
International Journal of Computer Applications (0975 – 8887) 

Volume 178 – No. 51, September 2019 

8 

⊆  

Extreme Edge Fixed Steiner Graphs 

M. Perumalsamy 
Department of Mathematics 

Alagappa Chettiar Government 
College of Engineering and 

Technology 
Karaikudi 

 

P. Arul Paul Sudhahar 
Department of Mathematics 

Rani Anna Government 
College for Women 

Tirunelveli 
 

 

R. Vasanthi 
Department of Mathematics 

Alagappa Chettiar Government 
College of Engineering and 

Technology 
Karaikudi 

 

 

ABSTRACT 

For a non-empty set W of vertices in a  connected graph G, the 

Steiner distance d(W) of W is the minimum  size of a connected 

sub graph of G containing W. S(W ) denotes the set of vertices 

that lies in Steiner W-trees. Steiner sets and Steiner number of 

a graph G was studied in [3]. A vertex v is an extreme vertex of 

a graph G if the sub graph induced by its neighbours is 

complete. The number of extreme vertices in G is its extreme 

order Ext(G). Extreme Steiner graphs were introduced and 

studied in [7]. Edge fixed Steiner sets of a graph G and the 

edge fixed Steiner number of G were introduced and 

characterized in [6]. In this paper we introduce an extreme edge 

fixed Steiner graph and a perfect extreme edge fixed Steiner 

graph. Some standard graphs are analyzed and characterized as 

extreme edge fixed Steiner graphs and perfect extreme edge 

fixed Steiner graphs. It is shown that for every pair a, b of 

integers with 2 ≤ a ≤ b, there exists a connected graph G with 

Ext(G) = a and se(G) = b for some edge e in G.   

General Terms 
Distance related parameters and Steiner Distance  
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1. INTRODUCTION 
A graph G = (V, E) means a finite undirected connected graph 

without loops or multiple edges. The order and size of G are 

denoted by p and q respectively. The distance     d(u, v) 

between two vertices u and v in a connected graph G is the 

length of a shortest u  v path in G [2, 4]. For a vertex v of G, 

the eccentricity e(v)  is the distance between v and a vertex 

farthest from v. The minimum   eccentricity among the vertices 

of G is called the radius and the maximum eccentricity is called 

the diameter of G and are denoted by rad G and diam G 

respectively [4]. For basic graph theoretic terminology, Harary 

[5] is referred. 

For a non-empty set W of vertices in a connected graph G, the 

Steiner distance d(W ) of W is the minimum size of a connected 

sub graph of G containing W. Necessarily, each such sub graph 

is a tree and is called a Steiner tree with respect to W or a 

Steiner W-tree. A set W   V of vertices in the graph G is called 

a  Steiner  set if  every vertex in G lies in a Steiner-W-tree 

which is a minimum connected sub graph of G containing W. 

The Steiner number s(G) is the minimum cardinality of a 

Steiner set [3]. A Steiner set with minimum cardinality is 

denoted as s-set. A vertex v is an extreme vertex of a graph G 

if the sub graph induced by its neighbours is complete. The 

number of extreme vertices in G is its extreme order Ext(G). A 

graph G is an extreme Steiner graph if s(G) = Ext(G) [7]. Let 

G be a connected graph with at least 3 vertices.  For an edge e 

= xy in G, a set W ⊆ V(G) − {x, y} is called an edge fixed 

Steiner set of G if W’ = W ∪ {x, y} is a Steiner set of G. 

An edge fixed Steiner set with minimum cardinality is 

denoted as se-set. The minimum cardinality of an edge fixed 

Steiner set is called the edge fixed Steiner number of G and is 

denoted by se(G) [6]. In this paper, we introduce an extreme 

edge fixed Steiner graph and a perfect extreme edge fixed 

Steiner graph. It is shown that for every pair a, b of integers 

with 2 ≤ a ≤ b, there exists a connected graph G with 

Ext(G)=a and se(G) = b  for some edge e in G. 

The following theorems are used wherever required. 

Theorem 1.1.[6] For the path Pp with p ≥ 3, 

se(Pp)  
                                 

            
  

Theorem  1.2.[6]  For  any complete graph Kp  with p ≥ 3, 

se(Kp) = p − 2 where e is any edge of Kp  

Theorem 1.3.[6] Let e = xy be any edge of a connected graph 

G of order at least 3. Then every extreme vertex of G other 

than the vertices x and y (whether x and y are extreme vertices 

or not) belongs to every edge fixed Steiner set in G. In 

particular, every end vertex of G other than x and y belongs to 

every edge fixed Steiner set of G. 

Corollory 1.4.[6] Let T be any non trivial tree and k be the 

number of end vertices in T. Let e = xy be any edge of T. 

Then 

       
                                          
                                          

   

Theorem 1.5.[6] For any edge e in the wheel  

Wp = K1 + Cp−1(p ≥ 6), 

       
                                
                                             

  

Theorem 1.6.[6] If G is any connected graph  of order  p and e 

is an edge  of G,  then 1 ≤ se(G) ≤ p – 2 

Theorem 1.7.[6] No cut - vertex of a connected graph G 

belongs to any minimum edge fixed Steiner set of G. 

Theorem 1.8.[6] For any edge e in the complete bipartite 

graph Km,n with m ≤ n and m + n ≥ 3, se(Km,n) = m + n − 2. 

Theorem 1.9.[4] Every nontrivial connected graph contains at 

least two vertices that are not cut- vertices. 
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2. EXTREME EDGE FIXED STEINER 

GRAPH 
Definition 2.1. Let G be a simple connected graph with at 

least three vertices. Let Sext be the set of all extreme vertices 

of G. For an edge e = xy in G, an edge fixed Steiner set W 

of G is called as an extreme edge fixed extreme edge fixed 

Steiner set of G if 

  

 
 
 
 

 
 
 

                                     
             

                                          
                                              

           

                                       
             

  

Remark 2.2. The number of extreme vertices in a graph G 

is denoted by Ext(G). 

Definition 2.3. Let G be a simple connected graph with at least 

three vertices.  Then G is called an extreme edge fixed Steiner 

graph  if there exists an edge  xy  in  G such that the edge xy 

has an extreme edge fixed Steiner set of G. 

Example 2.4. Consider the graph G shown in Figure 1. 

  v1 v2 

v4 v3 

Figure 1: An extreme edge fixed Steiner graph with one 

edge having extreme edge fixed Steiner set 

se-sets for each edge e of G, the corresponding edge fixed 

Steiner number and the set Sext of extreme vertices of G are 

given in the Table 1. 

Table 1: 

Edge e se-sets se(G) Sext 

Extreme edge 

fixed Steiner set 

of G or not 

v1v2 {v3, v4} 2 {v1, v3} 

 

No 

v1v4 {v2, v3} 2 {v1, v3} No 

v2v3 {v1, v4} 2 {v1, v3} No 

v2v4 {v1, v3} 2 {v1, v3} Yes 

v3v4 {v1, v2} 2 {v1, v3} No 

 

 

 

From the Figure 1 and from the Table 1, it is observed that for 

the edge e = v2v4, the vertices of the edge fixed Steiner set are 

the same as the extreme vertices of the graph G of Figure 1. 

Therefore the graph in Figure 1 is an extreme edge fixed 

Steiner graph. 

Example 2.5. Consider the graph G shown in Figure 2. 

 

Figure 2: An extreme edge fixed Steiner graph having 

extreme edge fixed Steiner sets for two edges 

se-sets for each edge e of G, the corresponding se(G) and the 

set Sext of extreme vertices of G are given in Table 2. 

From Table 2 and from the Figure 2, we observe that two 

edges have the extreme edge fixed Steiner sets. Therefore the 

graph shown in Figure 2 is an extreme edge fixed Steiner 

graph. 

Table 2: 

Edge e se-sets se(G) Sext 

 

Extreme 

edge fixed 

Steiner set 

of G or not 

v1v2 {v3, v4, v5} 3 { v1, v4, v5} No 

v2v3 {v1, v4, v5, v6} 4 {v1, v4, v5} No 

v3v4 {v1, v5} 2 {v1, v4, v5} Yes 

v4v5 {v1, v2},  

{v1, v6}, {v1, v3} 

2 {v1, v4, v5} No 

v5v6 {v1, v2, v3, v4} 4 {v1, v4, v5} No 

v6v1 {v2, v3,v4, v5} 4 {v1, v4, v5} No 

v2v6 {v1, v3, v4, v5} 4 {v1, v4, v5} No 

v3v5 {v1, v4} 2 {v1, v4, v5} Yes 

v3v6 {v1, v2, v4, v5} 4 {v1, v4, v5} No 

v4v6 {v1, v2, v3, v5} 4 {v1, v4, v5} No 

 

v1 

v2 v3 

v
4
 

v5 v6 
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Definition 2.6. A graph G is called a perfect extreme edge 

fixed Steiner graph if every edge e = xy in G has an extreme 

edge fixed Steiner set of G. 

Example 2.7. Let e = xy be any edge of a complete graph Kp 

(p  3). Since every vertex of a complete graph is an extreme 

vertex, the extreme edge fixed Steiner set has p - 2 vertices.  

Therefore Kp (p   3) is a perfect extreme edge fixed Steiner 

graph for every edge e = xy in G. 

Example 2.8. For any nontrivial tree T with k end vertices, 

Ext(T ) = k and hence any tree is an extreme edge fixed  

Steiner Graph with se(T )  = k  if neither x nor y is an end 

vertex of T or k - 1  if either x or y  is an end vertex T. Thus 

any non  trivial tree is a perfect extreme edge fixed Steiner 

graph. 

Remark 2.9. In particular, a caterpillar is a perfect extreme 

edge fixed Steiner  graph. 

Remark 2.10. Any perfect extreme edge fixed Steiner graph 

is an extreme edge fixed Steiner graph. But not conversely, 

(i.e) any extreme edge fixed Steiner graph is not a perfect 

extreme edge fixed Steiner graph. 

It is observed that the graph shown in Figure 1 is an extreme 

edge fixed Steiner graph but not a perfect extreme edge fixed 

Steiner graph. 

Remark 2.11. A cycle G is not an extreme edge fixed Steiner 

Graph for any edge e in G since it has no extreme vertices. 

Remark 2.12. A complete bipartite graph is not an extreme 

edge fixed Steiner graph for any edge e in Km,n  with m ≤ n 

and m + n ≥ 3 since it has no extreme vertices. 

Remark 2.13. A wheel Wp = K1 + Cp−1(p ≥ 5) is not an 

extreme edge fixed Steiner graph for any edge e in Wp since it 

has no extreme vertices.  But W4 is a perfect extreme edge 

fixed Steiner graph. 

Theorem 2.14. The path Pp is a perfect extreme edge fixed 

Steiner graph. 

Proof: Let V (Pp) = {v1, v2, ..., vp}. 

Case 1: Let e be an internal edge of Pp with p ≥ 3.  By 

Theorem 1.1, it is obtained that the se  - set of Pp  contains 

only the end vertices v1  and vp.  Therefore the  se- set of Pp 

itself is the set of extreme vertices in G. 

 Case 2: Let e be an end edge of Pp. Then e = v1 v2 or vp−1 vp. 

If e = v1 v2, then W  = {vp} is the edge fixed Steiner set  of Pp 

and the set of extreme vertices Sext = {v1, vp}. Thus W = Sext − 

{v1}.  So W is an extreme edge fixed steiner set of Pp. 

Similarly, if e = vp−1 vp, then {v1} is the edge fixed Steiner set 

of Pp which is also an extreme edge fixed steiner set of Pp. 

Therefore Pp is a perfect extreme edge fixed Steiner graph. 

Theorem 2.15. Let G be a connected graph of order p ≥3 and 

e be any edge of G. Then 1 ≤ Ext(G) −2 ≤ se(G) ≤ p − 2. 

Proof: It follows from Theorem 1.3.  

Theorem 2.16. If a graph G contains p -2 cut vertices or every 

vertex of G is an extreme vertex, then G is a perfect extreme 

edge fixed Steiner Graph. 

Proof: It follows from Theorem 1.7 and from Theorem 1.3. 

3. EXTREME EDGE FIXED STEINER 

GRAPH AND DIAMETER OF A GRAPH 
For every connected graph G, rad G ≤ diam G  ≤ 2 rad G.  

Ostrand [7] proved that every two positive integers a and b 

with a ≤ b ≤ 2a are realizable as the radius and diameter, 

respectively, of some connected graph. It is extended for the 

extreme edge fixed Steiner graph also as follows. 

Theorem 3.1. For positive integers r, d and l   2 with r  ≤  d  

≤  2r, there exists a  perfect extreme edge fixed Steiner graph 

G with rad G = r, diam G = d and  se(G) = Ext(G) = l or l − 1. 

Proof: Let e = xy be any edge in G. When r = 1, we have d = 1 

or 2. 

If d = 1, let G = Kl+2. Then by Theorem 1.2, se(G) = l = 

Ext(G) for any edge e = xy in G. 

If d = 2, let G = K1,l+1.  By the Theorem 1.8, se(G) = l for 

any  edge e = xy  in G.   Let r ≥ 2. We construct a graph G 

with required properties as follows.  

Let C2r :{ v1, v2, ...,v2r, v1 } be a cycle of order 2r and let 

Pd−r+1:  u0, u1, ...,ud−r be the path of order d − r + 1. Let H 

be the graph obtained from C2r and Pd−r+1 by identifying v1 

in C2r and u0 in Pd−r+1. Then add (l − 2) new vertices w1, 

w2, ...,wl−2 to H  and joining each vertex wi  ( 1 ≤ i ≤ l − 2 ) 

to the vertex ud−r−1 and join the vertices vr and vr+2 and 

obtain the graph G which is shown in Figure 3. Now  rad G = 

r  and diam G = d and G has l  end vertices.  Let  e = u0u1  be  

an edge of G.  Let W  = {w1, w2, ...,wl−2, ud−r, vr+1  } be set 

of l extreme vertices   of G.  From the Figure 3, it is seen that 

W is an se-set of G.  It follows from the Theorem 1.3 that 

se(G) = Ext(G) = l. Now, let e = ud−r−1ud−r be an end vertex 

of  G.  Then  W ‘ =     w1, w2, ...,wl−2,  ud−r−1, vr+1   

{ud−r.  From  the Figure 3, it is seen that W ‘ is an se-set of 

G. It follows from Theorem 1.3 that se(G)  = Ext(G) 1 = l-1.  

Therefore  se(G)  =  Ext(G)  =  l or l-1 for every edge e = xy 

in G. Thus the graph G in Figure 3 is a perfect extreme edge 

fixed Steiner graph. 

 

 

Figure 3: Constructed perfect extreme edge fixed Steiner Graph 
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Theorem 3.2. For any two positive integers a and b with 2 

≤ a ≤ b, there exists a connected graph G with Ext(G) = a 

and se(G) = b for some edge e = xy in G. 

    z3 
           z2 

 

           z1 
         
za 

 

              u1                                       u2                                                u3 

            

                                             
     h1 

          

 h2 

  

        

       h3 

 

                hb−a 

Figure 4: A graph G with Ext(G) = a  and se(G) = b for 

some edge e = xy in G 

Proof: Let G be the graph obtained in Figure 4 from the path 

P on the vertices: u1, u2, u3, by adding the new vertices z1, 

z2, ,za and h1, h2, ...,hb−a and joining each zi (1 ≤ i ≤ a) with 

u1 and u3 and also joining each hi (1 ≤ i ≤ b − a) with u1 and 

u2. Let   Z = z1, z2, ...,za  . Then Z is the set of extreme 

vertices of G. Thus Ext(G) = a. 

Next, we prove that se(G) = b for some edge e in G. Let W 

beany edge fixed Steiner set of G. Then by Theorem 1.3, Z ⊆ 

W.  It is clear that Z is not an edge fixed Steiner set of G for 

any edge e = xy in G. Let e = uv be an edge of G. We show 

that each hi ∈  W (1 ≤ i ≤ b − a) for the edge e = uv .  Suppose 

that hi ∈ / W for some i (1 ≤ i ≤ b − a). Then it is clear that hi 

does not lie on any edge fixed Steiner W -tree of the edge e = 

uv of G joining e = uv and a vertex of W, which is a 

contradiction. Therefore, each hi (1 ≤ i ≤ b − a) ∈  W. So 

se(G) ≥ a + b − a = b. hence W  = Z  ∪  {h1, h2, ...,hb−a} is a 

se-set of G so that se(G) = b. 
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