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ABSTRACT

In the present paper the definitions of separation axioms in
soft —tritopological spaces are introduced dependent to the
soft—&" —open set and their basic properties are
investigated with respect to ordinary points. That is, the
soft— & —-T; ; ( i =0,1234) spaces and notions of
soft— & —normal and soft— 4 —regular spaces are
discussed in detail, also we introduce some theorems shows
how one of the saft —spaces implies the others with the help

of an examples it is established that the converse does not
hold.
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1. INTRODUCTION
The soft —theory was first initiated by Molodtsov [1] in 1999

as a mathematical tool for uncertain objects. In [1,2], the
researcher successfully applied the theory in several
directions, like operations research, probability, theory of
measurement, and others. To develop soft —set theory, the

operations of the sof't —sets are defined in [3].

A topology on a saft —sets, called ““zoft —topology’’, and
its related properties which presented in 2011 by M Shabir &
M. Naz, [4] , Cagman et. al. [5], and they introduced the
foundations of the theory of =zeoft—topological spaces. A
bitopology on a soft —sets, called ‘soft —bitopology’, and
its related properties which presented by Ittanagi [6] in 2014,
and he introduced the foundations of the theory of
soft —bitopological spaces.

Furthermore, the theory of ‘zoft—tritopology’ was first
initiated by Asmhan [7] in 2017, and she was presented the
foundations and its related properties. And in 2019 she was
first initiated the theory of fuzzy —soft —tritopology [8]. In
2019, the Italian researcher Giorgio [9] introduced the theory
of ‘zoft — N —topology’, and study it in details.

Separation axioms in soft —topology are among the most

interesting notions. Various generalizations of separation
axioms have been studied for generalized seft —topological

spaces, such as soft —bitopological. It is very interesting to
see that when classical soft —notions are replaced by new
generalized saft —notions. D. N. Georgiou et. al [10] , A.
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Kandil et. al. [11], EI-Sheikh et. al. [12] and Shabir et. al [4],
studied and defined some separation axioms in
soft —topological spaces using (ordinary) points. A. M.
Khattak et. al. [13] introduced saft —b-separation axioms in
soft —bitopological spaces and discussed it with respect to
ordinary and saft —points. And lttanagi [6] introduced some
types of soft —separation axioms in zoft —bitopological
spaces with respect to ordinary points. Also, The concept of
pair-wise soft —separation axioms for bi- soft —topological
spaces studied by M. Naz et. al. in [14].

In this paper, we define and explore several properties of
soft—& —T; ; ( 1=0,1.2.34) space, soft— & —regular
space, soft — &° —normal space. All these axioms are defined

using ordinary points. We also discuss some properties and
obtained some results. We hope that these results will be
useful for the future works on soft —tritopology to carry out

general framework for some practical applications, such as
medical, uncertainties problems and biomathematics.

Now, our motivation in the present paper is to state and
continue the foundations of the soft —tritopological spaces
theory. For more exactly, to define and study the
soft — & —separation axioms (based on soft— & — open
set) w.r.t. ordinary points and study the main properties for
these zoft —tritopological spaces.

2. PRELIMINARIES

In the following, some foundations concepts about soft—
sets, soft—topological spaces and soft— tritopological
spaces are given.

Definition 2.1[1] Let the set X be an initial universe and E be a
set of parameters. Let F{X) denotes the power set of X and &
be a non-empty subset of E. A pair (F. &) is said to be a
soft—set overX, where F is a mapping given by
F: & — P(X).In other words, a soft—set over X is a
parametrized family of subsets of the universe X. For e £ A4,
Fie) may be considered as the set of e—approximate elements
of the zoft —set (E. &). Clear that, a zof t —set is not a set.

Definition 2.2 [3] The complement (relative complement) of a
soft—set (F.E) is denoted by (F.E)* and is defined by
(F.E)° = (F°.E) where F°: E = P(X) is a mapping given by
File)=X—F(e)foralle e E.

Definition 2.3 [3] Let ¥ be a non-empty subset of X, then ¥
denotes the zeft —set (¥, E) over X for which Yie) =7, for
all e € E. In particular, (3¢, E) will be denoted by .
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Definition 2.4 [3] Let x €X. Then (x,E} denotes the
soft —set over X for which x{g) = {x}, forall e € E.

Definition 2.5 [3] Let (F, E}) be a soft —set over X and x € X.
We say that x € (F.E) read asx belongs to the soft —set
(F.E) whenever x € F(g) for all & € E. Note that for any
x EX, xg(F E), if xF(e) forsome & EE.

Definition 2.6 [3] The Union of two soft —sets (F, E) and
(G, E] over the common universe X is the soft —set (H,E)
where H(g) = F(g) UG(g) for all e€E.  We write
(FEJU(GE)=(HE)

Definition 2.7 [3] The soft —intersection of two soft —sets
(F.E) and {G.E) over the common universe X is the
soft —set (H,E) where H(g) = F{e) n G(e) for all & eE.
We write (F. E) n {G E) = (H E).

Definition 2.8 [4] Let T be the collection of zoft —sets over X,
then T is said to be a soft —topology on X, if

(1) the saft —sets &, X" belongs to T.
(2) the union of any number of zoft —sets in T belongs to T.
(3) the intersection of any two soft —sets in T belongs to T .

Then, the triple (X", T,E) is called a soft —topological space
over X

Definition 2.9 [4] Let (X, T.E) be a soft —topological space
over X, then the members of T are said to be zoft — open sets
inX.

Definition 2.10 [4] Let (X, T.E) be a soft —topological space
over X. A soft— open set (F,E) over X is said to be a
zoft —closed set in X, if its complement (E. E}" belongs to T.

Definition 2.11 [7] Let (X, T4, E), (X, 5. E) and (X. T E) be
the three =soft—topological spaces on X. Then
(X, TyT5 T3 E) is called a soft —tritopological space. The
three =soft —topological spaces (X, 1y.E), (X.75 Ejand
(X, 1o E)are independently satisfy the axioms of
soft —topological space.

Definition 212 [7] Let (X.TyT.Ts.E) be a
soft —tritopological space, then a soft—set (F,E) in the
universe X is called a soft — ™ — open set iff:

(F.E) € 5.1, — int(5.7, — c(5.1; — int(F. E))). The
complement of soft—&" —open set is called a
soft— & — closed set. The family of all soft — & — open
sets is denoted by S5.&7.0(X). And the family of all
soft— & — closed sets is denoted by 5. &% C{X).

Definition 213 [15] A soft—set (EE)} in a
=oft —topological space (X, T.E], then:

(i) The soft—d"—closure of (F,E), denoted by

5.8 —cl{F.E) is defined by:

5.8" —cl(F.E) = N{{G E): (F.E) € (G.E),and(G.E)
iz oft — & — closed}
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(i) The soft— & —interior of (F, E), denoted by
5,07 — int(F, E) is defined by:

58" —int(FE)= UI/(H.E): (HE) c (F.E),and{HE) is
soft — &° —open}

Definition 214 [16] Let (X TyT,T.E) be a
soft —tritopological space over X , ¥ = @ and ¥ £ X. Then
the  soft—relative  space  (soft—subspace)  for
(X, Ty T2 T3 E) on ¥ (with respect to a soft— &° — open
set) is the collection 5.4, O(X )y , given by:

580Xy ={R.E)=Un(F.E) | (F.E)ES.&" 00X,
where Y is the soft —set (¥, E]) and Fy{g) =¥ n F{e), for all
g EE. The members of 5.47.0(X)y are said to be
soft — &y —open sets in Y.

Note 2.15 Throughout this paper, X" [for simply] denote the
=oft —tritopological space over X, [and simply ¥] denote to
the soft —subspace of a st —tritopological space .X.

3. Soft—&" —T,;(i=0,1,2) spaces

In this section the definition and some foundations of
separation  axioms in  soft —tritopological  spaces

(soft—86"—Ty , soft—0"—Ty , soft—0"—Ty) wrt
ordinary points are given.

Definition 3.1. Let (X, T4,T4 T4, E) be a seft —tritopological
space over X , and x;,x; € X such that x; # x. If there exist
soft— 8" —open sets (F.E) and (F.E) such that «
nE(F.E) , xne(FRE ” o “ 1 &(RE),
x; E(FLE) 7, then (X, T Tp T3 E) is said to be a
soft — & — Ty — space.

Example 3.2, Let X ={x;.x,} be the universe set and
E={sy5,} be the set of parameters, Then
(LE) = {{&g {2 2,00 (8 {24, 2,17). By [5], its cardinality
is defined by |P(x)] = 2Ze=IFEl | where |F(e)| is the
cardinality of F(g). (i.e. [P(X)| = 2% = 16 soft —set).

Let (X, tyE), (X.tpE)and (X,t5E)be the three
=oft —topological spaces on X, where their topologies defined
as follows:

Ty = {8, (My, E). (M, E)},
g = {@,I; I:Gl-' IE:': ':G:J [Eﬂl} and

Ty = {&.X.(H,.E)} Where (M, E), (M, E),
(G E).(G;.E),(H,. E) are soft —open sets defined as :

Mile) =0 , Myle,) =0
Myle) =X , Myle) =X
Gyl = X , Gylsg) =iz
Gal(ey) =0 , Gale) = {24}
Hie) =X , Hig,) = {2}

The complement of the st —open sets of T, Are;

G,"(e,) =D ) G, (&) ={x}
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G;"(ey) =X ) Gy (e7) = {23}

Hence the family of all soft— & — open sets of the
soft —tritopological space (X, T,, Tz Ta. E IS,

5.6%00X) = {X. & (F.E)}

Fig ) =X , Fieq) = {24}

Letx, ., x; € Xsuchthat x, + x,

3(F,E) £ 5 & O(X such that

% E(F.E) . x; €(F.E)

Thus (X.T,, T5 To.E) iSasoft — &7 — Ty — space.

Proposition  3.3. Let (X, 1y, T;.T5.E) be a soft—
tritopological space over X and ¥ be a non-empty subset of X.
If X isasoft— 4" — Ty —space then the soft —subspace ¥
isasoft— 4" — Ty — space.

Proof. Let y; # y; € ¥. There exists a two soft — & —open
sets (4. EL(B.E)in X (in5.&7.0(X7 ), such that
vy EAE) ¥ E (L E) or y; € (B.E), y; € (B.E).
Now, ¥, €Y implies that y; E(Y.E}. So y; E(¥.E) and
v, E(=4.E). Hence y, e(Y.E)n (-4.E)=( Ay.E) where
(A E) € 5.6 0(X). Consider y; & (-4, E}, this means that
vy EAle)for some eeE . Then ¥z EYNAle)
=TYie) nAle). Therefore y, € (Y.E)N (4. E) = [ Ay E).
Similarly it can be proved that If y, € (B.E)and y,; € (E.E)
then y; E (B E) , ¥y € (By.E).

Thus the soft —subspace ¥ is a soft — & — T, —space.

Definition 3.4. Let (X', T4, T4 g E) be a soft —tritopological
space over X, and x;.x, £ X such that x; = x,. If there exist
soft— 04" —open sets (F,E) and (F..E) such that «
o E(FL.E) , xe(R.E) ” and ¢ x €(R.E) ,
X E(F.E) 7, then (X, T,T; T E) is said to be a
soft— 4" — T, — space.

Example 3.5. Let X ={x;,x,} be the universe set and
E={s.8,} be the set of parameters, Then
(E) = {{ey {2, 200, (85 L2, 2,17} By [5], its cardinality
is defined by |P(x)| = 2Ze=IFE  where |F(e)| is the
cardinality of F(g). (i.e. [P(X)| = 2* = 16 soft —set).

Let (X.t,E), (X.tpEjand (X.t5.E)be the three
zoft —topological spaces on X, where their soft —topologies
defined as follows:

T, = {£.X, (M, E), (Mo, EJY,

Ty = {#.X, (Gy, E), (Gq, E), (Gg, E). (Gy, EJ} and

Ty = {&X, (M E) (M, E) (Fy E) (H E)L Where
(M, E). (M, E), (Gy, ED. (G2, E). (Gg. ENL(Gy. E), (M, ED
(5. E).(H5, E) and(H;.E) are soft — open sets defined as:

Myle) = {2} )
Myiley) = {2} ) Myleg) = {25}

Myle,) =X

Gl[ﬁl-:l =X f Gﬂ:ﬁ::' =@

Gy(ey) = {xq] ) Gyleg) = {xy]
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Gg(ey) = {xgd , Gale,) = O
Gy (o) = X L Gyley) ={x;}
Hyley) =X ; Hylez) = {2}
Hyley) = {24} ; Hole) =X
Haley) = {xg : Hyle,) = O

Hyley) = {21 , Hylez) = {2;]

The complement of the soft — open sets of zoft —topology
T, Are;

G, e =0 ,
Gy () = {24} )

Gi®(ey) = {2} '

G,"(g,) =X
G;"(e7) = {2}

GEE[E:] =X

G (e =0 ) Gy “(e2) = {2}

Hence the family of all zoft— & —open sets of the
soft —tritopological space (X TuT2 T2 E) is,
5 6-. D[I“j = {I.- 'C[J_, {Tj_.- IE:'.- {:F: . IE:I-' l::FE-' IE:I}

Fyleq) = {24} ) File) =X

Faley) =X ) Fyleq) = {xg]

Faley) ={x} ) Faleg) = {2}

Let x; .x; € X, such that x; = x,

3(F.E) (F.E) € 567 00X such that

¥ E(F.E) . x; € (F.E)and

Xy E(FLE) ., xy € (FE)

Thus (X, Ty, T T5.E) isasoft — 67 — T, —space.

Remark 3.6. If {(X.T;.T; T3 E) is a soft — & — T, —space
then (X, &".T,) may not be a T, —space for every parameter
e € E. Where & .1, = {F(g)|(F.E) € 5.5". 0{X)} [15].

Example 3.7. Clearly in example 3.5 above, Neither

(X ,&7T,) nor (X ,&.T,) is a T,—space. Where
8°t, ={X0.{x} and &1, = {X0.{x;}]

Proposition 3.8. Every soft— 4" — T, —space is a
soft— & — Ty —space.

Proof. Let (X, T, T, T4 E) be a soft —tritopological space
over ¥ and xy, x; € X such that x; = x,. If (X, T, T2 To. E)iS
a soft— &" — Ty —space then there exist zoft — & — open
sets (=4, E) and (B, E) such that x; € (-4, E), x; € (4. E]
and x; € (B.E). x; €(B.E) . Obviously, then we have
1 € (A E)x; €(ALE) or xy € (B.E). 1, €(B.E)

Thus (X, Ty, Ty Tg Elisasoft — &7 — Ty —space.

Proposition 3.9. Let({X.T, T, TsE) be a soft-—
tritopological space over X and ¥ be a non-empty subset of X.
If Xisasoft— &° — T; —space then the soft — subspace ¥
isasoft— & — T, —space.

Proof. Let y; =y, € ¥. There exists a two saft — &" — open
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sets (A, EL(B.E)in X  (in5&%.0(X) ), such that
vi EAE) v: €4 Ejandy, € (B.E), v; €(B.E).
Now y; €Y implies that y; €(Y¥.E) . So y; E(¥.E] and
vy € (A, E).

Hence vy EMVE)N (24E)= { Ay E) where
(4. E) € 5.6 0(X). Consider y; £ (=4, E]}, this means that
¥y €A(e)for some eeE. Then ¥z € Y Ale)
=T¥{e) n-A{e). Therefore y; € (¥.EJn (4. E) = { Ay E].
Similarly it can be proved that If y; € (E.Ejand y; € (B E)
then ¥, €({BwE) and vy € (By,E). Thus ¥ is a
soft — & — T, —space.

Definition 3.10. Let (X.Ty.T;T5E) be a soft—
tritopological space over X , and x;,x; € X such that x; # x.
If there exist soft— & — open sets (F, E)and (7, E) such
that “ x, € (F,.E), x; € (F.E)and (F.E)n (F.E) = &7,
then (X, Ty Ty Ta E) issaid to be a soft — &7 — T, — space.
Example 3.11. Let X = {x;,x,} be the universe set and
E={s.6,} be the set of parameters, Then
(LE) = (. {2y, 22}), (2. {24, 2,30} By [5], its cardinality
is defined by |P(x)| = 2Z=IFEl | where |F(el|is the
cardinality of F(g). (i.e. [P(X)| = 2* =16 soft —set).

Let (X.7,.E), (X 1 Ejand (X t5E)be the three
soft —topological spaces on X, and their soft —topologies
defined as follows:

T, = {&.X, (M, E). (M, E). (M, E). (M, E)}
;= {&.X, (G, E).....(G-. E)} and

Ty = {&X.(H.E). .., (H7. E)}. Where the soft— open
sets over X of three zoft —topologies, defined as follows:

My(eg) = {2} M,(e,) = {2}
Mayley) = {25} ' My (85) = {22}
My(e,) =X L Myle) = {x)
M (8y) = {23} My (e;) =0
Gy(ey) = X Gyle,) =10

Gyley) = {xo]

Ga(ey) = {24}

Goles) = {xq]

Gales) = {24}

Gy (gy) = {20} Gy(e,) =0
Geley) = {24] Gslen) =0
Ggleg = X Ggleg) = {xy]
G-(g) = X Grles) = {x]
Hy(es) = ) Hyleg) = {2}
Hy(ey) = {x] Hy(ez) = {x]
Hal(e) =X Hale,) =0
Hy () = {x] Hyleg) =10
Hsley) = {21 Hile,) =0
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H5{ﬁ1:| = X y Hﬁ[ﬁ:j = {xl}
Hile) =X ) Hileq) = {xgd

The complement of the soft — open sets in T, Are;

G, e, )= 0 , G,"(e,) =X

G; (e,) = {21} ) G;"(e7) = {24}

G5 (ey) = {2} : G3"(e2) = {2}

Gy "le,) = {2y , Gy (e, ) =X

Gs“(e,) = {21} ' Gs'(e7) = X

G le)) =0 : G (82) = {25}

G?EI:EL:I =0 ) G7E':ﬁ::' = {x}

Hence the family of all soft— & —open sets of the
soft —tritopological space (X TyTy T3 E) is,
5.8 0(X) = {X. ¢, (F.E) Ywithi = 1,2,..,7) defined as
Fyleg) = {xg) ) F(eg) =iz

Fpley) = {2} , Fple,) =0

Faley) ={x} ) Falez) = {22}

Fyley) =z} , Fleq)=10

Fglgy) =X , Feleg) = {24}

Fgley) =X , Feleq) = {201

Fle) =X , Frled=10

If we take x; . x; EX and x; * x,

3 (F,.E). (F;. E) € 5.&". OCX) such that

%y € (F. E) and x, € (Fp. E),
Fle)nFle)=0

Fi(e2) NFaleg) =0

Then (F,.E)n (F.E)= &

Thus (X. Ty, T3 T3 El isa soft— & — T, —space.

Proposition 3.12. Let the =soft—tritopological space
(X, TyT3 g E)isa soft — 87 — T, —space over X, then

(X, &".1g) isa T, —space for every parameter & £ E.

Proof. Suppose that (X TyTe T E) is a
soft— & — T, —space over X. For anyeeE , and
8° .1, = {F(e)|(F.E) € 5.6". O(X)} [15]. Let x,.x; € X, such
that x; = x, , there is a soft — & — open sets (F;,E) and
(F;.E} such that x, €(F,E) , x;€(F.,E) and
(Fi.E)n(Fy, E) =<. This implies that x, € Fy{e) ,
x; EF(e)and Fy{e)nEFy(e) =10

Thus (X, &".1;) isa T, —space, for every parameter e € E .

Proposition 3.13. Every soft—&  —T;—space is a
soft — & — Ty —space.

Proof. Let (X.T,.T;. T4 E) be a soft —tritopological space
over X and x,. x5 € Xsuch that x; = x,. If (X, T1.T5 T5 E) IS
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a soft— 4" —T;—space then there exist two
soft— & —open sets (4, E) and (B E) such that
xy E(AE), 1y € (B.E) and (-4.E) n (B.E) = &.
Obviously, since (A.EJn{BE)=<% , then we have
x ECAELx (A E)and x; € (B.E), x; € (B.E). Thus
(X, Ty T T E)isasoft — 4" — T, —space.

Proposition  3.14. Let{X. T, T,.T.E)be a soft—
tritopological space over X and ¥ be a non-empty subset of X.
If X is a soft — & — T; —space then the soft —subspace ¥
isaseft —&" — Ty —space.

Proof. Let y; # y; € ¥. There exists a two soft — & — open
sets (A.EL(B.E)in X (inS5&.00X) ), such that
vy E(=A.E) vy, E(BE) and (4. E)n{B.E) =% . So for
each e E , vy €-4(e), y; EB(e) and A(e) NEB(e) = 0,
this implies that y, ¥ n-Afe), y; EYNE(e] and
Ale) NnBie) = 0. Hence y; E(AwE), ¥; € { By.E) and
(ApE)n (BpE) =@,

where Ay, E). [ By, E) € 5.8 00X )y .
Thus ¥ is a soft — & — T, —space.

4. soft — 6" —reqgular, soft — 8" —normal
and soft — 6" — T, ; (i = 3,4) spaces

In this section, we define soft — & — Ty and seft— & — T,
spaces using ordinary points and characterize soft—&" —
regular and sof't — & —normal spaces.

Definition 4.1. Let { X, T,.T4. T4 E) be a soft —tritopological
space over ¥ , (H,E) be a soft— & — closed set in X', and
x € (H.E), if there exist a soft — §™ — open sets (F;. E) and
(F,.E) such that “ x €& (F.E), (H.E)C (F.E) and
(F.E)n (R E) =% Then (X T4 Ts T2 E) IS said to be
soft— & —regular space.

Definition 4.2. A soft —tritopological space (X, T;.Ty Tg. E)
over X is said to be a soft—&" — Ty —space iff itis a
soft— & —regular and soft — & — T, —space.

Example 4.3. Let X ={x;.x,} be the universe set, and
E={s.6,3 be the set of parameters, Then
(LE) = {{eg {2y 22}). (6, {%4, 2210} By [5], its cardinality
is defined by |P(x)| = 2Ze=IFE  \where |F(e)| is the
cardinality of F(e). (i.e. |P(X)| = 2* = 16 soft —sets).

Let (X.7,.E), (X.17pE)and (X.75E)be the three
soft —topological spaces on X, where their sof t —topologies
defined as follows:

Ty = {8.X, (M, E), (M, E), (M, E)L

Ty = {#.X, (Gy, E), (Go. E), (Gg. E). (G, E)} and
Ty = {&X, (M. E), ... (Hyp E)}. Where the soft — open

sets for the three zof't —topologies , defined as follows:
My(ey) = {2} ' Myle) =X

My(ey) = {x,} ) Myieq) = {25}
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Myleg) = 0 ) My (eq) = {25}

Gj_'::ﬁ]j = X y GL[E:-J =@

Gpley) = {2} ) Gale) = {2}

Galey) = {25} ) Galeg) = 0
Gyle) = X , Gylez) = {24}
Hy(ey) = {2,) , Hileg) = {x]
Hole) =X , Haley) = {4}
Hale) = {x] , Hyle;)= 0
Hyley) = {x] ) MHylex) =X
Hyle,) = {27 v Hgleg) = {xgd
H(e)= 0 , Hgleg) = {2}
H:(e,) = O : Hilezd= X
Hele )= 0 , Hale) = {24
Hyleq) = {x4] ) Holeg) = X

Hiygley) = {25} : Hypleg) = {24}

The complement of the soft — open sets of soft —topology
Ty Are;

Gl':l:rij_:l =0 , GLEI:E::I =X
Gy (ey) = {2,} , G;(e7) = {27}
Gy(ey) = {24} ; Gy"(ez) = X
G, (g,) = O : Gy “(£9) = {x}

Hence the family of all soft— & —open sets of the
soft —tritopological space (X TyT2Ta E) is,
5.5.0(X)={X. & (F.E) }(withi = 1,2,...6) as;

Fyey) = {xy] )

-T:':ﬁj_:' = {:.'Ej} y -T: [ﬁ::l =@

Fy (2] = {2}
Faley) = {xg) ' Fyleg) = {x4]
Fyley) = {xq} ) Fyles) =X

Fele)) =0 ) Feles) =1z}
Feley) =X ) Feleg) ={x]

Hence the family of all soft— & — closed sets of the
soft —tritopological space (X TyT2Ta E) is,
5.8%C(X) = {X, % (FFLE) } (withi = 1,2,....6) as;

Filey) = {2} ) Filey) ={x}
Filey) ={x} )
Filey) ={x] )
Filey) ={xy} .

File) =X .

File,) = X
Fileq) = {x,]
Fi(e,)= 0
FE(es) = ()

?ﬁr':ﬁj_:' =0 ) Tﬁr'iﬁ::' ={x}
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Let xy, x; € X suchthat x, # x,

a(FL E) € 5. 8°.C(X)

x; € (FL.E)

3(F,. E).(Fs. E) € 5.8 00X such that

x € (F.E). (FLE) < (F.E)
(Fe.E)n(Fs.E)= %, andsoon ...

Thus (X.Ty, T2 T2 E) isasoft— §° —regular space.
Let xy,x, € X suchthat x; # x,

3(F,.E). (Fs. E) € 5.8% 00X such that

X E(Fs.E) . xp € (Fz. Eland

% E(RL.E) ,x E(FLE)

Thus (X. Ty, T2 T2 E) isasoft— §° — T, —space .
Therefore (X, Ty, T2 T2 E) isasoft — &% — Ty —space.

Remark 4.4. (1) A soft—&" — Ty —space may not be a
soft— §° — T, —space.

@ If (X111, E) is a soft—&§" — Ty —space then
{X.&".1,) may not be a T; —space for every parameter e € E.

Example 4.5. Let ¥ = {,.2,.2,1 be the universe set and
E = {465} be the set of parameters, Then (the cardinality
|P(x)| = 25 = 64 soft —set).

And  [(X.1.E), (X.1pE)and (X.t5.E)lbe three
soft —topological spaces on X, and their soft —topologies
defined as follows:

Ty = {&X, (M, E) (M, E), (Mg, E)]L

T: = {'#.-I.l I:Gj_-' IE:'-' I:G:-' [E-:I-' I:G!-' IE:I} and

Ty = {&X, (HE)L (Hy, E) e (Hap EJL Where
(M, E) (M, E), (Mg, E), (G, E)L(G,. E)(Gg.E), (Hy E.
(H.E), .. (. E) are sof t — open sets in X, defined as;

Mi(s) =X , My (e = {24]

Myle) =X , My(es) = {2g, 25]

My(ey) =X . Mylep =10

Gyle ) =10 , Gyles) =X
Gyley) = @ L Galeg) = {x.%3)
Ga(ey) = 0 . Galey) = {2}
Hyled =X , Hile) =0

Hyleg) = {24} ' Hyles) =0

Hzley) = {2} . Hy(e)=0
Hy (o) = {xa} | Hyle,)= 0
Hsley) = {xy 29} ) Hgle,) =0
Hgley) = {2y 24} ) Hyle,)= @
Myley) ={xp 23 Hi(s,)= 0
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HMoleg =X ' Holeg) = {x4]

Hyley) = {2 o Haleg) = {2y
Hiygley) = {23} : Higleg) = {24}
Hy(69) = {23 v Hy(en) = {24
Higley) ={xp 2} Hizleg) = {x4}
Hyzley) ={xp 23} Hia(eg) = {x4]

Higley) ={xn 21 Hyaled) = {2

Hys(e,) =0 : Hisler) = {x4}

Higle) =X , Higleg) = {2 23}
Hy-leg) =2 ; Hyz(eg) = {xg 23}
Hygleg) = {21 ) Higleg) = {xg 23}
HyslEy) = {xg) , Higleg) = {xg. 25}

H:D[ﬁ:l_:l = “:1151_;11:]’ ) H:n':ﬁ::' = ‘:35::-113}

H:]_{ﬁj_:l = ":xpxg]’ ) H:]_{ﬁ:-:l = ‘:-"-‘F:J-'}-‘Fg}

Hyaleg) = {23, 23} Hyalez) = {2 23}

H:!I:E:L:I =0 ) H:g':ﬁ::' = “:.’E:.-.'E!]'

Hagley) = {2, ' Hygle) = X

H;s(eq) = {2} ; Hys(eg) = X

Hagley) = {xa} , Haglen) = X

H:.‘-{ﬁj_:l = {xl,x:} ) H:?[ﬁ::' =X

Hygley) = {2y, 23] Higlez) = X

Hiygley) = {x.20) Hogles) = X

H!D[ﬁi-:l =@ y H!D{ﬁ:-j =X

Hence the family of all soft— & — open sets of the
soft —tritopological space (X TyT2Ta E) is,
5.6%0(X) = {X. € (F.E)} (withi = 1,2...,30) defined
as;

File =X , Fle)=10
Faleg) ={x] , Frle) =0
Faley) ={xg} ) Fileg) =0
Fyley) = {xq} . Fle;) =0
Fsleg) ={xp 20, Fsle) =0
Feley ={xp 2y, Fele) =0
Frley) ={zp 22} Frleg =0

Foley) =X ,
Faleq) = {2,] ;

Fioley) = {27} '

Fpleg) = {%]
Fyleg) = {4}

Fipleg) = {24}
Fiy () = {24}

Fizleg) = {24}

Fpy () = {23} )

Fialey) ={xy 207
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Fiz(ey) = {zy, 23
Fialey) = {xg 24}
Fizle) =0
Fegleg =X
Firley) = {zg}
Figley) = {25}
Fio(6y) = {23}
Faoley) = {xp 2}
Faaley) = {225}
Fraley) = {xg 24}
Foaley) =0
Faaley) = {2}
Fasley) = {x5}
Faeley) = {5}
Farley) = {225}
Fagley) = {2y, %3]
Faoley) = {xg 24}

Fopley) =0

Hence the family of all soft— &" — closed sets of the
soft —tritopological
5.8%.C(X) = {X.® (F“E) } (withi = 1,2,...,30).

F e =0

Fy r[ﬁj:-l = {xg %}
Fafleg) = {2y 22}
T;tr':ﬁj_j' = {xy. %51
*Ts-r':ﬁi-:' = {3}
Fgfleq) = {x,]

Fr ey = {2y}
Ffle) =0

Fs “ley) = {29 23}
Fug(ey) = {2, %5}
Fifley) = {xp 27}
Fiiley) = {23}
Fialey) = {xg}
*Ti,d.r[ﬁj_:l = {x,}
Fisle) =X
File ) =0

:Fj_Tr ':'51_-:' = ‘:-'17:: -'172}

1

space

Fizled) = {x]
Fialeg) = {x]

Fislel) = {2}

Frgles) = {xp, 25}
Fyzleg) = {2, 20}
Figleg) = {x5.%3]
Figles) = {2o 23]
Foples) = {2,200}
Fyy (87) = {25, 24]
Foples) = {mp. 25}

Faaleg) = {2,205}

Fraleg) = X

Fasleg) =

Frg (€2)

X
X
Forle) = X
Frgleg) = X
Frgleg) = X
X

Fop(eg) =

Ffle) =X
Ff(eq) =X
Faflzg) =X
F (e =X
Ffeq) =X
Ffe) =X
T.‘-r':ﬁzj' =X
Fe'(67) = {2, 25}
Fo“(e) = {27 %5}
Fuo(e2) = {2 23}
Fui(eg) = {20, 25}
Fyz(87) = {2 25}
Fyz(e2) = {2 23}
Fua(eg) = {23 2}
Fi5(eg) = {2 25}
Fye(e2) = {2}

Fifleg) =iz

I::I_. Tl_.T:_.T!_. E-:I

is,
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Fug (62) = {24}
Fig (6) = {x,}
Frolez) = {2y}

Fugle) ={xp2}
Fgle)) = {22}
Faoley) = {xa} )
Failey) = {2} : Fofles) = {xy]
CAEREN . Fof(ey) = fxy)
Frzle) =X , Foiles) = {2,]
Failey) = {xp g} Foile,) =0
Failey) = {24 , Faile,) =10
‘Tlgl:ﬁj_:l = {x. 2} , :F:gl:£::I =0
:'E:.E':ﬁ:_:' = {xg} , T:_—F[.s:'j =@
Failey) = {x} :
Fag (1) = {24} ,

Tgnr':ﬁj_:' =X )

Freleg) =0
Frsle) =0
T!E[ﬁ:j = D

We note that (X, 14,75, T5. E) is a soft — &7 — Ty —space but
it is not a soft— 4" — T, —space because xj. x3 EX but
there do not exist soft— & — cpen sets (F.E) and (G, E)
such that x; € (F.E), x; € (G.E) and (F.E)n (G.E)= &.
Thus every soft— & — Ty —space is not necessarily a
soft — & — T, —space. Now we have,

8, ={0.X{x {a ) {eah {20 {2 ) {0, 20
and &, ={0.X{x} {221

Here (X.&".T,,) is not a T;—space. This shows that if
(X, Ty T3 T5 E) is a soft— & — Ty —space then (X ,&".Ty)
may not be a T, —space for every parameter ¢ € E,

Proposition ~ 4.6. Let (X TuTTE) be a
soft —tritopological space over X and ¥ be a non-empty
subset of X. If X is a soft— 4" — Ty —space then the
soft —subspace ¥ is a soft — " — Ty —space.

Proof. By proposition 3.9. the zoft—subspace¥ is a
soft—04" —T, —space. Let yeY and (F.E} be a
soft — & — closed setin ¥ such that v € (F ,E).

Then v € ({F.E) n (G E]). where (F,E) = {{Y.E) n (G.E)].
for some soft— 4" — closed set in X, by theorem 3.13. in
[16]. But wye(Y.E), so ve&(GE). As X is a
soft — & — Ty —space, so there exist soft — & — open sets
(G.E) and (Gg.E) in X such that ve(GLE) ,
(G.E) € (Gs, £ and (G4, EY NGy, Ey = & Now if we take;
(Fy.E) = ((Y.E)n (Gy.E)) and (F4.E) = ((Y.E)N (Gy.E))
, then (F,.E) and (F;.E) € 5 &.0{X)y such that y € (F,.E)
. (F.E) C(Y.E) N (Gy.E) = (F. E) and
{(Fy.E) N (Fy E) C(Gy.E) N(Gy.E) = &, ie
(Fi.E) n(FLE) = &

Thus the soft —subspace ¥ is a soft — & — Ty —space.

Definition 4.7. Let (X, T,. T3 T3 E) be a zoft —tritopological
space over ¥, (H.E) and {G.E) soft— &" — closed sets
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in X such that (H,E)n (G5 E)=4%, If there exist
soft— & — open sets (F,E) and (F.E) such that

“(H,E)C (F.E).(G.E)C (F, E}and(F,. E) n (F, E) = &”.
Then (X, T, T To E) is called a seft — §* —normal space.

Definition 4.8. A sgft —tritopological space [, Ty, Tq Tq. E)
over X is said to be a soft— 4" — T, —space iff it is a
soft— & —normal and soft — &* — T, —space.

Example 4.9. Let X={x;,x,} be the universe set and
E={s.6,} be the set of parameters, Then
(X E) = {(eg {20 230 (85 {x4, 2,70} By [5], its cardinality
is defined by |P(x)] = 2Ze==lTEl | where |F(e)| is the
cardinality of F(&). (i.e. |P(X)| = 2* =16 =oft —set).

Let (X.1,E), (X.1,E) and (X.75E)be the three
=oft —topological spaces on X, where their sof t —topologies
defined as follows:

T, = {2.X, (My, E). (M, E) (M, E)L (M, E)}
Ty = {&.X, (Gy, E). (Gy. E). (Gg, EJ. (G EJ} . And
Ty = {8X, (M. E) s (Hy g E)Where the soft — open

sets over X in three soft —topologies, defined as follows:
My(e) = {2y ,

Mayley) = {2} )

Mile) =X

M (es) = {22}
My(e )= 10 , Mqle) =X
Mg, )= 0 , M (8q) = {25]
Gyle) = X , Gylg,) =10
G, {Ej_:l = "x:} ) G:[ﬁ::' = "xj_}
Galsy) = {25] , Gyl = 0
Gyley) = X ) Gyleq) = {xy]
Hyley) =X ' Hy(eg) = {5}
Hyleq) =4{x] , Hyle,) =X
HMaley) = {24} , Hale,) =10
My (ey) ={xq] )
Hs(ey) = {24} '

Hele) =0 ,

Hyleg) =X

Hylez) =iz}
Hgleg) = {24
Hy(eq) = 124 . Hie)=0
Hyley) = X L Ha(ey) = {xy)
HMgley) = {xgd :
Hypley) = {24} :

My (e 1:' = ‘-'}5:]’ )

Hglea) = {24
Higleg) = {23}

Hyyleq) = {2}

Hy,(sy) =0 , Hyzlea) = {x53
Hyzle) = X ) Hyales) = ©
Hig(e) =10 , Higleg) =X

The complement of the soft — open sets of T, Are;
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G:LE':ﬁL:' =0 ’
G:E{ﬁlj' = {xy} )

Ga®(ey) = {x} )

G, "(e) =X
G:E':ﬁ::' = ‘-'}-7:]’
G (e,) = X
Gy (e = D ' Gy “(e) = {25}

Hence the family of all zoft— &" —open sets of the
soft —tritopological space (X TuTTa E) is,
5.6%00X) = {X. & (F.E) } (withi = 1.2,...14) as;

Fle)=1{x} ,  Fle) =1z
Fyle,) = {x] , Fyleq) = {25}
Faley) ={x,} ,
Fyley) = {ag} )

Feleg) = {25} )

Faleq) =X
Fyleg) =10
Fslez) = {25}
Feley) = {xg] , Feleq) = {2}
Frleg) = {xg] , Fleq) =X

Fgley) ={u} ) Fele) =10

Faley) = 0 , Faleq) = {24}
Fip {Ej_:l =@ ) Fip [ﬁ::' = "-'}-’:}
Fy(s) =0 , Fyleq) =X

Fialed =X : Fiale)) =0

Fialey) =X ) Fizleg) = {z]

Fiale) =X ) Figleg) = {2}

Hence the family of all soft—§°— closed sets of the
soft —tritopological space (X TyT2Ta E) is,
5.8%.C(X) = {X.® (FLE) }, (withi = 1,2,..,14),
defined as;

F(ey) = {x3} ) F (eg) = {3}

Frfley) = {3} ) Frfleg) = {xy}
Fafley) = {2} , File) =0
Fyfey) ={x3} )
Ffley) =iz )
Feiley) =z )
Filey) = {xg} )
Fetley) = {xg )

:Fl;irliﬁj_:l =X )

F (e =X
Tsr':ﬁ::' = {x}
Fg“leg) = {x,}
F:i(e,) =0
Fle,) =X
Tl;r':ﬁ::' = {x,]
Fuo (62) = {z4)

-Tllr{ﬁ:] =@

Fgfle) =X ,
Fiy e =X ,
Fofle) =0 ' Fafle) = X
Fa'le) =0 . Fialeg) = {25}

Fafle) =0 ) Fiafleg) ={x
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307 5 E) (R, E) € 5.6% C{X) such that
(REEIN(FR,E) =@

3(Fs. E) (Fp. E) £ 5.8% 00X such that

(%, 5 E) C (Fs, E).(F3 . E) C (F,. E)

And (F;, E)n (Fg.E) = @ ,andsoon ...

Thus (X, Ty, T5 T5.E) isazoft — 47 —normal space.
Let x; .x; € X suchthat x, # x,

3(F,.E). (Fz.E) € 5.8°. 0(X) such that

x E(FLE) . x € (F.E)and

I E(F.E) . xy € (Fe. E)

Thus (X. Ty, T2 T4, E) isasoft— &° — T, —space.
Therefore (X, T4, T5. T, E) isaszoft— 4" — T, —space.

Remark 4.10. (1) A soft— & —T; —space need not be a
soft— & — Ty —space.

2 If (X 1y1.1.E) is a soft— & — T, —space then
(&% 1) may not be a T, —space for every parameter ¢ € E,
where &1, = {F(e)|(F.E) € 5.6 O(X7} [15].

3) If (X, Ty 1y 1. Elisa soft — & —T, —space and ¥ is a
non-empty subset of X then the soft —subspace ¥ need not be
asoft—&" —T, —space.

Example 4.11. Let ¥ = {#;,2;, 25, 2,1 be a universe set
and E = {&,.£,} be the set of parameters, then by [5], the
soft— set (X.E) cardinality is |[P(x)] = 2Ze==7()
s.t. |F(e)|is the cardinality of F(e). ( that is mean
|P(x)| = 25 = 256 soft —set).

And let (X.1,E), (X.1.Ejand (X 15 E) be the three
soft —topological spaces on &, and the soft —topologies
defined as follows:

T, = &2, (M, E), o, (Mg, E]D

"L—: = {‘#,I_. I:Gl" IE:'.- Trr) [GEJ IE:I} 1 and

Ty = {&.X, (Hy, ) o, (M EN . Where
(M E)wn (M, E), Gy, E) oo, (G, E), (Hy, E) e, (Hp, E)
are so0ft — open sets in X, defined as follows:

Miy(ey) = {2y % %] M) = {2g,%2 %]

Myley) = {2y, 23, 247 Maoleqg) = {2y, 2q, 257

Mp(e) = {2y, x5} : Ma(eg) = {2, 25, 25)

My (ey) = (g, %5} , My(ez) = {229, 21}
Ms(ey) = {23} ' Mslez) = {242, X3}
Mgley) = {23} , Mglez) = {2y, %5, 23}
M) =0 , Moles) = {22, 200

Mgley) =X ' Mylez) = {24, %, %3}

G, (e,) = {23} ) Gyleg) = {x,]
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Galey) = {xo] ' Gales) = {x]

Galey) = {2p.22) : Gales) = {2}
Gy(ey) = {2} : Gyles) = {15}
Gsley) = {xp X327 Ggleg) = {4}
Ggley) = {xp2.2,] Gglez) = {x,]

Grleg =X ) Gileg) = {xy]

Gple,) =0 )
Hyle)) = {xp 22}

Hyley) = {x. 25,2,

Gg[ﬁ::' = ‘-"54]’
Hyleg) = {225, 25]

Hylez) = {24 %5, %5}

Haley) = (%1, 2] ) Hylea) = {2y, 29.%4]

Hled=lman) . Hln)= B
Heley) = {x] ' Hslez) = {2y %3 %3}
Hyleg) = {xa) ' Helez) = {#y 2y 23}
Hy(e) = 0 o Hlen) = {2y 2y 23)
Hyle) =X ) Halez) = {2y 20 23}

( if we examine the all 256 soft —sets) , then we get the
family  of all soft— & —open sets of the
soft —tritopological space (X, T4, T4 T E] s,

58.0(X) = {X & (F.E) ), (withi = 1,2,...8)

Fleg) = {xp 0,25} Fileg) = {xp 23 23}
Faley) = {xp 25, %1 Fpleg) =[x 25, 2]
Faley) = {24} : Fy(e7) = {2y, %9, %3}

Faley) = {20 25} ' Fales) = {xy 25 23}

Fglzy) = {24] ' Fslez) = {2123 25)
Feleg) ={xg) ' Tolod) = {Fo20. 2]
Frle) =0 o Bled = uap )
:Fs':ﬁj_:' =X ) Fe ':E::I = %% ]

We note that (X, T,.T5 T E) is a soft — & — T, —space but
it is not a soft—&" —T;—space becausex; £ X and
(F.E)* is a soft—&" —closed set in X such that
x, € (F2.E)" but there do not exist soft — &° — open sets
(E.E) and (G, E) such that %, € (F.E), (Fz. E)* € (G.E)and
(F.E)n (G E) = & Thus every seft — & — T, —space is not
necessarily a soft — & — Ty —space. Now we have,

5--":41 = {X 8.{x} {2g ) {p 2ad {2y 2 Lo 20, 20 {2, 20 4 1)

And &1, ={X0.{x,x;x0]

Here (. 6°.T,,) and (X,&".1,_) are not T —space. This shows
that if (& T, T5 T3 E) is a soft— & —T, —space then
(&% 1) need not be a T, —space for every parameter e £ E.

Now, let ¥ = {x,,%,, 2,1 CX. By the definition 2.14, the
soft—sub sets (Fy.E) (with i = 1,2,..,8) of the
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soft— & — open (F;, E) over ¥, results to be defined by:

Fiyleg) = {xp 25} Fiyleld =Y
Fryleg ={xp. 22},  Fyled =Y
Fay(ey) = {1} ; Fayleg) = ¥
Forle) ={x2 23} ,  Faylel) =Y
Fsyley) = {2} v Feylegd =Y
Fey(e1) = {5} : Feyleg = ¥
Fry(e) =0 v Fryled =Y
Foyle) =Y ; Foylel =Y

We note that soft—subspace ¥ is not a soft—& —T, —
space because (Fay. E)®and (Fyy, E)® are soft — &° — closed
sets in ¥ such that (Fay. E)° 1 (Fyy. EJ® = & but there do not
exist any soft — & —open sets (F, E) and (G E) in ¥ such
that  (Fyw E)°C(F,E}, (Ey. E)°C (G E) and
(F.EIn(GE)l =%

Thus a seft —subspace of a soft — & — T, —space may not
be azoft— & — T, —space.

5. CONCLUSIONS

In this work, we have continued the foundations of the theory
of a soft—tritopological spaces to define and study the
separation axioms of a  =zoft —tritopological spaces. We
defined soft — & — Ty . Ty . T; . T3 . T Spaces with respect to
ordinary  points and studied their behaviors in
soft —tritopological spaces. These =soft— & —separation
axioms would be useful for the growth of the set theory of
zoft —tritopology to solve some complex problems. We also
discussed some sof t —transmissible properties with respect to

ordinary points. We hope that these results in this paper will
help the researchers for strengthening the toolbox of
zoft —tritopology. In the next study, we extend the concept of

soft— & —separation axioms in saft —tritopological spaces
with respect to =aoft —points as well as ordinary.
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