0
+Z
j=2

2 / 2
Nt = 1 [ = 1

!
ij,k;m’,n’

2

=1
2

00 3%2072-1 o

J,k,LlJrZ Z Z J.k3j",0
j=2 =

f:

j'=2

342921

Sy (26)

k=1

2
k50 15 = 1,

taking L.H.S. of the equation,
) 3/4 3/4
L.HS. = ||fl5 :/ / (ty + t2)? dt1dty
0 0

R.H.S.

_ 18

29

27

Coooo+coooo+coo,1,1+ E C00]

i'=1

0o 32921

12 12 2
Z Z Co,0:5,k T d'6,0,0,0 T 40,050,0
=2 k=1

0o 3+29'-2-1

0 05,1 T Z do 05,0 Z Z do L0357 k!

j'=2 k=1

d, 100+d1100+d1111+zd1,1,],

o 3x29'-21

j'=2

k=1

§ § dl 1;5' k' + E :d, ,0;0,0 + § :d?,O;O,O
j=1
E :d j,0;1,1 +ZZ 3,05",0

j=1j'=1
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3x20' 721 oo 3x%2972-1

]0]’k’+z Z ],kOO
Jj=

oo 3%2972-1 oo 3%2972-1

+ Z dj,k,oo+z Z d?
] j=2 k=1

<.
||
N
)—-
.
,_.

X > dugw (28)

we will calculate each term of this equation seprately with respect
to the cases mentioned in table ([I).
To evaluate cj . ,

€0,0,00 = < f,%0,0,0,0 >

3/4 3/4
= / / (t1 4 t2)wo,0(t1)po,0(t2) dt1dts
0 0
3/4 3/4
= / t1po,0(t1) dty / ®o,0(t2) dts
0 0

3/4 3/4
+/ ©o,0(t1) dtq / tapo,0(t2) dts
0 0

33
26
36

2 _
Then, ¢5 0,00 = 912

/2
To evaluate > | d'5 .0

U /
d;o000 = <% 000>

1/27  p3/4
= / / (t1 4 t2)®;,0(t1)wo,0(t2) dt1dts
0 0

1/29 3/4
= / tﬂ/}j,o(tl) dt, / 4,00,0(752) dis
0 0

1/27 3/4
+ / Yj0(t1) dts / tapo,0(t2) dta
0 0

3 1
"3

00 2 00
2 9 1
Then, > d7 00 = Z ( 2t 233/2) - 278( 23a‘)
j=1 1

Jj=1 Jj=
9/ 1/8 9
T m\1-1/8) " 7«28
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32J 21
To evaluate > %, >/~ dl]k:OO

0o 3%2972-1

!
4 100 = < i ¥ k00 >

(k+1)/27  ,3/4
= / / (t1 +t2)
k)29 0

* ;1 (1) po,0(t2) dtrdts
(k1) /29
= / t1j k(t1) dty
k

/23

3/4
/ ©0,0(t2) dia
0

(k+41)/27
+/ k(1) dty
k

/21

3/4
/ tapo,o(ta) dtz
0

3 1
“gigan

, oo 3x2772-1 3 1 2
Then, 22 Z d ko0 = Z Z (7274W)
j= k=1 j

j=2 k=1
00 3x29-2_1
9 1
~srm( X )
k=1

12
To evaluate d'g, .

! —
d0,0;0,0 -

12
Then, d .00 =

j=2
9 3/ 1 1
-5 {i(Zm) - (X))
J=2 Jj=2

9 (3( 1/2* 1/26
- i (=) - (5=))
45
7212

< £,90,0.0,0 >

3/4 3/4
/ / (1 + t2)v0,0(t1)@o,0(t2) dirdts
0 0
3/4 3/4
/ t190,0(t1) dty / ©o,0(t2) dts
0 0

3/4 3/4
+ o,0(t1) dts / tapo,0(te) dts
0 0
3
26
32
51z

15



12
To evaluate d'5 ,

! _ /
d1,1;o,0 =</ w1,1;0,0 >

3/4 3/4
/ (t1 + t2)¥1,1(t1)po,0(t2) dtidts
0

1/2

3/4 3/4
/ t1¢'1,1(t1) dt, / @0,0(tQ) dts
1 0

/2

3/4 3/4
+ Y11(t) dty / tao,0(t) diz
0

1/2
3
T 97/2
2
2 3
Then, dlm;o,o = 5

2
To evaluate > 5, /¢ .1 o

= 9
. 12 _
2_ @500 = 758

j=1

o]
. /2 __9
2 o000 = 7% 28

j'=1

3529’21 o

oo
To evaluate > 5, >~ =) 0,05k
oo 3%2972-1
) a2 45
2 2: P J,k;0,0 7 % 212
= =
./
0o 3%27 721
> ¥ =
... c oal = T
_ 0,0;5',k 7 % 212
ji'=2 k'=1
12
To evaluate ¢’ ¢, o
12 o 32
0,0;0,0 7 912
/2 32

€0,0:0.0 = 912

/2
To evaluate ¢’y ., ;

2

12 _ 3
1,100 = 57
32

.2 —
- €001 = 57
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To evaluate 372, >0, d5 .

dj050 = < f, %5050 >

1/29  p1/28
/ / (t1 +t2)v;,0(t1)
0 0
sy 0(t2) dtydty

1/27
= / t1;0(t1) dt1
0
1727
/ Yy 0(te) dtz
0

1/27
+/ ) o(t1) dty
0

1727
/ tat)yr o(t2) dta
0
=0

Then, iidio%j’»o =0

j=1j=1

00 3+2772_1 %}
To evaluate 3 77 , >, 25— d?,k;j’,o

djkg0 = < [i¥jk,0>

(k+1)/27  p1/27
/ / (t1 +t2)
/27 0

* by (E1)y 0(t2) di1dty
(k+1)/27

= / tih k(t1) dtq
k

/21

1/24"
/ Yy 0(t) dis
0

(k1)/29
+/ )k (t1) dty
k

/2.7'

1724
/ tajr o(ta) dta
0
=0

o0 o0
Then, Z Zdik;j’,o =0

To evaluate >°7_, d2 ..

do,o;5,0 = < f,%0,0557,0 >

3/4 p1/27
= / / (t1 +t2)
0 0

* o,0(t1)y 0(t2) dtidty
3/4
= / t1tbo,o(t1) dt
0
1729
/ Y 0(t2) dtz
0

3/4

+ o,0(t1) dts
0

16



1/29
/ tothjro(ta) dio
0

11
T 24923/2
N i 2 L« 1 1
Then, > d3og0 = D~ 51572
i'=1 i'=1

oo

1/ 1
#(Z )
i'=1

10128 N 1
28\ 1—-1/23) 728

To evaluate -5, d7 | i ,

dij0 = < fib1150,0 >

3/4 p1/27
/ / (t1 4+ to)1,1(t1)
0

* w]‘/70 (tg) dtl dt2

3/4 1/27
/ fbr 1 (1) dts / Wy o(ts) dts
1/2 0

3/4

+

1/24"
P11 (t1) dty / tathjr0(t) dts
1/2 0

1 1
T 97/2 935772

o0 > 11 1/ 1
) B _ 3
Then, Y di ;0= D (_ WW) - f( 231")

j'=1 j'=1 i'=1
YRR
T2T\1-1/23 ) T 727

s
50 00 3420721 o
To evaluate ijl EJ’/:Q k=1 d5 0. k0

3*2] 2 3:29' 721 o
To evaluate >, >/~ PDPERytin} d5 st v

ik = < [ 0jh5 0 >

(k+1)/29  p(k/+1)/27
/ , / ' (t1 +t2)
k)29 K /24"

1) o (t1) 0w (t2) diydis
(k+1)/27 (k’+1)/21/
/ tsalt) dis [ b w(ta) dio
k

/24 K /24

Jr

(k+1)/27 (k'+1)/27
ik (t1) diy / tay w(ta2) dia
k27 K /25"

=0
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3429’21
To evaluate Z Jo D =1 d% 057, k'

do,oijr e = < fi%0,05 0 >

3/4 p(k'+1)/27"
/ / (t1 + t2)vo,0(t1) Yy 1 (t2) dirdts
k

//23

3/4 (K'+1)/27"
= / t1tho,0(t1) dty / Yy (t2) dta
0 k

1 /23"

(k' +1) /27
tQ’lle/Yk! (tg) dtg

3/4

+ o,0(t1) dty /

0 k' /25"
1
244 237/2

0o 3x20'-21 0o 3x29'-2-1 1 2
2 — - -
Then, E , E , o001 = E , E , ( 24*23j’/2>
j'=2 k=1

j'=2 k=1

j K=1
- *{z(Z w) - ()}
—2 §'=2
13 12 1/2
- {1 2m) - () )
. 5
T7x212
To evaluate Y7 _, ifyl - Y
Ay = < [yt w >
3/4 p(k'41)/20"
= / ///2] (t1 + to)hr,1 (B1) ) we (t2) dt1dty
3/4 (K +1)/29'
= / tipa(t) dt / y Yy (t2) diz
1/2 k)29
3/4 (k'+1)/27"
+ Y1 (t) dty / } tathy w (t2) dtz
1/2 k' /27
1

T 97/2 4 93§/2

17
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o0 3*2-7,’2—1 oo 3*211’2—1 2 2 1
1 Then, di 1,00 = =5
2 _ 150, 9
i=2 K=l =2 K=l To evaluate Y, d? ., |
1 & 3424’21
= o7 1) . . 2 _ 1
2 ; o ( kzzl _/Zldl’l?j”o 72T
=
ZHOEIROSED) T
- — 2 ) = i 1
7 7 . 2 —
27 ] 4 = 2j J/gQ 23j . Z;dj,O;lyl = o
i=
13/ 1/2* 1/2¢ ,
27 4\1-22 1—1/23 To evaluate 377, ZS*QJ 2
_ 5
o oy S aem
dl 1: 5! k/ e
To evaluate > ° | d . = J 7 211
0o 1 0o 3x2972-1 5
’ 3050 = 758 Z dik“: 11
j/z::l ,035%, 7 % 28 = o T*2
N 1 To evaluate d2  ; ;
: Zdj,o;o,o T Teo8
Jj=1 1
3*2‘7 2.1 9 1,1;0,0 = 99
To evaluate > ) > /™ d5 10,0 ) 1
e d00,1 = 29
- 5
Z Z A3 0w = o1 To evaluate d7 , , ,
- :2 diin = < fidr11 >
o 32 5 3/4 p3/4
Z J,k 0,0 — 7 % 212 / / tl + 19 '¢’1 1(t1)’¢)1 1(t2) dtldtg
j=2 k=1 1

2
To evaluate d . o

do,0;0,0 = < f,%0,0,0,0 >

3/4 3/4
= / / (t1 + t2)ho,0(t1)00,0(t2) dt1dts
0 0

3/4 3/4
= / t11bo,0(t1) dts 0,0(t2) dio
0 0
3/4 3/4
+ o,0(t1) dty / totho,0(t2) dts
0 0
1
T
2 1
Then, d0,0;0,0 = 2@
To evaluate d7 | ,
di1;00 = < f,%1,1,00 >
3/4 3/4
= / / (t1 + t2)1,1(t1)v0,0(t2) dt1dty
1 0
3/4 3/4
= / t1thy 1 (1) diy o,0(t2) dts
1/2
3/4 3/4
+ 1,1(t1) dty / tatho,0(t2) dts
1/2 0
1
T 99/2

3/4
P1,1(t2) dia

1/2

3/4
P1,1(t1) dty / tothr 1 (t2) dits
1/2

t191,1 (1) dty

3/4
-/
3/4
+
1/2

5
25
52
210
putting these calculated values in equation (@), we get
9 LB 45
Tx28 7% 212
1 5 32
- JE— _l,_ R .
Tx28  Tx212 0 27 29
5 n 9 n 1
211 7 %28 728

2 —
Then, dy 1,11 =

32
+23

1

R.H.S =

1
3+

1
7*27+7*

+ +

+

510

45 5 5
+ +

+o—F —|—O-&—(H-7>|<212 7w012 T 7 yoll

727
+0+0
189

29
By equation ([34) and ([36), we get
L.H.S.= R.H.S.

(29)

18
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To evaluate c,,, ;1 n/

Cm,mym,n'

Fig. 17. Graph of signal f(t1,t2) = t1 + t2, t € [0,3/4) x [0,3/4)
with order of matrix=16

To evaluate ¢/

Ll Rt
m,n;j’,k

/
m,n;j k'

To evaluate d’,

m/! .n!
Jykim/,n

!
-
3,k;m/,\n

Fig. 18. Graph of decomposed signal f(t1,t2) = ¢t1 + t2, ¢t € [0,1) X
[0, 1) with order of matrix=16 at resolutions m; = mg =0

To evaluate d; 1./ 1

dj st

7.9 Expansion of signal f(t1,t2) = Xx[0,1](t) X[0,1)(t), at
resolutions m and m’.

From equation (), double Haar wavelet series for a signal f €

L?(R x R) in the region [0, 1) x [0, 1) at resolutions m and m’ is taking square of norm

given by,
2
I1£112
am_12m' 1 +
f(tlytZ) = Z Cm,n;m’,n’ﬁpm,n;m’,n’(tlvt2)
n=0 n/=0
2m_1 o 24’1 +
/ ’
+ Z Z Z cm,n;j’,k’@m,n;j’,k’(tht2)
n=0 j'=m/ k'=0
o 2i-12m -1 +
4 ’
+ Z Z Z j,k;m’,n”l/}j,k;m’,n’(tl’t2)
j=m k=0 n'—0
271 29’1 L.H.S.

o0
Z Z dj kg V5,050 k0 (F15 2) (30)

j=m k=0 j'=m' k'=0

= < f7 Lm,nym/ ,n’ >

(n+1)/2™ (n’+1)/2m’
N \/7;/277L \/71//2771/
Pm,n (tl)sam’,n’(tQ)dtldtQ

(n+1)/2m
- / (Pm,n(tl) dtl
n

/2m

(n'+1)/2m
/ Pm/ n/ (t2) dis

//2m’
1
2(m+m')/2

=</ Lp,m,n;j’,k’ >

(n+1)/2™  p(K+1)/27"
B /n/zm /k’/QJ"
Omn(t1) Yy (t2) dt1dts
=0

=< f, q/);',k;m’,n’ >

(k+1)/27  p(n/+1)/2™
- /k/2j /n//zm’

V1 (t1) P e (t2) dtydts
=0

= < f, V5 k06 >

(k+1)/27 (k' +1)/27
B /k/zj /k//zj’

Yk (t1) g e (t2) dtrdts
=0

of both sides of equation[30]

am_12m 1

—_ 2
- § ; § cm,n;'m’,n’

n=0 n'=0

Il
=
NS

Il

O\H
S—
>
U
=
QU
S

(3D

19



am_12m 1

RHS = > > ¢ i

n=0 n/=0

2m_1 oo 201

12
LD DI DI DL

n=0 j'=m' k'=0
o 2i-12m 1

+ Z Z Z d,?»k;m’,n’

211 oo 201

DD DD DD DL A

j=m k=0 j'=m' k'=0

<

om_19m 1

1
Z W"FO-FO-FO

n=0 n/=0

=1

By equation ([31) and ([32),we get
L.HS=RH.S

Hence, double wavelet series is verified.

Fig. 19. Graph of signal f(t1,t2) = X[0,1](f1) X[0,1)(t2) With order of

matrix=16

Fig. 20. Graph of decomposed signal f(t1,t2) = X[o,1)(t1) Xo,1)(t2)

with order of matrix=16 at resolutions mi; = mo = 1

7.10 Expansion of signal

flti,t2) = X[0,3/4] (t1) X[0,3/4] (t2), at resolutions

m=m'=0.

From equation ([5), double Haar wavelet series for a signal f €
L?(R x R) in the region [0,3/4) x [0.3/4) at resolutions m

International Journal of Computer Applications (0975 - 8887)

Volume 173 - No.9, September 2017

m' = 0 is given by,

= €0,0;0,0%0,0:0,0(t1,t2) + €.0:0.0%0,0:0,0 (t1, t2)

<o 0,1,1500 0,1,1(t17t2 + Z <o ,0;57 ,0%00 0;5', olt1,t2)
j'=1

0o 3x20'-2.1

! /
E § Co,o;j/,k/@o,o;j/,k/(tlvt2)

j=2 k=1
/o,o;o,ol/fé),o;o,o(th t2) + do,0,0,0%0,050,0 (t1, t2)

oo
do,0;1,1%0,0;1,1 (1, 2) + Z do,0:57,0%0,0,57,0(t1, t2)
=1

0o 3x20'-2-1

Z Z do,0:5',k'%0,0,57, 1 (t1, t2)

j'=2 k=1
11,1;o,o¢l1,1;o,o(t17t2) +d1,1.0,0%1,1;0,0(t1, t2)

di113%1,10,1 (1, t2) + Z dy1,5,0%1,155,0(t1, t2)

3'=1

0o 3+29'-2-1

Z Z du, 15,15 (b1, t2)
=2 K=1

o0

Z dlj,O;0,0’w;’,O;0,0 (t1,t2)

j=1

D divoo¥iooolt,ta) + > djonation(t,ts)
j=1 j=1
o0

o0
> diogotiogolty,ta)

j=1j'=1

00 003*2j21

SN YT diogwtiogw (i t)

j=1j=2 Kk'=1

> ; 1:0,0%5,k:0,0 (15 02)
> dj,k;0,0%5,k:0,0(t1, t2)

Z dj ;1,195 k651,1 (E1, E2)
i—2

-1

Z Z dj ;7,095,570 (15 2)

j=2 k=1 j'=1

3429°2-1 oo 342021

> S Y digw ety t2)

j'=2 K'=1

<.
Il
N
?r
,_.

20



taking square of norm of both sides,

17113

0 0;0,0 HSOO 0,0,0“2
2
+5.000 [[€0.00.0ll5

12 ’ 2
+o.011 90,0011l
~
12 /
+ E :Co,o;j’,o [1£0,0:7 oH

oo 3x29'-2-1

2
+Z Z Coo;’,k' HWOO,]’,I@’HQ

/_ k!_l
2
+d'5,0,0,0 H@Z’G,o;o,oH2
2
+d3 0.0.0 1%0,000,01l5
2
+d3 011 10,0115

+ Z d5.0,5.0 1%0,0.50115

oo 3x29'-2-1

2
"‘Z Z 3 0,50 1 100,050 15

/_2 k/_
+d'3 100 lel,l;o,ouz
+d3 10,0 11,510,015
+d1 1;1,1 H’lpl 1;1 1||2

+ Z d1,1,J' 0 M’l,lu OHQ

00 3*27‘/’2 1

+ Z Z d1,1,g’k' le L5, k’Hz

j'=2 k=1

Zd/ ,050 o”l/)g 0,0,0“2

[o¢)
2
+ Z @2 0.0,0l1¥5.0:0.0ll5

Jj=1
+ Z d] 0;1,1 H%,o,m”z
Jj=1
00 [ee]
2
+ Z Z d?,o;j',o 105,055,015
j=1j'=1

2
& os0 0 1950, 115

oo 3%2972-1

/
+§: E: 4 k0,0 ij,k,o,oy‘z
j=2 =

oo 3#2972-1

+Z Z ],k,0,0 |‘¢],k00“2
j=2

oo 3%2972-1

JFZ Z d?,k;l,l Hd’j,k;l,lug
J

=2 k=1

3%20 72

27
j=2 k=

-

o0
Z 7,k35",0 WL ksg’ 0”2
o0

32 -1

2

2

~
||
N
>
Il
—

h\

-2
2
Z J, kg K ij Im’Jc’HQ
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00

2 /2 12 /2
= €0,0,0,0 T €C0,0;0,0 + Co,01,1 T E €0,0;5,0

oo 3x29'-2-1

+Z Z 60017

j'=2

k=1

j'=1

k’+d0000+d0000

»U3U, »UiU,

0o 32921

Jrdoo1l+zdoo]'0+2 Z 505771

j'=2 k=1

+dl,l,00+dl100+d1111+zd1,1,],

oo 3x29'-2-1

j'=2

k=1

i'=1

+Z Z dllj’k’+Zd,J000+Zd§!O?O’U
j=1

00 oo 3x20"2-1

+Zdj SR 3) ST IPTED 3D DED DI I

oo 3#2972-1

j=14'=1

j=1j'=2 Kk'=1

oo 3%2972-1

+Z Z dﬂkoo"‘z Z j,k,0,0
Jj=2 k=1

o0
+Z
j=2

2 / 2
Nt = 1 [ = 1

!
ij,k;m’,n’

2
=1
2

00 3%2072-1 o

J,k,LlJrZ Z Z J.k3j",0
j=2 =

f:

j'=2

342921

Z & i (33)

k=1

2
k50 15 = 1,

taking L.H.S. of the equation,
) 3/4 (3/4
L.HS. = ||fl;= / / dtidty
0 0

R.H.S.

9

o (34)

Coooo+coooo+coo,1,1+ E C00]

0o 32921

o 3x29'-21

j'=2

k=1

i'=1

12 12 2
Z Z Co,0:5,k T d'6,0,0,0 T 40,050,0
=2 k=1

0o 3+29'-2-1

0 05,1 T Z do 05,0 Z Z do L0357 k!

j'=2 k=1

d, 100+d1100+d1111+zd1,1,],

§ § dl 1;5' k' + E :d, ,0;0,0 + § :d?,O;O,O
j=1
E :d j,0;1,1 +ZZ 3,05",0

j=1j'=1

21



oo 3x%2972-1

]0]’k’+z Z ],kOO
Jj=

oo 3%2972-1

+ Z dj,k,oo+z Z d?
] j=2 k=1

<.
||
N
H
.
H

a2 i (35)

+i’ DS

j=2 k=1 j'=2 k=1

we will calculate each term of this equation seprately with respect
to the cases mentioned in table ([T).
To evaluate cf . ,

€0,0:0,0 = < f,%0,0,0,0 >

3/4 p3/4
= / / ©0,0(t1)p0,0(t2) dt1dts
0 0

3/4 3/4
/ ©o,0(t1) dty / ©0,0(t2) dta
0 0

9
24
92
28

2 —
Then, c§ o.00 =

2
To evaluate d'g, .

U

_ !
dy .00 = < f3%0,0.0,0 >

3/4 3/4
= / 10,0(t1)po,0(t2) dt1dts
0 0

3/4 3/4
= / o,0(t1) dts / ©0,0(t2) dis
0 0

3
24
2 3?
Then, d'g .00 = ]

12
To evaluate d'7 ,
! !
di 100 = < fi¥1,1500 >

3/4 p3/4
:/ 1/11,1(t1)4,00,0(t2) dt,dt,

172 Jo
3/4

3/4
= P1,1(t1) dty / ©o,0(t2) dta
1/2 0

3% 21/2
94

2 % 32
98

12 _
Then, d7 100 =

/2
To evaluate ¢’ (., o
12 _ 32
0,0:0,0 — 58

2
/2 - 3
€0,0;0,0 — %
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12
To evaluate ¢’y . ;

2 _ 2 % 32
1,1;00 = o8
2 2 % 32

€0,0;1,1 28

2
To evaluate dg ,

do,000 = < f,%0,0,0,0 >

3/4 3/4
= / 10,0(t1)%0,0(t2) dt1dts
0 0

3/4 3/4
= / o,0(t1) dt o,0(t2) dts
0

0
1
24
1

2 —
Then, dg o000 = 53

no

2
To evaluate di ; ( o

di1;00 = < f,9¥1,100 >

3/4 p3/4
= / 1,1 (t1)%0,0(t2) dt1dts
172 Jo
3/4 3/4
= P1,1(t1) dty Yo,0 dts
1/2 0
21/2
= =
2
Then, df ;00 = %
To evaluate d3 ., ,
2
’ d%,l;0,0 = %
d8,0;1,1 = 27;
To evaluate d7 , ., ,
diin = < fov11,1 >
3/4 ;3/4
= / 1/)1,1(t1)1/)1,1(t2) dtidty
172 J1/2
3/4 3/4
= P11 (t1) dty / P11 (t2) dts
1/2 1/2
B 2
T
4
Then, d§,1;1,1 =

rest of the terms will be 0.
putting these calculated values in equation ([33)), we get

92 32 2x32 32 1 2
HS = — +° S
RH.S = g+ 5+ 5 +0+0+ 5+ 5 + 5

2>|<32 2 4

+040+ + o5t 5s t0+04+0+0

+0+0+0+0+0+0+0+0

9

= o (36)
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By equation ([34) and ([36), we get
L.HS.=R.H.S.

Fig. 21. Graph of signal f(t1,t2) = X[0,3/4] (tl) X[0,3/4] (t2) with
order of matrix=16

Fig. 22. Graph  of

decomposed  signal
X[0,3/4](t1) X[0,3/4](t2) with order of matrix=16 at resolutions
mi1=mgo =0

f(t1,t2) =

8. CONCLUSIONS

(i) In best of our knowledge, the signals considered in this
paper have not been studied till now by any researchers of
working in signal and image
processing. Thus the detailed studies of images of
corresponding  signals are new and interesting
approches in the analysis of signal and image processing.

(ii) The correct double wavelet series of a signal f of two variables
t; and ¢ in [0, 1]x [0, 1] by using double Haar Scaling function
¢(t1,t2) and Haar Wavelet function ¢ (¢1,t2) = ¥(t1) ¥(t2)
is introduced and this expression of signals is verified by a
number of examples. This is a significant idea/development of
this research paper in signal and image processing by wavelet
methods.
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