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ABSTRACT 

The risk of flood prevention and to make the management and 

planning of hydrological resources effective, it is required to 

analyse and measure the flow of water continuously at a 

number of barrages and dams. The flow variation over a 

certain time period can graphically be represented through 

hydrograph for any barrage considered. The hydrograph 

provides information which is vital to determine the 
frequencies and severity regarding extreme events.  

The major characteristics of flood hydrograph are duration 

(d), peak (p) and volume (v). Approaches for traditional 

analysis of hydrological frequency focused individually on 

each characteristic in a univariate case study. These features 

were considered jointly in the multivariate case study so that 

the structure of their dependency could be encountered. 

Hence, the univariate approaches are not reliable enough to 

represent the phenomenon and cause reducing the accuracy of 

risk estimation whereas multivariate approaches contribute in 

improving the accuracy of risk estimation by considering joint 

features and dependency structure between characteristics of a 

flood. However, all the subsequent approaches dealt with 

characteristics of flood and do not include comprehensive 
information that can be achieved through hydrograph.  

Present work carries an object which contains a framework to 

represent hydrograph as a functional data curve for frequency 

analysis. The context of this study considers hydrograph as 

the observation of infinite dimension such that more efficient 

and authentic estimates regarding risk related to extreme 

events are obtained. The aim of this study is to address the 

problem concerning incomplete data usually encountered in 

hydrology by exhaustively employing complete information 
produced by hydrology.  

Approaches for analysis of functional data (AFD) are 

introduced with an intention to concentrate on the 

visualization of data and detection of outliers using graphical 

methods in the context of both functional and multivariate 

study. These methods are illustrated on real-world flood data 

of Sukkur barrage on the River Indus, in Sindh province, 

Pakistan. 

General Terms 

Analysis of functional data (AFD), Frequency analysis of 

flood (FAF), Functional frequency analysis (FFA), Analysis 

of multivariate data (AMD). 

Keywords 

Bivariate Bagplot, Bivariate Boxplot, Functional Bagplot, 

Functional Boxplot, Functional data, Functional hydrograph, 

Multivariate data, Rainbow plot. 

1. INTRODUCTION 
Extreme events of hydrology such as drought, rainstorm and 

flood have significant social and economic impact. Procedures 

regarding frequency analysis of hydrology are crucial and 

implemented for analyzing and predicting of such catastrophe, 

which directly have an effect on management of reservoirs 

and designing of dams. The precise estimation regarding the 

associated risk for designing and operating of hydraulic 

infrastructures needs a complete knowledge of flood. 

However, overestimation of flood designing tends to oversize 

construction of reservoirs and hence cost exorbitant amount 

whereas underestimation of flood tends to cause great damage 

to designing materials and risk the lives of residents. 

Frequency analysis of flood (FAF) is ubiquitously employed 

to execute study regarding such risk. It has been employed in 

a univariate study for analyzing the peak of flood, [1,2] are 

referred for further study. 

Pakistan is a country located in South Asia has been affected 

frequently by flood. The longest river of Pakistan is the Indus 

River, possessing various barrages and dams which have a 

major contribution in irrigation and electricity generation to 

the country. Floods observed in years 1928, 1929, 1955, 1957, 

1959, 1973, 1976, 1988, 1992, 1995, 1996, 1997 and 2010 are 

the calamitous. Flood has been defined through the correlation 

of number of flood characteristics i.e. duration, peak and 

volume. In the context of univariate, [3] conducted a study for 

the risk of flood estimation in Pakistan by employing relevant 

probabilistic distribution to the peak values of flood and 

obtained the return period associated for numerous barrages 

and dams on Indus river in Pakistan. 

The analysis of individual flood characteristic does not 

encounter the dependency structure. As a result, the 

framework of univariate content produces insufficient 

phenomenon and decreases the accuracy of risk estimation. 

Many researchers emphasized on joint analysis of multiple 

flood characteristics by employing several techniques of 

multivariate contents which include copulas and other 

multivariate distributions e.g., [4-8]. Besides this, [9] 

conducted a study employing Gumbel mixed model to the 

Tarbela water flows; a dam of Indus river in Pakistan. The 

joint and conditional probabilities along with associated return 

periods of correlated characteristics of flood i.e. duration, 

peak and volume were computed. Studies conducted in 

multivariate context contributed to evolve the accuracy of 

estimation and produced information regarding the 

dependency structure among flood characteristics. Despite the 

advantages of univariate and multivariate approaches of 

frequency analysis, there are various drawbacks and 

limitations. A research carried out in trivariate context is very 

limited e.g., executed by [10,11]. The models in trivariate 

framework are usually less representative and suffer 

complexity of formula. The associated number of parameters 

increases rapidly with respect to the model dimension and 

hence causes increase in uncertainty. Therefore, higher 

dimensions cannot be practically considered in hydrology. All 
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the preceding approaches are used for analyzing flood 

characteristics rather than using complete content of 

information through hydrograph. Hence, insufficient data used 

in hydrology and working with selective number of computed 

characteristics, produces lack of information as compare to the 

complete series of available data. 

The main source of data in functional frequency analysis 

(FFA) is daily series of water flow, which causes the 

formation of hydrograph, through which variables for 

univariate or multivariate techniques are computed. These 

variables do not contribute in capturing the shape of 

hydrograph. The exhaustive information that is produced by 

hydrograph is crucial to make authentic planning for resources 

of water and for the hydraulic structures designing. In 

functional analysis the hydrograph is displayed by curve over 

a certain time period. Therefore, the content of functional 

framework encounters the full hydrograph by incorporating all 

the available data which is authentic for representing the 

complete phenomena.  

The principal objective of present research is to motivate the 

study of data in functional context which carries benefits for 

statistical techniques to be applicable in hydrology through 

the framework of AFD. The selection of suitable model and 

the estimation for the parameters associated can be negatively 

affected due to the presence of outliers in data. Therefore, it is 

essential to detect and treat outliers so that inferences must be 

based on the correct set of data [12]. Hence, present work 

constitutes a study based on visualization of data and 

detection of outliers. The techniques presented are being 

applied to the recorded observations of flood which is based 

on daily series of flow for the Sukkur barrage on the Indus 

River in Sindh province, Pakistan.  

This research comprises as follows, the background of 

theoretical study regarding methods of functional and 

multivariate statistic in general form is discussed in sections 2. 

Section 3 contains description of flood data. The methods 

discussed in sections 2 are applied to the employed data of 

Sukkur barrage in section 4; this section also contains 

discussion, comparison and results of functional and 

multivariate frequency analysis. Section 5 presents the 

conclusion of research. 

2. METHODOLOGY 
This section is representing the methods for visualization of 

data and detection of outliers in both functional and 

multivariate context. Data is visualized through the rainbow 

plot and outliers are detected using functional bagplot and 

functional highest density region (HDR) boxplot in functional 

framework whereas multivariate study comprises of 

computation of flood characteristics, visualization of data and 

detection of outliers using bivariate bagplot. 

2.1 Visualization of Functional Data and 

Methods of Outlier Detection 
Outliers are the unusual behavior of observations and should 

be identified and treated, [12]. Univariate outliers are easy to 

be defined and identified, e.g. [2,13]. Detection of outliers 

was introduced in multivariate studies by [14]. The detection 

and treatment of outliers is a crucial phase in analysis of data 

before modeling. The problem of detecting outlier is also 

encountered in hydrological analysis which has already gained 

considerable attention in the framework of univariate setting 

and an initiative approach was attained by [15] in multivariate 

study. Outliers also affect the modeling and analysis of 

hydrological functional data therefore detailed study has been 

evolved by [16]. Hence, this section consists of exploring and 

examining outliers through different methods of detecting 

outliers in the functional context.  

Some literatures presented various methods for detecting 

outliers in functional study [17-19]. However, [20] worked on 

real data, the methods that they employed are fast in 

computation and more reliable for detecting outliers. These 

methods are graphical and comprise as visualization of 

functional data by rainbow plots and identification of 

functional outliers through functional bagplot and highest 

density region (HDR) functional boxplot. The latter two 

employed methods help in visually detecting outlier curves 

which may present within the data range with unusual shape 

or present outside the data range. The curves having these 

combined features can also be exhibited by these methods. 

Practically, different results may possibly be obtained through 

these two methods of outlier detection which depend on the 

type of data employed. 

2.1.1 Rainbow Plot 
[20] introduced the rainbow plot for displaying the data with 

the additional feature of using color palette according to order 

of data, which has been implemented by [16] in flood study. 

This ordering is done through either of two indices that is data 

density or functional depth. These indices are computed by 

kernel density and bivariate depths score. The bivariate depth 

score is written as 

                                            (1) 

where d(.,.) is the depth half-space function presented by [21]. 

Depth function of Tukey at    is described as number of 

smallest data points presented in close half space having    on 

boundary. The arrangement of observations is in decreasing 

order according to    ; their values of depth. The curve of 

first order represents the curve of median, while the curve of 

last order is the curve considered as outermost among the set 

of curves. This curve of the median based on the depth 

function of Tukey for bivariate scores    and uses in the 

modification of floods. Let   represents this bivariate Tukey 

depth median as                . If various maximizers 

are there, then gravity center could be bivariate Tukey depth 

median. The alternate way for ordering functional data is the 

estimate of kernel density at the scores of bivariate principal 

components [22]. 

           
 

 
 

 

  

 
     

     

  
                    (2) 

Where K(.) is a function of kernel and    be the bandwith of 

kth bivariate scores point     . The functional observation 

        are then arranged in descending order due to    . 

Hence, the curve of first order having highest OD is the curve 

of mode, while the curve of last order having lowest OD is the 

curve lies outside the other curves. The observations after 

smoothing are displayed with colors depending on OD and OT 

values. The curves near to center are displayed in red whereas 

violet color displays the most outlying curve. 

2.1.2 Functional Bagplot 
An introduction to bagplot in bivariate context on the basis of 

depth function of half space is presented by [23]. [15] 

employed this technique in multivariate hydrological study 

whereas in hydrological functional context it is employed by 

[16]. 

The bagplot of functional context is obtained through the 

bagplot of bivariate context following two initial principal 
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scores               . Each curve of functional bagplot is 

related to the point of bivariate bagplot. Correspond to 

bivariate bagplot there are three elements which contribute in 

the composition of functional bagplot; median curve of 

Tukey, the inner and outer functional region. The 50 per cent 

observations include in inner region, whereas 95 or 99 per 

cent observations are covered by outer region. The inflation of 

inner region produces the outer region with the factor of ρ. 

According to [20], the values of factor ρ should be 1.96 or 

2.58 related to 95 or 99 per cent of outer region curves. The 

considered ρ values are similar with the case, where the 

distribution of standard normal followed by bivariate scores. 

Finally, outliers are the points present beyond outer region.  

2.1.3 Functional Boxplot 
The HDR functional box plot is similar to [24] HDR bivariate 

boxplot, obtained by first two scores       of principal 

component. The work of [20] is referred to follow for detail 

study of HDR functional boxplot whereas the study conducted 

by [16] is recommend to follow for the practical application of 

HDR functional box plot in hydrology. 

The HDR functional boxplot is a composition of mode. As 

described earlier in preceding section, inner region contains 

50 per cent whereas outer region includes 95 or 99 per cent of 

observations. Curves cross the HDR outer functional region 

are displayed as outliers. 

The difference in detecting outliers by either of two methods 

namely bagplot and boxplot are mainly depending on the way 

of establishing inner and outer regions. The depth function 

and median curve are employed in bagplot while mode and 

density estimate are employed in boxplot. Hence, outliers are 

the curves which are unusual compare to mode curve in 

boxplot whereas outliers displayed in bagplot are unusual 

compare to median curve. 

2.2 Visualization of Multivariate Data and 

Method of Outlier Detection 
A comparison of functional and multivariate results has been 

conducted by [16]. A multivariate study based on the work of 

[15] is aimed to be computed on the present data set following 

the work of [16]. 

This section carries some techniques to conduct multivariate 

study in order to draw comparison between multivariate and 

functional work. This section composed of two basic phases 

for representing analysis of multivariate data (AMD). First is 

a computation of flood characteristics and then visualization 

of data and detection of outliers using bivariate bagplot. 

Data are usually recorded in discrete format, in order to 

compute flood characteristics so that AMD is conducted; it is 

required to transform discrete format of data to continuous 

format through hydrograph. After this transformation, flood 

characteristics are computed following the work of [9]. These 

computed characteristics of flood are essential to visualize 

data and identify suspected outliers using bagplot and 

corresponding contours.  

2.2.1 Flood Characteristics 
The fundamental characteristics of flood event are flood 

duration (d), flood peak (p) and flood volume (v). This study 

requires only flood peak and volume, therefore focus here is 

on the computation of peak and volume since they are the 

most studied and examined flood characteristics e.g., [4,6,9]. 

The series of bivariate variables (p,v) are computed from 

discrete observations of flow employing formulas as follows 

The series of flow peak     is calculated as 

                                                    (3) 

 

Where         is the highest recorded observation of flow on 

kth day in jth year. 

The series of flow volume    is calculated as 

                   
   

     
 

 

 
                                  (4) 

 

Where,        are the recorded observations of flow on kth 

day in jth year,          and         are the recorded 

observation of flow on starting       and ending day (     

respectively, in kth year of flood time span. It is 

recommended to follow [9] for detailed study. 

2.2.2 Visualization of Data and Outlier Detection 
Visualization of data is important for conducting any type of 

analysis. Scatter plot is a simplest tool for visualization in two 

dimensional (2D) or three dimensional (3D) cases. A 

generalized form of univariate boxplot is a bagplot in bivariate 

setting [23] and is correspond to sunburst plot employed by 

[25]. Depth function of Tukey is the basis of bagplot while the 

sunburst plots use any of two Tukey or Liu depths. The 

bagplot composes of dark region present in center encircling 

50 percent of deepest points. The Tukey’s median is located in 

the center of dark region whereas fence is a light region 

present outside enclosing dark region, is drawn inflating by 

factor 3. Statistical outliers are the points located outside the 

fence. The points that are not outlying and present outside the 

dark region are then linked with the Tukey’s median. These 

lines are similar to whiskers of univariate boxplots [23]. The 

bagplot usually provides information relating to sample 

distribution, such as shape, location and dispersion. Note that, 

sunburst plot introduced by [25] does not have fence therefore 

it cannot be employed for detecting outliers. The points 

located outside the region of fence are identified as extreme 

and not outliers.  

The depth function of Tukey is widely practiced and studied 

for plots of contour. Depth function contours are used for 

visualization of data. Contours are helpful for displaying 

structure and shape of data in multivariate context. These 

plots help in directly comparing geometry between sets of 

bivariate data. 

3. DATA DESCRIPTION 
The major source of hydrological data is daily stream flow. 

Flows are also recorded hourly, instantly or on different time 

scale. The daily flow (cusec) data series that is recorded from 

year 1977 to 2017 (i.e. n=41 years) for Sukkur barrage are 

available from Sindh Irrigation Department, Sindh Secretariat, 

Karachi, Pakistan.  

The barrage is built near Sukkur city about 300 miles 

northeast of Karachi, located in Sindh province on the Indus 

River, Pakistan. It has a discharge capacity of 900,000 cusecs 

(i.e. approximately 25500      ). Figure 1 indicates the 

geographical location of the Kotri Barrage. 

We are using data which is recorded within a duration of 6 

months for n=41 years. 

https://en.wikipedia.org/wiki/Sindh
https://en.wikipedia.org/wiki/Pakistan
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Figure 1: Geographical location of Sukkur Barrage

                        
 
,             ,          , where 

      days and        is the recorded flow on    day of jth 

year. The subset of time index   is the duration [1,183]. This 

type of data contains n observations in discrete form {      , 

k=1, . . .,183} which is a daily flow of the jth year. These 

observations comprise as a duration of a year starts from April 

first to September 30th (i.e.       days or 6 months). 

However, this duration varies and changes according to 

weather change in a certain area taken as a study of interest. 

For instance, high flow season of Pakistan is observed in 

kharif season which comprises of duration April to 

September. 

4. APPLICATION 
The data set employed here having n=41 discrete observations 

      ,      = [1, 183], j=1,...,n. The jth discrete 

observation {      , k = 1, . . . , 183} represents the 

measurements of daily flow for the jth year which is 

converted into cubic meter per second         and 

transformed to functional hydrograph and a series of bivariate 

variables (p,v) are computed using equations (3) and (4). The 

functional hydrographs along with corresponding univariate 

and bivariate observations are displayed in Table 1 to depict 

the behaviour of flow in three different formats of the 

framework. 

4.1 Functional Results 
All the graphical methods have some specific format for 

ordering data in a functional context. All the data in the 

functional context is graphically displayed through the 

rainbow plot, with the special feature of having a rainbow 

color palette with respect to data ordering. By default, 

functional data displayed by rainbow plot are ordered 

naturally by the time such that curves color are similar to the 

color of the rainbow; purple curve displays the flow of most 

recent year whereas red curve displays the flow of remote past 

year as depicted by Figure 2(a). The rainbow plots obtained 

by ordering indices of bivariate depth and density i.e. 

equations (1) and (2), are displayed by Figures 2(b) and 2(c), 

respectively. The curves ordering is indicated by colors in 

such a way that black is a first curve in center displaying 

median and mode, respectively, curves in blue are near center 

whereas curves in red and purple are outliers. Results of 

ordering show that the two methods of ordering tend to be 

similar especially high ordering of the associated years. The 

functional data ordered by depth and density, lead to the 

development of bivariate and functional bagplot and boxplot, 

respectively. 

The bivariate and functional bagplot associate to initial two 

scores of principal components for the probability coverage of 

95% and 99% are displayed through Figure 3. Hence it is 

clear to observe that the curve of year 2010 is located outside 

the both converging 95% and 99% regions of bivariate 

bagplot which is also displayed by functional bagplot 

associated (Figures 3(c) and 3(d)). Therefore, this year is 

taken into account as outlier according to Tukey’s depth, as 

mentioned in section 2. Besides this, additional curve of 

outlier is also observed when the 95% region of bagplot is 

considered which corresponds to year 1986 as displayed by 

Figures 3(a) and 3(b). Not that, usually when outliers are 

present near median, it is difficult to identify them by bagplot, 

[20]. Although the case is not similar here, it is authentic to 

use more appropriate approach that is boxplot. 

The boxplot of bivariate and functional HDR of smoothed 

curves for both probability converging regions 95% and 99% 

are shown by Figure 4. The only outlier present outside 99% 

region is 2010, therefore it can be deduced that the curve of 

flow corresponds to year 2010 is most unusual and not close 

to median having different shape and magnitude when 

comparing with rest of the flow curves. Hence, according to 

boxplot of HDR, flow data recorded in year 2010 is an 

authentic outlier. Other years 1978 and 1986 are also detected 

as outliers when the converging probability is 95%. These 

outliers can be considered relatively closer to median whereas  
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Table 1. Data illustration for three formats: univariate, bivariate and functional. 

S. 

No 
Year 

Univ 

(p) 
Biv  

 
 
  

Functional 

Hydrograph 

S. 

No 
Year Univ (p) Biv  

 
 
  

Functional 

Hydrograph 

1 1977 12794  
     
      

   22 1998 14198  
     
      

   

2 1978 23980  
     
      

   23 1999 7206  
    

      
   

3 1979 10911  
     
      

   24 2000 3081  
    
     

   

4 1980 13620  
     
      

   25 2001 3902  
    
     

   

5 1981 13604  
     
      

   26 2002 4270  
    

      
   

6 1982 9658  
    

      
   27 2003 6171  

    
      

   

7 1983 20979  
     
      

   28 2004 2154  
    

      
   

8 1984 12334  
     
      

   29 2005 10601  
     
      

   

9 1985 7985  
    

      
   30 2006 12077  

     
      

   

10 1986 25891  
     
      

   31 2007 5700  
    

      
   

11 1987 6109  
    

      
   32 2008 4591  

    
      

   

12 1988 27819  
     
      

   33 2009 3316  
    

      
   

13 1989 21183  
     
      

   34 2010 25475  
     
      

   

14 1990 13139  
     
      

   35 2011 4497  
    

      
   

15 1991 10151  
     
      

   36 2012 3386  
    

      
   

16 1992 23278  
     
      

   37 2013 10432  
     
      

   

17 1993 12364  
    

      
   38 2014 6527  

    
      

   

18 1994 18842  
     
      

   39 2015 15604  
     
      

   

19 1995 23384  
     
      

   40 2016 5314  
    

      
   

20 1996 16600  
     
      

   41 2017 8505  
    

      
   

21 1997 17815  
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(a) 

 

(b)                                                                                                         (c)  

Figure 2: Rainbow plots with (a) time (b) depth and (c) density ordering for years 1977-2017 

the curve of year 2010 doesn’t. Therefore, the boxplot is more 

reliable approach compare to bagplot. 

Although year 2010 found to be authentic outlier, other 

suspected years 1978 and 1986 cannot be ignored for 

examining. It can objectively be deduced from Figures 3 and 4 

that the year 2010 based on extreme peak, therefore, the 

abrupt change in flow behaviour was caused due to the apex 

of water. The flows of the years 1978 and 1986 also have high 

peaks but slightly lower than the flow corresponding to the 

year 2010. 

The outliers can further be elaborated according to the 

meteorological conditions. Flood of the years 1978, 1986 and 

2010 are considered as the most important events, the 

infrequent water flow reveals freak weather conditions. The 

drastic rise of water level during the span of Kharif season and 

subsides at the end of the said duration indicates that the 

winter was frigid, substantial snow was stored during winter 

which had a contribution in elevating water level of the 

barrage during searing summer followed by torrential rain in 

Kharif season. 

The Sukkur barrage possesses 25500       design capacity. 

Figure 4 shows that the level of flow for the years 1978, 1986 

and 2010 are higher than 30000       which proves that this 

barrage encountered the most important flood in the years 

acquired as outliers by the depth measure. In the year 2010, 

this barrage confronted the cataclysmic flood in 40 years. The 

flow level of 31614       and 33034       was passed in 

the years 1978 and 1986, respectively, through this barrage. 

The flood of catastrophic nature was braced by this barrage in 

the year 2010 with the flow level of 32026      , crossing 

the mark of 30000       for the third time in four decades. 

The same situation was faced by this barrage in the years 1978 

and 1986. Despite the concrete evidence that the year 2010 is 

having comparatively lower flow level than the year 1986, the 

flood of the year 2010 was observed as the calamitous 

incident in 50 years, which is also illustrated by Figures 4(c) 

and 4(d). This result vindicates the assumption of functional 

flood frequency analysis that the flood events cannot be 

interpreted based on the only single factor of the flood that is 

the zenith of flow, the scrupulous analysis required 

combination of multiple flood factors which is conceivable to 

attain through the functional format of  
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(a)                                                                                                           (b) 

 

(c)                                                                                                           (d) 

Figure 3: (a) The bivariate and (b) functional bagplot with 95%, whereas 

(c) the bivariate and (d) functional bagplot with 99% of probability coverage. 

research. Hence, the conclusion is drawn considering the 

above elucidated facts that the years detected as outliers are 

not the cause of wrong measurements, it is due to the change 

of circumstances or climate over time. Therefore, it is 

recommended to keep these outlier values so that it can be 

employed for further analysis. The sensitivity of computed 

outliers can be avoided using robust statistical methods. 

4.2 Multivariate Results 
The purpose of introducing a multivariate study is to conduct 

a comparison between results obtained from the functional 

and multivariate study. The two most studied and examined 

characteristics of the flood that is peak (p) and volume (v) are 

focused here. The series of bivariate (p,v) are computed by the 

methods discussed in section 3.1 using equations (3) and (4) 

and results are displayed in Table 1. 

The depth functions are the basis of multivariate approaches 

that [15] presented. The function of Tukey depth is the most 

implemented function for the construction of bagplots and 

respective contour plots. Bagplots and respective contour 

plots of (p,v) series based on the depth function of Tukey are 

displayed by Figures 5(a) and 5(b), respectively. Bagplot of 

bivariate (p,v) is displayed by Figure 5(a), where the red 

asterisk is displaying the median while the central region and 

the outer region are also depicted. Outer region is the area
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(a)                                                                                                           (b) 

 

(c)                                                                                                           (d) 

Figure 4. (a) The bivariate and (b) functional boxplot with 95%, while  

(c) the bivariate and (d) functional boxplot with 99% of probability coverage 

present outside the central region and is produced by inflation 

of central region using a factor ρ=3 which do not correspond 

to the factors used in functional bagplot that is 1.96 and 2.58. 

The positive dependence and correlation between (p,v) is 

observed from the orientation of Figures 5(a) and 5(b). It can 

also be observed that the majority of data values are located at 

the bottom of the plots while the extreme data values are 

located at the fence of (p,v) bagplot and on the outermost 

region of (p,v) contour plot whereas no outlier is displayed. It 

can be observed that the bagplot shape of bivariate (p,v) is 

different from functional bagplot and boxplot which is 

composed of scores               . The first two functional 

principal component scores    do not extract the similar 

information through hydrograph as bagplot of bivariate (p,v). 

5. CONCLUSION 
The fundamental aim of conducting this study is the 

introduction of functional framework in the applications of 

hydrology. The format of data in the form of curves is 

proposed and analyzed. The AFD framework could be 

observed as an extension of multivariate frequency analysis 

which is already gaining attention and popularity in 

hydrological and meteorological studies. Techniques of AFD 

were introduced and adapted to flood data. 
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Figure 5: (a) Bagplot and (b) Contour plot using Tukey depth 

The potential of using AFD techniques in the study of 

hydrology is demonstrated using the natural flow series of 

Sukkur barrage on Indus River in Sindh province, Pakistan.  

Sukkur Barrage data is visualized and outliers are identified 

graphically. A study of bivariate flood characteristics (p,v) is 

conducted for the purpose of comparison which includes 

graphical method of visualizing data and detecting outliers.. 

Even though AFD is an extended version of multivariate 

frequency analysis, both approaches are recommended to be 

performed so that comprehensive interpretation could be 

obtained for making appropriate decision. 

The initial two functional principal components and bivariate 

(p,v) do not get information in a same manner through 

hydrograph. The multivariate approaches do not accumulate 

the exhaustive information produced by the hydrograph 

whereas, the functional case study garners comprehensive 

information presented by flood hydrograph therefore produce 

authentic results. Nevertheless, both the approaches are useful 

for understanding flood dynamics and can be employed for 

the complementary study. These outputs should be used for 

thorough study in any future research considering several case 

studies. 

The curves of outliers in functional context have different 

shapes and magnitude compared to other observed curves. In 

univariate or multivariate context, the shape cannot be 

observed and captured even after using various variables. The 

results of functional case study are not coherent with 

multivariate study and give detailed insight to phenomena of 

hydrology. 
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