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ABSTRACT

Today graph theory is one of the most flourishing braches of
modern mathematics. Graphs are useful in enhancing the
understanding of the organization and behavioural
characteristics of complex system. The study of domination in
graphs originated around 1850 has become the source of
interest to the researchers.

Interval graphs have drawn the attention of many researchers
for over 40 years. They form a special class of graphs with
many interesting properties and revealed their practical
relevance for modeling problems arising in the real world.
The theory of domination in graphs introduced by Ore [11]
and Berge [6] is fast growing area of research in graph theory
today. An introduction and an extensive overview on
domination in graphs and related topics is surveyed and
detailed in the two books by Haynes et.al. [1, 2].

The concept of signed Roman dominating function was
introduced by Ahangar et al. [4]. They present various lower
and upper bounds on the signed Roman domination number of
a graph and characterized the graphs which have these
bounds. The minimal signed Roman dominating functions of
corona product graph of a path with a star is studied by Siva
Parvathi [13].

In this paper a study of signed Roman domination in an
interval graph with alternate cliques of size 3 is carried out.

Keywords
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1. INTRODUCTION

Domination in graphs has been studied extensively in recent
years and it is an important branch of Graph Theory. Allan,
R.B. and Laskar, R.C.[5], Cockayne, E.J.andHedetniemi, S.T
[7]1 and many others have studied various domination
parameters of graphs.

Let G(V,E) be a graph. A subset D of V is said to be a
dominating set of G if every vertex in V — D is adjacent to a
vertex in D. The minimum cardinality of a dominating set is
called as the domination number and is denoted by y(G).

We consider finite graphs without loops and multiple edges.

2. SIGNED ROMAN DOMINATING
FUNCTION

The concept of Signed dominating function was introduced by
Dunbar et al. [3]. There is a variety of possible applications
for this variation of domination. By assigning the values —1
or +1 to the vertices of a graph we can model such things as
networks of positive and negative electrical charges, networks
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of positive and negative spins of electrons and networks of
people or organizations in which global decisions can be
made.

The Roman dominating function of a graph Gwas defined by
Cockayne et.al [8]. The definition of a Roman dominating
function was motivated by an article in Scientific American
by Ian Stewart [9] entitled “Defend The Roman Empire!” and
suggested by even earlier byReVelle [12]. Domination
number and Roman domination number in an interval graph
with consecutive cliques of size 3 are studied by Jaya Subba
Reddy. C, Reddappa. M andMaheswari. B [10].

A Roman dominating function on a graph G(V,E) is a
function f:V — {0,1,2} satisfying the condition that every
vertex u for which f(u) = 0 is adjacent to at least one vertex
v for which f(v) = 2.The weight of a Roman dominating

function is the value  f(V) =z f(v). The minimum
veV

weight of a Roman dominating function on a graph G is called

as the Roman domination number of G. It is denoted by

yr(G). If yr(G) =2y(G) then G is called a Roman graph.

Let G = (V,E) be a graph. A signed Roman
dominating function on the graph G is a function f:V —
{—1,1,2}, which satisfies the following two conditions:

(i) Foreachu €V, Z f (V)Zl;

vaN[u]

(i) Each vertex u for which f(u) = —1 is adjacent to at least
one vertex v for which f(v) = 2.

Thevalue f (V) = Z f (u)
uev

the function £, and it is denoted by w(f). The signed Roman

domination number of G,y (G) is the minimum weight of a

signed Roman domination number on G.

is called the weight of

Each signed Roman dominating function f on G is uniquely
determined by the ordered partition (V_4, V4, V,)of V(G),
where Vi={weV/fw)=i} for i=-1,1,2. Then
w(f) = —|V_1| + V1] + 2|V5].

There exists a 1-1 correspondence between the functions
f:V - {-1,1,2} and the ordered partition (V_y, V3, V,)of
V. Thus we write f = (V_y, V4, V5).

3. INTERVAL GRAPH

Let I ={I,,I;,I5,.........I,} be an interval family, where
each I; is an interval on the real line and I; = [a;, b;] fori =
1,2,3,.......n. Here a; is called the left end point and b; is
called the right end point of I;. Without loss of generality, we
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assume that all end points of the intervals in I are distinct
numbers between 1 and 2n. Two intervals i = [a;, b;] and j =
[a;, b;] are said to intersect each other if either a; < b;or
a; < b;. The intervals are labelled in the increasing order of
their right end points.

Let G(V,E) be a graph. G is called an interval graph if there is
a 1-1 correspondence between V and I such that two vertices
of G are joined by an edge in E if and only if their
corresponding intervals in I intersect. If i is an interval in I
the corresponding vertex in G is denoted by v;.

Consider the following interval family.
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The corresponding interval graph is given by
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Consider the following interval family.
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The corresponding interval graph is given by
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The corresponding interval graph is given by
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In what follows we consider interval graphs of this type. We
observe that whenn = 3k + 3 then the interval graph has
adjacent cliques of size 3, k=1,2,3...... and when n = 3k +
2 then the interval graph has adjacent cliques of size 3 and
the last clique has two adjacent edges and when n = 3k + 4
then the interval graph has adjacent cliques of size 3 and the
last clique is adjacent with one edge, k = 1, 2, 3...... We
denote this type of interval graph by G. The signed Roman
domination is studied in the following for the interval graph

G.
4. RESULTS

Theorem 4.1: Let G the Interval graph with n vertices,
where n > 5. Then the signed Roman domination of Gis

ysr(§) = 2k + 1 for =3k + 2, 3k + 4,
=2k + 2forn =3k + 3
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wherek = 1,2,3 ... .....respectively.

Proof: Let G be the interval graph with n vertices, where
n=5.

Let the vertex set of Gbe {v1,v,, V3, Vg v v e ce eV
Case 1: Suppose n = 3k + 2, where k = 1,2,3 ... ...

Let f:V - {-1,1,2} and let (V_4,V;,V,) be the ordered
partition of V induced by f where V,={veV/f(v) =i}
for i =—1,1,2. Then there exist a 1-1 correspondence
between the functions f:V — {-1,1,2} and the ordered
partition (V_q,V;,V,) of V.Thus we write f=
(V—I'VI'VZ)-

Let Vi ={v;, V4 oo oo ee e, Unm10, Vn—7,, Un—a 1

VZ = {U3, Vg wre von sss sss snenn Un_s', VUn-2, Un},

Vo, = {vz, Vg s wee e wve weewnen, Un_g, Un—3 ,vn_l}.

It was shown in [10] that V;, is @ minimum dominating set of
G. Further the set V,dominates V_;. That is , every vertex u
such that f(u) = —1 is adjacent to some vertex v with

flw) =2.

Therefore f = (V_4,V4,V,) becomes a signed Roman
dominating function of G.

Now Vil =k, Vol =k+1,|V_4| =k + 1.

Therefore
DW= W+ fW)+> fv).

=—k—1+k+2k+ 2= 2k+1.

Let g=(V.y, Vi, V,) be a signed Roman dominating
function of G, where V, dominates V_,. Then g(V) =

Daw) =D gW)+ D gW)+ D gv)

veV' vev'y vev, vev,
= —|Vai| + il + 2| vz

Since V, is a minimum dominating set of G, we have |V,| <
[V]. This implies that g(V) = —|V_q| +|Vi| + 2|V5| =
=V_y |+ Vil + 2|V,| = £ (V).

Therefore f(V) is a minimum weight of G, Where
f(V_q, V3, V) is a signed Roman dominating function.

Thus ysz(G) = 2k + 1.
Case 2: Suppose n = 3k + 3, where k =123 .........
Now we proceed as in Case 1.

LetVi = {v, V4 e oo vos e oo, Unmgy Vs, Un2 1

V2 = {U3,U6, e e e e 'Un_6', U‘l’l—3'v‘n};

Vo1 ={v, Vs, e oo vev e e, U, Vg, Up_1 3

Clearly V, is a minimum dominating set of G. Here we
observe that the set V,dominates V_;. Thereforef =
(V_1,V4,V,) becomes a signed Roman dominating function of

g
Now |V1| = k+ 1,|V2| = k+ 1,|V_1| = k+1.
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Therefore
SHEW =D W)+ Fv)+ F(v).

=—k—-1+k+1+2k+2= 2k+2.

If g=(,, Vi, V,) is a Roman dominating function of g,
then it follows as in Case 1, that £ (V) is a minimum weight of
G for the signed Roman dominating function f(V,, V4, V5).

Thus yer(G) = 2k + 2.
Case 3: Suppose n = 3k + 4, where k =1,2,3 .........
Now proceed as in Case 1.

Let V1 = {171, Vg eor vvviv v v, Up_ g, Vn—6,' Vn-3 },

V, = {v3,v6, R ,vn_7,,vn_4,vn_1};
Vo1 ={v3, Vs, e e vv e veee e, Unsy Vnea , Un

Obviously V, is a minimum dominating set of G. Further the
set V,dominates V_;.

Therefore f = (V_4,V;,V,) becomes a signed Roman
dominating function of G.

Therefore
DW= W+ fW)+> V).

=—k—-2+k+1+2k+2= 2k+1.

If g=(V,, Vi, V) is a Roman dominating function of g,
then it follows as in Case 1, that £ (V) is a minimum weight of
g for the signed Roman dominating function f(V,, Vy, V,).

Thus yer(G) = 2k + 1.

Theorem 4.2: Let G be the interval graph with n vertices,
where 2 <n < 6. Then

Ysr(G) = 1forn =4
= 2forn = 3.

Proof: Let G be the interval graph with n vertices, where
2<n<e6.

Case 1: Suppose n = 3. Let vy, v,,v3 be the vertices of G.
Let Vy ={vs}; Vo ={v}iV_1 = {vy}

Clearly V, is a minimum dominating set of G and the set
V,dominates V_;.

Therefore f = (V_4,V;,V,) is a signed Roman dominating
function of G.

Therefore
SHEW) =D W)+ Fw)+ F(v).

=-1+1+2x1 =2
Thus ysr(G) = 2.

Case 2: Suppose n = 4. Let vy, v,, v3, v, be the vertices of G.
Let Vy={v}; Vo={vs}; Voy ={v;, v}

Obviously V, is a minimum dominating set of G and the set
V,dominates V_j.
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Therefore f = (V_4,V;,V,) is a signed Roman dominating
function of G.

Therefore
D W)= fW+D fW)+> f(v).

==2+1+2x1=1.
Thus ys(G) = 1.

Theorem 4.3: Let G be the interval graph with n vertices,
where n > 5.Thenysz(§) = y(G) + k, for =3k + 2, 3k +4
,Where k = 1,2, 3, ...... ...respectively.

Proof :Let G be the interval graph with n vertices, where
n=5.

Then by [10], we have
y(G) = k + 1for n = 3k + 2, 3k + 4, wherek = 1,2,3, ......
By Theorem 4.1, we have

ysr(G) =2k +1, for n=3k+2 3k+4, wherek=
1,2,3 .

Forn =5k + 2,5k + 4, where k = 1,2,3 ... cc v ...
Ysr(G) =2k +1
=k+D+k=y(G) +k

Theorem 4.4: Let G be the interval graph with n vertices,
where n = 7.Thenyg(G§) = ysx(G) + 1, for = 3k + 4 , where
k=123, .. ... respectively.

Proof :Let G be the interval graph with n vertices, where
n=7.

Then by [10], we have
yr(G) = 2k + 2, forn =3k + 4, wherek =1,2,3 ...... ... ...
Now by Theorem 4.1, we have
Ysr(G) = 2k + 1,forn =3k + 4, where k = 1,2,3 .. cce.. ..
Forn =3k +4,wherek =1,2,3 ... ...
Yr(G) = 2k +2
=QRk+1D+1=yi(G)+1

Theorem 4.5: Let G be the interval graph with n vertices,
where n = 5.Then yx(§) = y(G), for n = 3k + 2 ,where
k=123, .. ... respectively.

Proof :Let G be the interval graph with n vertices, where
n = 5.

Suppose n = 3k + 2, where k =1, 2,3, ... ... ...respectively.
Then ysg(§) = 2k + 1 and yx(G) = 2k + 1.

Hence ¥sz () = vz (G).

Theorem 4.6: Let G be the interval graph with n vertices,
where n > 6. Then y(G) = 2 y(g)for n = 3k + 3, where
k =123 ......respectively.

Proof: Let G be the interval graph with n vertices, where
n=6.

Suppose n =3k +3,and k = 1,2,3.........respectively.

Then by Theorem 4.1, the signed Roman domination number
is
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Yse(§) = 2k +2
=2(k+1)=2v(9)
Thus ysz(G) = 2v(9).
5. ILLUSTRATIONS

Hlustration1: n=7.

*r—- o—
Il | |7
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S ¢ o0 *—e
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o0 o
Interval family
Vi
V7 .
-1
V2
Ve
2 1
Vs
V3
1 Va 2

1

Interval graph G

D = {vs,vg}and y(G) = 2.
Vi = {v, v} Vo ={vs, vl Vor= V-{V,}= {v,, vs, v7}
D EWV) =Vl -1 + L1+ L2 =-103) +

veV

1) +22)=3=fW)
Therefore y,z(G) = 3.

Hlustration2: n=9

I3 ls
Il IA |7
@ o—=e —
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Interval family
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\Y

\'3

v
Interval graph G
D = {v3,vg, vo}and y(G) = 3.
Vi = {v1,va, 07} Vo ={v3,v6, o}, V_1= {1, Vs, 8}
DEWV) =l =1 + L1+ Wal2 = -13) +

veV

1) +2B3)=6=f(1)
Therefore y,r(G) = 6.
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