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ABSTRACT

Nakaoka and Oda ([1] and [2]) initiated the notion of maximal
open (resp. minimal closed) sets in topological spaces.
Thereafter, in 2005, Cao,Ganster, Reilly and Steiner [4]
introduced 30-open (resp. 50-closed) sets in general topology.
In the present work, the author introduces new classes of open
and closed sets called maximal 30-open sets, minimal §6-open
sets, maximal 80-closed sets, minimal 60-closed sets, 60-semi
maximal open and &6-semi minimal closed and investigate
some of their fundamental properties.
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1. INTRODUCTION

In 1970, Norman Levine [5] introduced the notion of
generalized closed sets and its dual open sets in topological
spaces. After him many authors concentrated in this directions
and defined various types of generalized closed sets in that
spaces. Generalized open sets play a very important role in
General Topology and they are now the research topics of
many topologists worldwide. Indeed a significant theme in
General Topology and Real Analysis concerns the variously
modified forms of continuity, separation axioms etc by
utilizing generalized open sets. One of the most wellknown
notions and also an inspiration source is the notion of 8-open
and 6-open sets introduced by N. V. Velicko [3] in 1968.
Since the collection of 6-open sets in a topological space (X,t)
forms a topology Tty on X, then the union of two 6-open sets is
of course 0-open. Moreover, t = 1, if and only if (Xt) is
regular. F. Nakaoka and N. Oda in [1] and [2] introduced the
notion of maximal open sets and minimal closed sets.
Thereafter, J. Cao, M. Ganster, I. Reilly and M. Steiner in [4]
introduced 86-open and 80-closed sets. The main purpose of
the present paper is to introduce the concept of a new class of
open sets called maximal 66-open sets, minimal &6-closed
sets, 30-semi maximal open and 36-semi minimal closed sets.
We also investigate some of their fundamental properties.

2. PRELIMINARY NOTE

Throughout the work ordered pairs (X,t) and (Y,o) (or X and
Y ) will denote topological spaces on which no separation
axioms are assumed unless explicitly stated. Let A be a subset
of X. We denote the interior and the closure of a set A by
Int(A) and CI(A), respectively.Let us recall the following
definitions which are useful in the sequel.

Definition 2.1 [3]. Let A be a subset of a space X. A point
xeX is called a 8-cluster point of A if AnCI(U) = ¢, for every
open set U of X containing x. The set of all 6-cluster points of
A is called the 6-closure of A, denoted by Clg(A).

Definition 2.2 [3]. A subset A of X is called 8-closed if A =
Clg(A). The complement of a 6-closed set is called 6-open set
in X.

We denote the collection of all 6-open (respectively, 8-closed)
sets by 6-O(X,1) (respectively, 6-C(X,1)).

Definition 2.3 [3]. Let A be a subset of a space X. A point
xeX is called a &-cluster point of A if AnU = ¢, for every
regular open set U of X containing x. The set of all 3-cluster
points of A is called the &-closure of A, denoted by Cls(A).

Definition 2.4 [3]. A subset A of X is called 5-closed if A =
Cls(A). The complement of a 5-closed set is called 8-open set
in X.

We denote the collection of all 3-open (respectively, 5-closed)
sets by 8-O(X,t) (respectively, 5-C(X,1)).

It is very well-known that the families of all &-open (resp. 6-
open) subsets of (X,t) are topologies on X which we shall
denote by 15 (resp.tg). From the definitions it follows
immediately that T4 < 5 < ©. The space (X, t5) is also called
the semi-regularization of (X,t). A space (X,t) is said to be
semi-regular if s =t and (X,t) is regular iff 1o = 7. It is easily
seen that one always has, A < CI(A) < Cls(A) < Cly(A) <

E\g , Where, :&H denotes the closure of A with respect to
(X. Te)-

Definition 2.5 [1]. A proper nonempty open set U of X is said
to be a maximal open set if any open set which contains U is
either X or U.

Definition 2.6 [2]. A proper nonempty closed set V of X is
said to be a minimal closed set if any closed set contained in
V is either ¢ or V.

The family of all maximal open (resp. minimal closed) sets
will be denoted by M,O(X) (resp. M;C(X)). We define
M,O(X, x) ={U : xe Ue M,0(X) } and MiC(X,x) ={V : x e
V e M;C(X)}.

Definition 2.7[4]. A subset A of a topological space (X,1), is
called 66-closed [2] if Cls(A) € U whenever A € U and U is
0-open in X. The complement of 86-closed is 56-open set in
X

3. MAXIMAL 86-OPEN AND MINIMAL
50-CLOSED SETS

In this section the notion of maximal 86-open set and minimal
80-closed sets are introduced and investigate some
fundamental results with example and counter examples.

Definition 3.1. (a) A proper nonempty 86-open set A of X is
said to be a maximal 86-open set if any 86-open set U which
contains A is either X or A (i.e. U = A or U = X, whenever, A
c V).
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(b) A proper nonempty 36-open set A of X is said to be a
minimal 86-open set if any 86-open set U which is contained
in Ais either A or ¢ (i.e. U = A or U = ¢, whenever, U c A).

Definition 3.2. (a) A proper nonempty 86-closed set B of X is
said to be a maximal 86-closed set if any 66-closed subset U
which contains B is either X or B (i.e. U =B or U = X,
whenever, Uc B).

(b) A proper nonempty 66-closed set B of X is said to be a
minimal 86-closed set if any &6-closed set V which is
contained in B is either ¢ or B (ie. V. = B or V = g,
whenever, Vc B).

The family of all maximal &6-open, minimal &6-open,
maximal 86-closed and minimal &0-closed sets will be
denoted by M,360(X), M;360(X), M,36C(X) and M;36C(X)
respectbly.We define M,300(X, x) = {A: XxeA € M,860(X)},
M;800(X, X) = {A: xeA € Mi800(X)}, M.80C(X, x) = {F : x
e F e M0C(X)} and MidoC(X, x) = {F : x € F €
M;80C(X)}.

Theorem 3.3. Let A be a proper nonempty subset A of X.
Then A is a maximal 36-open set if and only if X\A is a
minimal 30-closed set.

Proof: Let A be a maximal 86-open set. Then A < X or A c
A. Hence, oc X\A or X\A < X\A: Therefore by Definition
3.2, X\A is a minimal 36-closed set.

Conversely, let X\A be a minimal 86-closed set. Then, ¢ —
X\A or X\A < X\A. Hence A < X or A — A which implies
that A is a maximal 86-open set.

Remark 3.4. The following example shows that (1) maximal-
open sets and maximal 36-open sets are independent. (2)
Maximal &-open sets and maximal 66-open sets are
independent. (3) Maximal 6-open sets and maximal &6-
open sets are independent.

That is, Maximal &Open <A Maximal Open <A
Maximal 66¢-Open <A Maximal &Open.

Example 3.5. Let us consider the topological space (X,t) such
that X = {a, b, ¢, d} and

© = {X., {c}, {c.d}, {a, b}, {a, b.c}}.

Throughout careful computation we find that 50(X,t) = {X,o,
{c,d}, {a, b}} = 60(X,1); 360(X,7) = {X,¢0, {c,d}, {a, b},
{a,b,c}, {a,c,d},{a,b,d},{b,c,d}}.

Clearly, (1) {c,d} is maximal open which is not maximal &6-
open and {b,c,d} is maximal 56-open which is not maximal
open set in X.

(2) {c,d} is maximal &-open which is not maximal 36-open
and {b,c,d} is maximal 86-open which is not maximal 5-open
set in X.

(3) {c,d} is maximal 6-open which is not maximal 36-open
and {b,c,d} is maximal 86-open which is not maximal 6-open
set in X.

Theorem 3.6. In any topological space (Xt), if A be a
maximal 30-open set and B be a 86-open set of (X,t). Then
either AUB=XorBcA.

Proof. Let A be a maximal 56-open set and B be a 36-open
set of (X,1). If AUB = X, then we are done. But if AUB = X,
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then we have to prove that B = A. Now A U B # X means B
c Au Band A c A u B. Therefore, we have, Ac AUB
and A is maximal 30-open, then by definition, A U B = X or
AuUB=Abut AuB =% X, then AU B = A which implies B
c A

Theorem 3.7. In any topological space (X,t), if A and B be
maximal 808-open sets of (X,t). Then either AUB = X or B =
A.

Proof. Let A and B be maximal 86-open sets of (X,z). If A U
B = X, then we are done. But if A U B = X, then we have to
prove that B=A. Now AuUB = Xmeans Ac AuBandB
< A U B. Now, since, A c A U B and A is a maximal 86-
open set, then by definition, AuB=Xor AuB=AbutA
v B = X, therefore, A U B = A which implies B < A.
Similarly, if B < A U B we obtain, A — B. Therefore A = B.

Theorem 3.8. In any topological space (X,z), if F be a
minimal 36-closed set and G be a 86-closed set of (X,t). Then
eitherFNG=¢porFcG.

Proof. Let F be a minimal 36-closed set and G be a 66-closed
set of (X,1). If FNG = ¢, then there is nothing to prove. But if
FNG = o, then we have to prove that Fc G: Now if FNG = ¢,
then Fn G cFand F n G < G. Since F n G — F and given
that F is minimal 86-closed, then by definition F~NG =F or F
NG =¢. ButF NG # o, then F n G = F which shows that F
cG.

Theorem 3.9. In any topological space (X,t), if F and G be
minimal 30-closed sets of (X,t). Then either FN G =@ or F =
G.

Proof. Let F and G be two minimal 66-closed sets of (X,z). If
F n G = ¢, then there is nothing to prove. But if F n G = ¢,
then we have to prove that F = G. Now, if F n G = ¢, then F
NGcFand FNGcG. Since Fn G < Fand given that F is
minimal 80-closed, then by definition FNG=ForFN G =
¢. But F n G = ¢, then F n G = F which implies that F c G.
Similarly, if F n G < G and given that G is minimal 36-
closed, then by definiton FNG=GorFNG=¢.ButFnG
# @, then F n G = G which implies G — F. Hence, F = G.

Theorem 3.10. In any topological space (X,1),

(a) Let A be a maximal 86-open set of (X,t) and x an element
of X\A. Then for any 66-open set B containing x, X\A c B.

(b) Let A be a maximal 66-open set of (X,t). Then, either of
the following (i) and (ii) holds.

(i) For each xeX\A and each &6-open set B
containing x, B = X.

(ii) There exists a 806-open set B such that X\A — B
and B c X.
(c) Let A be a maximal 66-open set of (X,t). Then, either of
the following (i) and (ii) holds.

(i) For each xe X\A and each &6-open set B
containing x, we have X\A c B.

(i) There exists a 30-open set B such that X\A = B
= X.

Proof. (1) Since xe X\A, we have B & A for any 56-open

set B containing x.Then, A U B = X by Theorem 3.6.
Therefore, X\A < B.
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(2) If (i) does not hold, then there exists an element x of X\A
and a 66-open set B containing x such that B — X. By (1), we
have, X\A < B.

(3) If (ii) does not hold, then, by (1), we have X\A c B for
each xe X\A and each 86-open set B containing x. Hence, we
have X\A c B.

Theorem 3.11. Let A,B,C be maximal 86-open sets such that
A=B.IFANBcC,theneither A=CorB=C.

Proof. Given that A n B < C. If A = C, then there is nothing
to prove. But if A =C, then we have to prove B = C, Using
Theorem 3.7, we have, BN C=B N [C n X]
=BNn[Cn(AuB)]=BN[(CnA)uU(CnB)]
=BnNnCnAuUBNCNB) =(AnB)uU(CnB)
[since, AnB c C]
=(AuC)nB=XNnB=B,[since AuC=X].
This implies B < C also from the definition of maximal &6-
open set it follows that B = C.

Theorem 3.12. Let A, B,C be maximal 36-open sets which
are different from each other. Then (AN B) & (AN C).

Proof. Let (A NB) n (A NC). Then, AnB)uU(CNnB)c (A
NC) u (C N B). Hence, (A U C) n B < C n (A UB). Since
by Theorem 3.7, AU C = X. We have X N B =« C n X which
implies B — C. From the definition of maximal 66-open set it
follows that B = C. Contradiction to the fact that A, B and C
are different from each other. Therefore (A N B) & (A N

Q).

Theorem 3.13. (1) Let F be a minimal 66-closed set of X. If x
e F, then F — G for any 86-closed set G containing X.

(2) Let F be a minimal 56-closed set of X. Then F = n {G :
xeGed0C(X)} for any element x of F.

Proof. (1) Let Fe M;30C(X,x) and Ged06C(X,x) such that F
& G. This implies that F n G = Fand F n G # ¢. But since

F is minimal 86-closed, by Definition 3.2, F n G = F which
contradicts the relation F n G < F. Therefore, F = G.

(2) By (1) and the fact that F is 30-closed containing X, we
have, Fc n { G : GedOC(X, X)} c F. Therefore, we have the
result.

Theorem 3.14. (1) Let H and H,, (a.e A, index set) be minimal
86-closed sets of (X,7). IfH < U
aeA suchthat H=H,.

(2) Let H and H,, (a.e A) be minimal 86-closed sets of (X,t). If
H=H,, forany aeA, thenH N (Uae/\ Hy) = o.

wen Ha o then there exists

Proof. (1) Let H and H, (c.eA) be minimal 36-closed sets
such that H c U, _, H, We have to prove that H N H, # ¢.

Since if H n H, = ¢, then H, « X\H and hence H < U _,

H, =X\H which is a contradiction. Now as H n H,, # ¢, then
HnH,cHand H " H, cH,. Since HH, < H and given
that F is minimal 86-closed, then by definition H n H, = H or
H N H, = . ButH N H, # o, then H N H, = H which implies
H < H,. Similarly, if H n H, < H, and given that H, is
minimal 30-closed, then by definition H n H, = H, or H n
H, = ¢. But H n H, # . then H N H, = H, which implies H,,
cH.ThenH =H,.
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(2) Let us assume that H n (U

o € A such that H n H,, # ¢. By Theorem 3.9. we have H =
H,, which is a contradiction to the fact H = H,. Hence H n (

UaeA Ha) =0

wen Ha) # @, then there exists

4. §0-semi-maximal open sets and &0-
semi-minimal closed sets

This section introduces the notion of 50-semi-maximal open
set and 80-semi-minimal closed sets and investigate some of
their properties with examples.

Definition 4.1. A subset G in a topological space X is said to
be 36-semi-maximal open if there exists a maximal 36-open
set U such that U < G < CI(U). The complement of a 86-
semi-maximal open set is called a 86-semi-minimal closed
set.

Remark 4.2. Every maximal 66-open (resp. minimal &6-
closed) set is 80-semi-maximal open (resp. 86-semi-minimal
closed).

Example 4.3. Let us consider the topological space (X,t) such
that X = {a, b, ¢, d} and

©={X, {c.d}, {a b}}.

We abserve that 80(X,t) = {X,0, {c,d}, {a, b}} = 60(X,1);
300X,t) = {Xeo, {cd}, {a b}, {abc}
{a,c,d},{a,b,d},{b,c,d}}. Clearly, G = {a,b,c} is maximal &6-
open set. Then G is a 80-semi-maximal open set, since there
exists maximal 86-open set U = {a,b,c} such that U < G
cCI(U) = X. Also it is clear that the complement of G = {d} is
minimal 80-closed set and hence it is 86-semi-minimal closed
set.

The collection of all 66-semi-maximal open (resp. 86-semi-
minimal closed) set of X is denoted by 86SM,O(X) (resp.
30SM;C(X)).

Theorem 4.4. If G is a 0-semi-maximal open set of X and G
c M c CI(G), then M is a 86-semi-maximal open set of X.
Proof. Since G is 86-semi-maximal open, there exists a
maximal 86-open set U such that U < G < CI(U). Then U c
G < M c CI(G) c CI(U). Hence, U c M < CI(U). Thus M is
86-semi-maximal open.

Theorem 4.5. A subset B of a topological space X is 66-semi-
minimal closed if and only if there exists a minimal 86-closed
set G in X such that Int(G) = B < G.

Proof. Suppose B is 86-semi-minimal closed in X. By
Definition 4.1, X\B is 60-semi-maximal open in X. Therefore,
there exists a maximal 60-open set U such that U < X\B
CIl(U), which implies Int(X\U) = X\CI(U) < B < X\U.Let us
take G = X\U, so that G is a minimal 80-closed set such that
Int(G)cBcG.

Conversely, suppose that there exists a minimal 86-closed set
G in X, such that Int(G) =« B = G. Hence X\ G < X\ B < X\
Int(G) = CI(X \ G). So, there exists a maximal 50-open set U
= X\ G such that U = X \ B < CI(U), which implies that X \ B
is 60-semi-maximal open in X. It follows that B is 30-semi-
minimal closed.

Theorem 4.6. If G is 86-semi-minimal closed in (X,t) and if
Int(G) c F = G, then F is also 80-semi -minimal closed in X.
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Proof. Let G be a 56-semi-minimal closed set of X. Then
there exists a minimal 36-closed set H in X, such that Int(H)
< G < H. Hence, Int(H) < Int(G) c F < G < H. It follows
Int(H) < F < H. Therefore, F is a 86-semi-minimal closed set
in X.

Theorem 4.7. Let (Y,ty) be an open subspace of (X,t) and A
c Y and A is a 66-semi-maximal open set of X, then A is also
a 60-semi-maximal open set of Y.

Proof. Since A is a 86-semi-maximal open set of X, there
exists a maximal 86-open set U such that U < A < CI(U).
Hence, U is a subset of Y. Since U is maximal 80-open in X,
Y nU=Uis maximal 86-openinYandU=Y "UcYn
AcY n ClU) = Uc A c Cly(U). Hence A is 50-semi-
maximal openin Y.

Theorem 4.8. If G, is a 80-semi-maximal open set of
topological spaces (X;,txixx2) (A =1, 2), then Gyx G, is a 80-
semi-maximal open set in the Product Space (Xix X3, Tx1xx2)-

Proof. Let G; be a 86-semi-maximal open set of topological
spaces X, (A =1, 2), then there exists a maximal 66-open set
U, such that U, < G, < Cly, (U,), for each L. Therefore, U;x
U; c Gix Gy < Clxy(Uy) x Clxa(Uz) = Clxpxe (Ur x Uy).
Hence G1x G; is 86-semi-maximal open in (X;x X3, Tx1xx2)-

5. CONCLUSION

In this work, the concept of maximal 36-open sets, minimal
806-closed sets, 80-semi maximal open and 36-semi minimal
closed sets which are fundamental results for further research
on topological spaces are introduced and aimed in

IJCA™ : www.ijcaonline.org

International Journal of Computer Applications (0975 — 8887)
Volume 177 — No.3, November 2017

investigating the properties of these new notions of open sets
with example, counter examples and some of their
fundamental results are also established. Hope that the
findings in this paper will help researcher enhance and
promote the further study on topological spaces to carry out a
general framework for their applications in separation axioms,
connectedness, compactness etc. and also in practical life.
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