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ABSTRACT

Graph Theory has been realized as one of the most useful
branches of Mathematics or recent origin, finding widest
applications in all most all branches of Sciences, Engineering
and Computer Science. An introduction and an extensive
overview on domination in graphs and related topics are given
by Haynes et al. [1, 2].

Recently, dominating functions in domination theory have
received much attention. They give rise to important classes
of graphs and deep structural problems. In this paper it is a
discussion on some results on minimal dominating functions
of corona product graph of a Path with a Cycle.
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1. INTRODUCTION

The Domination theory is an important branch of Graph
Theory and the concept of domination number of a graph is
first introduced by Berge [9] in his book on graph theory. The
concept of Total dominating sets are introduced by
C.J.Cockayane, and Hedetniemi,S.T[4] and the concept of
dominating functions introduced by Hedetniemi et al.[5].

Frutch and Harary [7] introduced a new product on two
graphs Gy and G, , called corona product denoted by
G1® G,. The object is to construct a new and simple
operation on two graphs G; and G, called their corona, with
the property that the group of the new graph is in general
isomorphic with the wreath product of the groups of G; and
G, .

Here some basic properties of corona product graph of a Path
with a Cycle and some results on minimal dominating
functions are presented.

2. CORONA PRODUCT OF P,®©C,,

The corona product of a Path B, with a Cycle C,,, is a graph
obtained by taking one copy of a n-vertex graph B, and n
copies of C,, and then joining the i" vertex of P, to all
vertices of i copy of C,, and it is denoted by P,® C,, .
Now we present some of the properties of corona product
graph P,® C,, without proofs.

Theorem 2.1: The graph G = B,® C,,, is a connected graph.

Theorem 2.2: The degree of a vertex v in G = B,®© C,, is
given by

m+2, if v, ERjand 2<i<(n—1),
dlv)={m+1, if v, €EB, and i=1 orn,
3, ifviECm.
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Theorem 2.3: The number of vertices and edges in G =
B, ®C,, is given respectively by

1. V(G| = n(m+1),

2. |E(G)|= @mn+n-1).
Theorem 2.4: The graph G = B,®C,, is non hamiltonian.
Theorem 2.5: The graph G = B, ® C,, is not eulerian.
Theorem 2.6: The graph G = B, ® C,,, is not bipartite.

3. DOMINATING SETS AND
DOMINATING FUNCTIONS

In this section we study dominating sets, dominating functions
of the graph G = B, ® C,, and we present some results related
to minimal dominating functions of this graph.

Theorem 3.1: The domination number of G = B,®C,, is n.
Proof: Let D denote a dominating set of G.
Case 1: Suppose D contains the vertices of B, in G.

By the definition of G, the i'* vertex in P, is
adjacent to all vertices of i*"*copy of C,, . That is the vertices
in P, dominate the vertices in all copies of C,, respectively.
Therefore the vertices of D dominate all vertices of G. Thus D
becomes a DS of G. This set is also minimal, because, if we
delete one vertex say v; from D, then the vertices in the it
copy of C,, are not dominated by any vertex in D. Hence
y(G) =n.

Case2: Suppose D contains any one vertex of C,, in each
copy of G.

That is |D| = n. Obviously every vertex in C,,
dominates every other vertex in C,, and also a single vertex of
P, to which it is associated.

Therefore the vertices in D dominate all vertices of
G. Further this set is also minimal. Therefore y(G) = n. B

Theorem 3.2: Let D be a MDS of G = B,®C,,. Then a
function f : V' — [0, 1] defined by

1, if ve D,
f) = 0, otherwise.

becomes a MDF of G = P,©OC,, .

Proof: we have seen in Theorem 3.1, that the DS of G
contains all the vertices of B, and this set is also minimum.
Also the set of vertices whose degree is m in each copy of C,,



form a minimal DS of G. Let D be a MDS of G. For
definiteness let D contain the vertices of P, in G.

In B,, there are two end vertices of degree m+1 and there are
n-2 intermediate vertices of degree m + 2 respectively in G.

In C,,, there are m vertices of degree 3 respectively in G.
The summation value taken over N[v] of v € V is as follows:
Case 1: Letv € B, besuchthatd(v) =m+ 2inG.
Then N[v] contains m vertices of C,, and three vertices of P,
ingG.
so » f(u)=1+1+1+0+....+0=3.
%/_J
ueN|[v] m-times
Case 2: Let v € B, be such that d(v) = m+1inG.
Then N[v] contains m vertices of C,, and two vertices of P,
ingG.
so » f(u)=1+1+0+....+0=2.
| ——
ueN|[v] m-—times
Case 3: Let v € C,,, be such that d(v) = 3 inG.

Then N[v] contains 3 vertices of C,, and one vertex of B, in
G.

so » f(u)=1+0+0+0=1.

ueN[v]

fu)>1,

ueN|[v]

Therefore for all possibilities, we get

VYV veV.
This implies that f is a DF.
Now we check for the minimality of f.
Defineg : V - [0,1] by
g)
r, ifv=v,eD withd(v,) = m+1,
=41, ifveD-{v,},
0, otherwise.

where 0 < r < 1.

Since strict inequality holds at the vertex V|, € D, it follows
thatg < f.
Now the following cases arise.

Case (i): Letv € B, be suchthatd(v) =m+2inG.

sub case 1:Let V, € N [V]

Then
> gu)=r+1+1+0+....40=r+2>1
ueN|v] m-times

Sub case 2:Let V, & N [V]
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Then > g(u)=1+1+1+0+....+0=3.

ueN|[v] m—times

Case (ii): Let v € P, be such that d(v) = m+1inG.

Subcase 1: Let V| € N [V]

Then Z u)=r+1+0+.... +0=r+1>1.

ueN|v] m-times

Sub case 2: Let V, & N [V]

Then §:g =1+1+0+.....+0=2,

ueN m—times

Case (iii): Let v € C,, be such that d(v) = 3inG.

Subcase 1: Let V| € N [V]

Then Z

ueN V]

—r+0+0+0=r<1

Subcase 2: Let V, & N [V]

Then z g

ueN|[v]

=1+0+0+0=1

This implies that Z g(u)<1, forsomev e V.
ueN|v]

So g isnota DF.

Since g is taken arbitrarily, it follows that there exists no
g < fsuchthat g isaDF.

Thus f isa MDF. H

Theorem 3.3: A function f : V—[ 0, 1] defined by f(v) =
%, YveV isaDFof6=P0OC, ifq < 4.Itisa
MDF if g = 4.

Proof: Let f be a function defined as in the hypothesis.

We know that in B,, there are two end vertices of
degree m+1 and there are n — 2 intermediate vertices of
degree m + 2 respectively in G. In C,,, there are m vertices of

degree 3 respectively in G.

Case I: Suppose 0 < g < 4.

The summation value taken over N[v] of v € V is as follows:
Case 1: Letv € B, besuchthatd(v) =m+ 2inG.

Then N[v] contains m vertices of C,, and three vertices of P,
inG.

so . f(u)= 1.t siomes

uen|v] q ¢ q q
(m+3)-times
+3
Since g < 4, it follows that >1.

Case 2: Let v € B, be such that d(v) = m+1inG.

10



Then N[v] contains m vertices of C,, and two vertices of P,
inG.

1 1 1 m+2
S flu==+=+....... + == )
oug%v] ) q q q q

(m+2)-times

+2

>1.

Since q < 4, it follows that

Case 3: Let v € C,,, be such that d(v) = 3 inG.

Then N[v] contains 3 vertices of C,, and one vertex of B, in
G.

Sy f(u)=§+%+

ueN[v]

1
+ — =
q

N Q|
o |~

Since q < 4, it follows that — > 1.

Therefore for all possibilities, we get Z f(u)>l,
UeN[V]
VvV veV.

This implies that f is a DF.
Now we check for the minimality of f.
Define g : V - [0,1] by
r,if v=v, eD withd(v,) = m+1,
gw) =41

=, otherwise.
q

1
where 0 < r <;'

Since strict inequality holds at a vertex v, of V, it follows
thatg < f.

Case (i): Letv € P, be such thatd(v) =m + 2inG.

Sub case 1:Let V, € N [V]

Then g(u)=r+1+1+ ....... A

ueN|[v] g q q
(m+2)-times
1 m+2 m+3
<—+ = .
q q q
+3
Since q < 4, it follows that ] >1.

Sub case 2:Let V| & N [V]
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Then Y. g(u):£+£+ ....... SLomEs g
ueN[v] qa q q q
(m-+3)~times

sinceq < 4.
Case (ii): Let v € P, be such that d(v) = m+1inG.

Sub case 1:Let V, € N [V]

11 1
Th glu)=r+=+=+....+=
enueZN%v] ) q q q

(m+1)—times

1 m+1 m+2
<—+——= >1,

q 4 q

sinceq < 4.

Sub case 2:Let V, & N [V]

Then Y, g(u):£+£+ ....... Jromrz o,
ueN|[v] qa q q q
(m+2)-times

sinceq < 4.
Case (iii): Let v € C,, be such that d(v) = 3inG.

Sub case 1:Let V, € N [V]

Then g(u):r+£+£+l

ueN|v] a g (g
1 3 4
<—+—=—>1, sinceq < 4.
g g q

Sub case 2:Let V| & N [V]

Then . g(u):%+%+%+%=%>l.

ueN|[v]

ueN[v]
Thus g is a DF.
This implies that f is not a MDF.
Case Il: Suppose q = 4.
The summation value taken over N[v] of v € V is as follows:
Case 1: Letv € B, besuchthatd(v) =m+ 2inG.

Then N[v] contains m vertices of C,, and three vertices of P,
inG.

11



So
fu)=24lp 1M M3 0 Sinceq-4.
ueN|[v] &,—q/ q

(m-+3)~times

Case 2: Let v € B, be such that d(v) = m+1inG.

Then N[v] contains m vertices of C,, and two vertices of P,
inG.

So
f(u):1+1+ ....... 1:m+2:m+2>1, since q=4.
ueN|v] qg q q q
(m+2)-times

Case 3: Let v € C,,, be such that d(v) = 3 inG.

Then N[v] contains 3 vertices of C,, and one vertex of B, in

So

11
flu==+=+
=573

o |-
+
o |-
Il
o
NGNS

Therefore for all possibilities, we get

> fu)=1,
ueN[v]
vV veV.

This implies that f is a DF.
Now we check for the minimality of f.

Defineg : V — [0,1] by
r,if v=v, eD withd(v,) = m+1,

=351 )
I =12 otherwise.

q

where 0<r<%.

Since strict inequality holds at a vertex v, of V, it follows
thatg < f.

Case (i): Letv € B, be such thatd(v) = m + 2 in G.
Sub case 1:Let V, € N [V]

1 1 1
Th gu)=r+—+—+....... +—
i ue;[v] () g q q

(m+2)-times

1 m+2 m+2 m+2
<=4+ = =
q q q 4

>1.

=1, since q=4.
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Sub case 2:Let V, & N [V]

Then Z g(u)—l 1+ ....... +1

ueN[v] - qg ( q
(m+3)-times
m+3 m+3
= = >1.
q 4

Case (ii): Let v € P, be such that d(v) = m+1inG.
Sub case 1:Let V| € N [V]

11 1
Th gu)=r+=+=+....+=
enueZN%v] () q q q

(m+1)—times

1 m+1 m+2 m+2
<=+ = =

>1.
a q q 4
Sub case 2:Let V| & N[V].
Then
> g(u)—£+£+ ....... l_mr2_mt2
ueN|[v] g q q q 4

(m+2)-times

Case (iii): Let v € C,, be such that d(v) = 3inG.

Sub case 1:Let V, € N [V]

Then . g(u):r+£+£+l

ueN|v] a g (g
1 3 4
<—+—=—=1, since q = 4.
qa q 4

Sub case 2:Let V, & N [V]

1 1 1 1 4
Then gl S N R R
2020 e s

This implies that Z g(u) <1, forsomev e V.
ueN[v]
So g isnotaDF.

Since g is defined arbitrarily, it follows that there exists no
g < f such that g is a DF.

Thus f isaMDF. &

12



Theorem 3.4: A function f: V —[0, 1] defined by
fv) = 2—), Vve V where p =min(mmn) and q =
max (m,n) isaDF of G =R,OC, if © > = . Otherwise

it is not a DF. Also it becomes a MDF if% = % .

Proof:Letf : V —[0,1 ]be defined by f(v) = g, Vv eV,
wherep = min (m,n) and ¢ = max (m,n).
Clearly s > 0.

The summation value taken over N[v] of v € V is as follows:
Case 1: Letv € B, besuchthatd(v) =m+2inG.

Then N[v] contains m vertices of C,, and three vertices of P,
inG.

p.,. P p p
S flu)=—+—+....... +—=(m+3)=.
Ogm ) q q q ( )q

(m+3)-times
Case 2: Let v € B, be such that d(v) = m+1inG.

Then N[v] contains m vertices of C,, and two vertices of P,
inG.

so Y. flu)==

P
ueN|[v] q

(m+2)-times
Case 3: Letv € C,,, be such that d(v) = 3inG.

Then N[v] contains 3 vertices of C,, and one vertex of B, in
G.

“ Y f<u):£+£+£+£:4[£j.

ueN|[v] qa 9 q ¢ q
From the above three cases, we observe that f is a DF if
1
q 4’

Otherwise f is not a DF.

Case 4: Suppose %% .

Clearly f isaDF.
Now we check for the minimality of f.
Defineg : V - [0,1] by
g)
r, ifv=yv, eD withd(v,) = m+1,

., otherwise.

o |

where O<r<§.

Since strict inequality holds at a vertex v, of V, it follows that
g<f
Case (i): Letv € P, be such that d(v) = m+ 2inG.
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Sub case 1:Let V| € N [V]

P, P P

Th gu)=r+—+—+....... +—

2,8t q
(m+2)-times

p p p
<—+(M+2)==(M+3)—>1,
q ( )q ( )q

. p 1
since —>-—.,
q 4

Sub case 2:Let V, & N [V]

Then
PP P P
glu)=—+—+....... +—=(M+3)—>1.

—_

m+3)-times

Case (ii): Letv € P, be suchthatd(v) =m+1inG.

Sub case 1:Let V, € N [V]

P P p

Th g uj=r+—+—+....... + —

" %] b=re ey q
(m+1)—times

<P iminP=m+2)Ps1
q q q
since §>%.

Sub case 2:Let V| & N [V]

Then
P, P P P
glu)=—+—+...... +—=M+2)—>1

(m+2)-times

Case (iii): Letv € C,,, be suchthat d(v) = 3inG.

Sub case 1:Let V| € N [V]

Then . g(u):r+ap+ap+

ueN|[v]

< B + 3(£j = 4(£j > 1, since E>% .
q q q !

Sub case 2:Let V, & N [V]

+£+£+£=4{£j>1.
a g q q

o |o

Then Y. g(u)=

ueN[v]

o |o
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Hence, it follows that z g(u) >1, v veV.

UEN[V]
Thus g is a DF.
This implies that f is not a MDF.

. p_1
Case 5: Suppose piabrit

As in Case 1 and 2, we have that

z f(U)=£+£+ ....... +2:(m+3)2:(m+3)i>1’

ueN]v] qa q

if vEP,.

ueN|[v] qa q
(m-+2)-times
if ve~r,.

Again as in Case 3, we have if v € C,, then

2 f(“)=£+£+£+£:4(£J:1_

ueN]v] g g g ¢ q

Therefore for all possibilities, we get Z f(u)Zl,
ueN|[v]
vV veV.

This implies that f is a DF.
Now we check for the minimality of f.
Defineg : V - [0,1] by
g)
r, ifv=v,eD withd(v,) = m+1,

, otherwise.

o |

where 0<r<§.

Since strict inequality holds at a vertex v, of V, it follows that
g <f.
Then we can show as in Case (i) of Case 4 that

> gu)=r+2+ P24+ Psy

ueN[v] g q q
(m+2)-times
if veP, andv, € N[v].
P.P P
And gu)==+E 4+ =1
UE%‘V] qa 9 q
(m+3)-times

if veP,andv, ¢ N[v].

Again as in Case (ii) of Case 4, we can show that
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> g(u)=r+£+£+ ....... Py

ueN|[v] qa q q
(m+1)-times

if veP, and vy € N[v].

And

ueN|[v] q
(m+2)-times
if veP,and v, € N[v].

Again as in Case (iii) of Case 4, we can show that

P,P P
gu)=r+—+—+—
N[v].

<£+3(£]=4(£J=L sinceg=i.
q q q !

pP. P P P p
And g(u :_+_+_+_:4(_J:L
DI
if veCy,andv, € N[v].

if veC, andvy €

This implies that Z g(u) <1, forsome v e V.
ueN[v]

So g isnotaDF.

Since g is defined arbitrarily, it follows that there exists no
g < f suchthat g isaDF.

Thus f isa MDF. H
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Fig.1
G =P;0C,

Fig.1: The function f takes the value 1 for vertices of B, and
value 0 for vertices in each copy of C,,
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4. CONCLUSION

It is interesting to study the minimal dominating functions of
the corona product graph of a path with a cycle. This work
gives the scope for the study of convexity of these minimal
dominating functions and the authors have also studied this
concept.
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