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ABSTRACT

In this paper, we introduce and investigate a new class of
semi* — Z—open sets, called Z°—open sets in ideal topological
semigroups. This class is consider strong form of 87 —open sets
and weak form of of semi* — Z—open sets and 5 — Z—open
sets. The interior, closer and frontier operators are studied with the
relative property via Z° —open sets.
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1. INTRODUCTION

The notion of ideal topological spaces is introduced by Kuratowski,
[9]. Many researcher studid about the ideal topological spaces. An
idea Z on a topological space (X, 7) is a nonempty collection of
subsets of X which satisfies the following conditions:
1-if Ac Zand B € Athen B € T,

2-fAcZand BeZthen AUB € T.

Applications to various fields were further investigated by Jankovic
and Hamlett 1], Dontchev [§]] and Arenas et al [6]. An ideal topo-
logical space is a topological space (X, 7) with an ideal Z on X,
and is denoted by (X, 7, 7).

Under the notion of ideal topological spaces, several mathe-
matical researcher introduced the new forms of Z°— open sets
such as B — Z—open sets by Hatir and Noiri in 2002, [4] and
sems* — Z—open sets by Ekici and Noiri in 2012, [3]], are the
weaker forms. Also B;—open sets is stronge by Ekici in 2011, [2].

This paper is organized as follows: Section 3 introduces the concept
of Z°— open sets in ideal topological semigroups with its relation-
ship among other known sets. Section 4 introduces the concepts of
Z° —interior operator, Z° —clouser operator and Z* —frontior opera-
tor. Section 5 studies the relative property via Z°—open sets.

2. PRELIMINARIES

For a topological space (X, 7) and A C X, throughout this paper,
we mean CI(A) and Int(A) the closure set and the interior set of
A, respectively.

THEOREM 2.1. [[7] For a topological space (X, 7) and A, B C
X, if B is an open set in X then CI(A) N B C CI(AN B).
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THEOREM 2.2. [7] For a topological space (X, ),

(1) CI(X — A) = X — Int(A) forall A C X.
) Int(X — A) = X — CI(A) forall A C X.

In the ideal topological space (X, 7,Z), A*(Z) is defined by:
A*(T) ={z € X : UNA ¢ T for each open neighborhood U of z}

is called the local function of A with respect to Z and 7, [9]. When
there is no chance for confusion A*(Z) is denoted by A*. For every
ideal topological space (X, 7,7), there exists a topology 7* finer
than 7, generated by the base

BZ,7)={U—-1:Ue€rand €ZI}.

Observe additionally that C1*(A) = A U A*, [10] defines a Ku-
ratowski closure operator for 7*. Int*(A) will denote the interior
of Ain (X, 7*). If Z is an ideal on topological space (X, 7), then
(X, 7,T) is called an ideal topological space.

THEOREM 2.3. [3] Let (X, 7,Z) be an ideal topological space.
Then for A, B C X, the following properties hold:

(1) A C B implies that A* C B*;
(2) G € 7impliesthat GN A* C (GN A)*,
3) A* = Cl(A*) C Cl(A);
4) (AUB)*' = A*UB";
() (A) C A"

DEFINITION 2.4. A subset A of an ideal topological space
(X, 7,7) is called:
(1) semi—Z—open set, [4] if A C Cl*(Int(A));
(2) of—open set, [4] if A C Int(Cl*(Int(A)));
(3) B —I—openset, [4]]if A C Cl(Int(Cl*(A)));
(4) semi* — Z—openset, [3]] if A C Cl(Int*(A)).

DEFINITION 2.5. [2] A subset A of an ideal topological space
(X, 7,Z) is called B5—open set if A C Cl(Int*(CI(A))).

By topological semigroup (X.,7), we mean a topological space
(X, 7) which is space with associated multiplication x : X x X —
X such that * is continuous function from the product space X x
X into X. By ideal topological semigroup (X,,7,Z), we mean
an ideal topological space (X, 7,Z) with associated multiplication
* 1 X x X — X such that * is continuous function from the
product space X x X into X. A pair (Y, o) is called a Z—subspace
of ideal topological semigroup (X,,7,Z) if Y is a subspace of X
and the continuous function o takes the product Y x Y into Y



and o(z,y) = *(z,y) for all z,y € Y. We denote the operation
of any Z—subspace with the same symbol used for the operation
on the ideal topological semigroup under consideration. For any
ideal topological space (X, 7,Z), we mean by (X, 7,Z) the ideal
topological semigroup with operration 7 : X x X — X , where
m(z,y) =z orm(z,y) =yforalz,yec X.

3. Z°-OPEN SETS

DEFINITION 3.1. A subset A of an ideal topological
semigroup (X,,7,Z) is said to be Z°—open set if A C
Cl[Int*(Cl*(A))]. The complement of Z°—open set is said to be
7°—closed set.

For an ideal topological semigroup (X.,7,Z), The set of all
Z*®—open sets in X denoted by Z°O(X,, 7) and the set of all Z°—
closed sets in X denoted by Z°C/(X,, 7).

EXAMPLE 3.2. In an ideal topological semigroup (X, 7,Z),

where X = {a,b,c}, 7 = {0,X,{a,b}} and T =
{0,{a},{b},{a,b}}.
Note that

7°0(X,7) = P(X)and Z°C (X, 1) = P(X).
THEOREM 3.3. Every 8 — Z—open set is Z°—open set.

PROOF. Let A be 8 — Z—open subset of an ideal topological
semigroup (X,,7,Z). Then A C Cl(Int(Cl*(A))). Since 7 C 7*
then

A C Cl(Int(Cl*(A))) C Cl[Int*(Cl*(A))].
That is, A is a Z°—open set. [
The converse of the last theorem need not be true.

EXAMPLE 3.4. In an ideal topological semigroup (X, 7,Z),
where X = {a, b, c},

7 ={0,X,{a,b}} and T = {0, {a}, {0}, {a, b}}
the set {a} is a Z° —open set but it is not Z — S—open.
THEOREM 3.5. Every semi* — Z—open set is Z° —open set.

PROOF. Let A be semi* — Z—open subset of an ideal topolog-
ical semigroup (X,,7,7). Then A C Cl(Int*(A)). Since T C 7,
then

A C Cl(Int*(A)) C CllInt" (Cl*(A))].
That is, A is a Z°—open set. [
The converse of the last theorem need not be true.

EXAMPLE 3.6. In an ideal topological semigroup (X, 7,Z),
where X = {a,b,c},

7={0,X}andZ = {0, {a}}
the set {b} is a Z° —open set but it is not semi* — Z—open.
THEOREM 3.7. Every Z°—open set is a 85 —open set.

PROOF. Let A be a Z°—open subset of an ideal topological
semigroup (X,,7,Z). Then A C Cl[Int*(CIl*(A))]. Since 7 C
7*, then

A C CllInt*(Cl*(A))] C Cl[Int*(CI(A))].
Thatis, Ais a 5 —open set. [
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The converse of the last theorem need not be true.

EXAMPLE 3.8. In an ideal topological semigroup (X, 7,Z),
where X = {a,b,c},

7={0,X}and Z = {0, {a}}

the set {a} is a 85 —open set but it is not Z° —open.

From Theorems (3.3), (3:3) and (3.7), we have the following relation for
Z°-open set with the other known sets.

open ——> aj—open ——> semi—Z—open

L T

a—open —— > semiopen

/

semi* — Z—open

T —preopen [B-Z-open
/
I°—open
preopen B—open
/
B;—open
Fig. 1. Relation for sets 1

THEOREM 3.9. A subset A of an ideal topological semigroup
(X.,7,T)is Z5—closed set if and only if Int[Cl*(Int*(A))] C A.

PROOF. AisaZ®—closedsetin (X.,7,Z) if and only if X — A
is a Z°— open set in X if and only if

(X — A) C Cl[Int"(CI*(X — A))],
if and only if by using Theorem @)
(X — A) C Cl[Int*(CI*(X — A))]
= Cl[Int*(X — Int*(A))]
ClX — Cl*(Int*(A))]
X — Int[CI* (Int* (A))]
= X — Int[CI*(Int*(A))].

if and only if Int[Cl*(Int*(A))] C A. O

THEOREM 3.10. Let (X,,7,7) be a ideal topological semi-
group. If A, is Z°—open set for each A € A then Uyca A, is
7°—open set, where A is an index set.



PROOEF. Since A, is Z°—open set for each A € A then Ay C
CllInt*(Cl*(A,))] for each A € A. Then
UaeaCl[Int" (Cl*(Ay))
Cl[U)\GAITLt*(Cl*( A))

Int* (UAGACZ (A ))

UxeaAx

cll A
Cl[Int" (Uxea(Ax U (A
[I ((U)\GAA/\) U (U/\EAA;))]

CllInt" (UneaAx) U (Uxea(43))]
Cl[Int" (Cl*"(UxeaAN))]

Hence Uycn Ay is Z°—open set. [

NN 1IN 1IN 1IN 1N

The intersection of two Z° —open sets need not be Z°—open set. In
Example (3.6), the sets A = {a, b} and B = {a, c} are Z°—open
sets but AN B = {a} is not Z®—open set.

THEOREM 3.11. Let (X,,7,Z) be an ideal topological semi-
group. If U is an open set in (X, 7) and A is Z°—open set, then
U N Ais Z®° —open set.

PROOF. Since A is Z°—open set then A C Cl[Int*(Cl*(A))].
Then by Theorems (2.1)),
UNA C UNCIInt*(Cl*'(A))] C CIU N Int* (Cl*(A))]
Cl[Int*(U) N Int*(Cl*(A))]
Cl[Int" (U N CI*(A))]
Cl[Int*(ClI"(U N A))]
Hence U N Ais Z°—openset. O

N

4. T°-OPERATORS

For an ideal topological semigroup (X,,7,Z) and a subset A of
X, the Z®—closure set of A is defined as the intersection of all
Z%—closed sets containing A and is denoted by 7: Cl(A). The
Z° —interior set of A is defined as the union of all Z°—open sets
of X contained in A and is denoted by zsInt(A). From Theo-
rem , 7sCl(A) is a Z°—closed subsets of X and zsInt(A)
isZ® —open subsets of X.

REMARK 4.1. For a subset A C X of an ideal topological

semigroup (X.,7,Z), it is clear from the definition of 7= Cl(A)
and Is Int(A) that A Czs CZ(A) and Is ]nt(A) C A.

THEOREM 4.2. For a subset A C X of an ideal topologi-
cal semigroup (X.,7,Z), zsCI(A) = A if and only if A is a
7°—closed set.

PROOF. Let 7sCl(A) = A. Then from definition of 7= Cl(A)
and Theorem (3.10), 7= Cl(A) is a Z*-closed set and so A is a
Z*®—closed set. Conversely, we have A C 7-CIl(A) by Remark
above. Since A is a Z° —closed set, then it is clear from the defini-
tion of 7s C1(A), zs Cl(A) € A. Hence A = 7:Cl(A). D

THEOREM 4.3. For a subset A C X of an ideal topological
semigroup (X, 7,7), s Int(A) = Aifandonly if AisaZ®—open
set.

PROOF. Let zsInt(A) = A. Then from definiton of zs Int(A)
and Theorem , zsInt(A) is a Z°— open and so A is a Z°—
open set. Conversely,since A is Z°— open set and 7s Int(A) C A
by Temark (@.I). Then 7= Int(A) = A. O

THEOREM 4.4. For a subset A C X of an ideal topological
semigroup (X.,7,7), x € 7= Cl(A) if and only if for all Z*—open
set U containing z, U N A # (.
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PROOF. Let z € 7:CI(A) and U be a Z°—open set containing
. IfUNA=0then A C X — U. Since X — U is a Z°—closed
set containing A, then 7s C1(A) C X — U andso z € 7z CIl(A) C
X — U. Hence this is contradiction, because © € U. Therefore
UNA # (. Conversely, Let z ¢ 7: Cl(A). Then X —7:Cl(A) is a
Z*°—open set containing . Hence by hypothesis, [X — z-C1(A4)]N
A # (). But this is contradiction, because X — 7sCI(A) C X — A
by Remark @I). D

THEOREM 4.5. For a subset A C X of an ideal topologi-
cal semigroup (X,,7,7), x € zsInt(A) if and only if there is
Z°—openset U such thatx € U C A.

PROOF. Let € 7sInt(A) and take U = zsInt(A). Then
by Theorem and definition of zs Int(A) we get that U is
a Z®—open set and by Remark @I)), z € U C A. Conversely, Let
there is Z°—open set U such that x € U C A. Then by definition
of zsInt(A), x € U C zsInt(A). O

THEOREM 4.6. For a subsets A, B C X of an ideal topologi-
cal semigroup (X, 7, Z), the following hold:
(1) If A C B then ZSCZ(A) C 7:Cl(B);
4) 1= CZ(A) < CZ(A)-

PROOF. 1. Let z € 7:CIl(A). Then by Theorem (4.4), for all
Z%—open set U containing z, U N A # (. Since A C B, then
U N B # (. Hence x € 7sCl(B). That is, 7s Cl1(A) C 7z:Cl(B).
2. Since A € AU B and B C A U B, then by part (1), we get
I@CZ(A) g ISCZ(A (@] B) and IeCl(B) Q IGCZ(A ] B) Then
7sCl(A) U s Cl(B) C 7zsCl(AU B).
3.Since AN B C Aand AN B C B, then by part (1), we get
IbCl(A N B) O Iacl( ) and IaCl(A n B) - ISCZ(B) Then
IeCl(A N B) C 7zsCl(A) Nz Cl(B).

4. 1t is clear from Theorem (#4) and from every open set U is
Z°—openset. O
In the last theorem 7: CI(A U B) # 7:Cl(A) U £z Cl(B).

EXAMPLE 4.7. In Example (3.8), the sets A = {a} and B =
{b} are Z°—closed sets in (X, 7,Z). Then

7sCl(A)U s Cl(B) = AUB = {a, b}
and
sCl(AUB) = 7z:Cl({a,b}) = X

THEOREM 4.8. For a subsets A, B C X of an ideal topologi-
cal semigroup (X, 7,Z), the following hold:

(1) If A C B then zs Int(A) C zs Int(B);
) 72 Int(A) Uz Int(B) C 7+ Int(AU B);
(3) zsInt(AN B) C zsInt(A) N zs Int(B);
4) Int(A) C zsInt(A).

PROOF. Similar for Theorem @.6). O
In the last theorem 7= Int(A N B) # 7= Int(A) N zs Int(B).

EXAMPLE 4.9. In Example (3.8), the sets A = {b,c} and
B = {a, c} are Z°—open sets in (X, 7, Z). Then

s Int(A) NzsInt(B) = AN B = {c}
and

rsInt(AN B) = s Int({c}) = 0.



THEOREM 4.10. For a subset A C X of an ideal topological
semigroup (X,, 7,Z), the following hold:
(1) IsI’I’Lt(X — A) =X - Ts CZ(A),
(2) zsClU(X — A) = X —Z5Int(A).

PROOE. 1.Since A C 7:CIl(A) then X —7:Cl(A) C (X — A).
Since X — 7 CI(A) is a Z°—open set in (X, 7, Z) then

X —ISCZ(A) = Is[?’lt[X —ISCZ(A)} g ISI’I’Lt(X — A)

For the other side, let € 7= Int(X — A). Then there is Z° —open
set U such that x € U C X — A. Then X — U is a Z5—closed
set containing A and z ¢ X — U. Hence x ¢ 7-CIl(A), that is,
reX —ISCZ(A).
2. Since zsInt(A) C Athen X — A C X — z=Int(A). Since
X — zsInt(A) is aZ°—closed set in (X, 7,Z) then

Ts Cl(X A) ISCZ[X — IsInt(A)} =X - ISI’I’Lt(A)

For the other side, let € zs Int(X — A). Then there is Z°—open
set U suchthat x € U C X — A. Then X — U is a Z5—closed
set containing A and z ¢ X — U. Hence © ¢ 7-CI(A), that is,
zeX—7Cl(A). O
THEOREM 4.11. For a subset A C X of an ideal topological
space (X, 7,Z), the following hold:
(1) If I isanopenset X then zsCl(A) NI C zsCI(ANI).
(2) If I is an closed set X then zs Int(AUT) C s Int(A) U 1.
PROOE. 1.Letz € 7sCI(A)NI.Thenx € 7sCl(A) and x € I.
Let V be any Z°—open set in (X, 7, 7) containing x. By Theorem
(3.11), VNI is Z° —open set containing x. Since x € 7s C1(A) then
by Theorem (4.4), (V. NI)NA # (. This implies, VN (INA) # 0.
Hence by Theorem (.4), © € 7:Cl(ANI). Thatis, zs CI(A)NI C
sCl(ANT).
1. Since I is a closed set X then by the part (1) and Theorem (#.10),
s Cl[(X —A)N(X —1)]
7CUX — A) N 7-CUX — 1)
22CUX — A) N (X =)
(X —zsInt(A)N(X 1)
= (X —z=Int(A)UI.

NN

Hence z: Int(AUI) C
For a subset A of an ideal topological semigroup (X, 7,Z), the set
s (A) = 7:Cl(A) — 7: Int(A)

is called Z*-frontier set of A in (X,,7,T).

THEOREM 4.12. For a subset A C X of an ideal topological
space (X, 7,Z), the following hold:
(1) IsC’l( ) 7I~I‘( )UZSITLt(A),
(2) IaF ) n Is Int(A)
(3) z=IT'(A) = 7z:Cl(A )ﬂzaCl(X —A).
zs Int(A)
= [ Cl(A) N (X 719[7’“&(14))] UzsInt(A)
= 1=sCl(A )ﬂX = ISCZ(A).
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2. From the definition of 7sT"(A).
3. By Theorem @10),
sCl(A) Nz CU(X — A).

O

COROLLARY 4.13. Forasubset A C X of an ideal topologi-
cal space (X,,7,Z), zsI'(A) is Z°—closed set in (X, 7,Z).

PROOF. By Theorem (3.10) and the part (3) of the last Theo-
rem. [J

THEOREM 4.14. For a subset A C X of an ideal topological
space (X., 7,Z), the following hold:
(1) AisaZ®—openifandonlyifzsI'(4)NA=0;
(2) AisaZ®—closed if and only if 7sT'(A) C A;
(3) Aisboth Z*— open and Z* —closed if and only if 7s'(A) = 0.

PROOF. 1.Let A be aZ®—open set. Then 7s Int(A) = A. Then

by Theorem #.12)),
=L (A)NA=7T(A) Nz Int(A) = 0.
Conversely, suppose that 7sI'(A) N A = (). Then
A—zsInt(A)) = [ANzsClUA)N[A — zs Int(A))]
AN (zsCl(A) — 75 Int(A))
= AngT(A) =0.

That is, 7s Int(A) = A. Hence A is a Z°—open set.
2. Let A be a Z®—closed set. Then zs C1(A) = A. Then

Conversely, suppose that z:I'(A) C A. Then by Theorem (4.12)),
1sClU(A) = zsInt(A)) U zs'(A) C s Int(A)) U A C A.

That is, 7 Cl(A) = A. Hence A is Z°—closed set.
3. Let A be both Z° —closed set and Z° —open set. Then 7z Cl1(A) =
A = zsInt(A). Therefore,

1sD(A) = 7:Cl(A) — zs Int(A) = A— A= {.
Conversely, suppose that 7:I'(A) = 0. Then z-CIl(A) —
7= Int(A) = (. Since
rsInt(A) C - Cl(A).
Then

Ts Cl(A) = 7s Int(A)
Since
rsInt(A) C A C 7sCl(A). Then 1 Cl(A) = A = 7= Int(A).

That is, 7sCI(A) = A. Hence A is both Z°— closed set and
Z°—openset. [

5. RELATIVE PROPERTY

By bitopological semigroup we mean a triple (X,, 7, p) consists
two topo logical semigroups (X, 7) and (X., p). A subset A C X
is said to be Tp-open set in a bitopological semigroup (X, 7, p) if
A C ,Cl[,Int(,CIl(A))]. The complement of T p—open set is said
to be Tp—closed set.



THEOREM 5.1. A subset A C X is a Z°—open set in ideal
topological semigroup (X,,7,Z), if and only if it is a 77*—open
set in bitopological semigroup (X, 7, 7).

PROOF. It is clear from the definitions and Cl*(A) =
zCl(A). O

THEOREM 5.2. A subset A of a bitopological semigroup
(X, T, p) is Tp—closed set, if and only if . Int[,CIl(,Int(A))] C
A.

PROOF. A is a Tp—closed set in X, if and only if X — A is a
Tp—open set in X, if and only if
(X —A) € Ol Int(,CUX — A))],
if and only if by using Theorem @.10).
(X —A) C .Cl,Int(,Cl(X — A))]
= ,Cl,Int(,Cl(X — A))]
= Cl,Int(X — ,Int(A))]
= ;ClUX_,Cl(,Int(A))]
= X — . Int[,Cl(,Int(A))]
= X — . Int[,Cl(,Int(A))],
if and only if - Int[,Cl(,Int(A))] C A. D
THEOREM 5.3. Let Y be an open subset of an ideal topo-
logical semigroup (X, 7,Z). If A is a Z5—open set in (X,,7,7)

then ANY is a 7|y 7*|y—open set in bitopological semigroup
Y, 7ly, 7v).
PROOF. Since A is Z®—open set in (X,,7,Z), then A C
Cl[Int*(Cl*(A))]. By Theorems (2.I)and , we obtain
ANY C ClInt*(Cl"(A)]NY
= Cl[Int*(CI"(A))]nY NY
Cl[Int"(Cl*(A)) N Y] ny
= Clly[Int"(Cl"(A)) NY]
Clly [Int* (C’l*(A)) N Int*(Y)]
£ (Cl(A) N Y)]
(e
I (

N

= Clly[Int"(Cl"*(A)NY NY)]
(C* AmY)mY)]

N 1N

Hence ANY isa7|y7*|y—opensetin (Y, 7]y, 7" \y) O

[
[In
[
Clly [Int
[
[
[

COROLLARY 5.4. Let Y be an open subset of an ideal topo-
logical semigroup (X,,7,7Z).If A is aZ°—closed set in (X,,7,7)
then ANY is a 7|y 7*|y —closed set in bitopological semigroup
Y, 7ly, 7"y)-

PROOE. Let A be a Z°—closed set in (X,,7,Z). Then X — A
is a Z®—open set in (X,,7,Z). By the last Theorem, Y — A =
(X —A)NnYisar|yr*|y—opensetin (Y, 7|y, 7*|y). Hence

Y- (Y-A)=Y-(YN(X-A)=YN[(X-Y)UA] = AnY
isat|yT*|y—closed setin (Y, 7|y, 7*|y). O

THEOREM 5.5. LetY be an open subset of an ideal topologi-
cal semigroup (X,,7,7Z). If A is a 7|y 7*|y—open set in bitopo-
logical semigroup (Y, 7|y,7*|y), then A is Z°—open set I in
(X..7T).
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PROOE. Since A is a 7]y 7*|y-open set in (Y, T\y, y) then

A C Clly[Int*|y (Cl*|y (A))]. Then by Theorems (2.1) *

A C Clly[Int"|y (CU'ly (A))] = CllInt*|y (Cl"|y (A)]NY

CllInt' |y (CV]y (A)) N Y] = CUlInt* |y (CU |y (A))]
CllInt*(Cl*]y (A))] = CllInt* (ClI*|(A) N Y)]

CllInt*(Cl"(ANY))] = CllInt* (ClI*(A))]

CllInt*(ClI*(A))].
Hence AisaZ°—openset I in (X,,7,7). O

N 1N

N H

COROLLARY 5.6. Let Y be an open subset of an ideal topo-
logical semigroup (X,,7,Z). If A is a 7|y 7*|y —closed set in
bitopological space (Y, 7|y, 7*|y), then A is Z5—closed set [ in
(X.,7,1).

THEOREM 5.7. Let Y be an open subset of an ideal topo-
logical semigroup (X,,7,Z) and A be a subset of Y. Then
IGC”Y(A) = I@CZ(A) n Y

PROOF. Let x € 7:Cl|y(A) and I be a Z°-open set in X
containing x. By Theorem (3:3), I/ N'Y is a 77" —open set in
bitopological semigroup (Y, 7|y, 7*|y) containing = and since
z € 1sClly (A), then I N A — (IﬂY)ﬂA # (). Hence by
Theorem (4.4), x € 7= CIl(A) and since x € Y, this implies z €
s CZ(A) N'Y. That iS, Ts Cl|y(A) g Is CZ(A) N'Y. On the other
side, let z € z-CI(A) NY and O be a 77" —open set in bitopolog-
ical semigroup (Y, 7|y, 7*|y) containing z. By Corollary , (0]
is Z*—open setin (X, 7,Z). Since x € 7= Cl(A), then ON A # 0.
That iS, X € 7s Cl‘y(A) Hence Ts CZ(A) ny g IsCl‘y(A) O

THEOREM 5.8. Let (X,,7,7%) and (Y, p,7) be two ideal
topological semigroups. A subset A x B C X, xY is (7 x p)(7* x
p,.»)—open set in bitopological semigroup (X, XY, 7xp, 7" xp_.)
ifand only if A is aZ®—open setin (X,,7,7*) and B is a Z° —open
setin (Y, p, 7).

PROOE. Itis clear that,

rxpCl [T*X”T*’ Int(+ <p_ Cl(A x B))]
= i Cllvosy, Int(-CU(A) x ,_, CUB))]
= 1 Ol Int(-CUA)) x ,_, Int(,_, CUB))]
= Cl[Int(~CIl(A))] x ,Cl[, ,Int(, ,CI(B))].

Wehave A x BC C x D,ifandonlyif AC Cand BC D. O
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