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ABSTRACT

The diffusion convection equation is a mathematical model of
transport event that occurs in the fluid. The equation can be
solved numerically by using finite element method and in this
research use Least Square finite element method. This method
is based on minimizing second cube residue and on its
application, it will produce a symmetric system and definite
positive linear equations. This research will present a
numerical simulation on the diffusion convection equation in
two dimensional space use linear interpolation.
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1. INTRODUCTION

The discussion about partial differential equations still
continues and grow well in theory and application. The
problem on mathematical modeling in other fields of science
such as physics, engineering and many chemical fields uses
partial differential equations [5]. One example of a nature
phenomenon of mathematical modeling is the event of
conductive heat transfer which is modeled into the heat
equation.

The heat equation which is the parabolic equation can be
solved analytically [1]. However, in some cases finding an
analytical solution of heat equation is quite complex.
Therefore, numerical methods are used to assist the solution.
One of the most commonly used numerical methods in
solving differential equations in general and the heat
equations is finite difference methods. There are many finite
element methods that can be used, one of them is the
Alternating Direction Implicit Method (ADI).

In addition to conduction, the heat transfer also occurs by
diffusion- convection in the fluid. This transport equation is
then modeled into diffusion convection equation. In contrast
to the conduction heat equation, the diffusion convection
equation has a higher complexity. Method which is more
commonly used for the fluid transport equation is the finite
element method. Among some types of finite element
methods, Least Squares method is more commonly used
especially in the field of fluid mechanics and electromagnetics
[2]. The Least Square finite element method is based on
minimizing second rank residuals. As an illustration, note the
differential equation

Au=f inQ,
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Bu = 0, at the limit Q

With A'is a linear differential operator, B is a limit operator, u

is a dependent vector, f is strength vector and £} is a domain.
First suppose the approximation solution of u

u=¢i(y, j=12,..,n

With u; is a parameter, d)j (x) is a trial function and vector x
is an independent variable. Then look for a minimizer from

I(u) :f (Au — £)%dQ
0

Then Least Square solution is calculated from the following
variation equation

f (A" (Au - f)dQ
0

Although the formulation on the Least Square method is
simple, it provides significant benefits [6].

2. MATHEMATICS MODEL OF THE
DIFFUSION CONVECTION EQUATION
IN TWO-DIMENSIONAL SPACE

Based on the energy equation of [3]
aT  aT  aT 9*T  9°T
PGy (E*“a”@) = k(m*m)
1)
With
¢, = specific heat at constant pressure

k = thermal conductivity
u = the velocity component in the x direction
v = the velocity component in the y direction

ar ar .
Next, name the stream q, = P and q, = P Equation (1)
can be written into the system
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3. LEAST SQUARE FINITE ELEMENT
METHOD

First, equation (2) is discriminated to the time variable by
using the 6 method to obtain

Au=F
@)
With
u=U""t—Un Ay = Aoll + BAt[A*(,u)] F =
—At[A(UM)] A" (W) = + Az S Ak,
™ pc, 0 O
U =1dx | A0=(0 0 0)
qy 0 0 0
pc,u —k 0
4, = ( -1 0 o)
0 0 0
pc,v 0 —k
4z =( 0 0 o)
-1 0 0
0 0 O
A3 =(0 1 0
0 0 1
Assumed solution approach or the trial function of Eq. (3) is
(™)
u" = Zlﬂ (x y) (qx)t
(qy)l
With (x, y) is a linear interpolation. Then the residue is
obtained
I(uw) = f {Ap — F}*dQ
Q
(4)
In order that ¢ can minimize function I in Equation (4), for
1
the test functionV = ; (1) must meet
1
d
lim—I(u+tV) = ZJ- ANTAp-F)da=0
t-0 dt N
Or
f AT (Ap)da :f (AV)TFdQ
Q Q
(®)

4. CONJUGATE GRADIENT METHOD
In general, finite element method will produce a system of
equations
Kaﬁ Uﬁ = Fa
(6)
Iterative solutions can be obtained using MCG with the
following steps:

a.  Assume an approximate solution U},
b. Count residue E,

E; =F, — Kup UE
c. Define auxiliary variables P;

P =E;
d. Count residue rth iteration
Ey = Kyg P}

e. Count
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ELP;
~ Lrpr
Eg P
f.  Count solution at (r 4+ 1)th iteration
Ut =Uz +a' B}
g. Count residue at (r + 1)th iteration

h. Count
ET+1 ET+1

br+1 —
Ej Eg

i. Count auxiliary variables
+1 — pr+1 +1
) P/ _—Eg +bT_PaT_
j. Return to step d until the result obtained is convergent or
when E}, already meet the tolerance value.

5. SIMULATION OF DIFFUSION-
CONVECTION IN TWO-DIMENSIONAL
SPACE

In the diffusion convection equation, if rate u and v are 0
which is mean there is no flow, it will be obtained conduction
equation. For the example, a thin steel plate measuring 0.4m x
0.4m which is perfectly insulated on its surface has an initial
temperature of 100°C. On the four sides are given a
temperature of 0°C and C = 1m/s.

When resolved analytically using a separate variable method
will be obtained solution [4]

u(x,y,0) —@ i i R (R
m=1,3,5,..n= 135m7‘[
Sln(04 )sm(04 )
o

Furthermore, the problem is sought solution approach using
method element to least square with MATLAB so obtained
the following results

1 2 3 4 5 B 7

Figure 1. Approximation solution by taking Ax = Ay =
% and At = 0.00025 when t = 0.0025
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Figure 2. Analytical solution by taking Ax = Ay = 0?4

andt = 0.0025

In the process of calculating the solution approach, for each
2 2

N . a’r a*r
iteration requires the value 2 and 37 on each node but

because there is no information in the problem then use finite
different method (center) to find the 2nd partial derivative on
each node. From both figures it appears that there is an error
especially on the middle node which is the biggest error value
compared to other nodes with average error 1.3171

Then given another example of diffusion convection equation
in two-dimensional space. A system with a length of 1 unit

andawidthof Lunitor0 < x < 1and0 <y < 1
with an initial temperature of 10°C as well on the left and
above the temperature is fixed 40° C. Furthermore, the rate

flowrate ofu = 0,02andv = —0,01and pc, =
1 / m3C.
oT oT oT  0°T  0°T

at ax2 T 52

The boundary condition of the system is

+0,0 ax+( 0.0 )ay k

T(0,y,t) =40
T(x,1,t) = 40
a—T=0 onx =1
o
520 ony =10

Next by taking At = 0.1 and taken ¢ = 50 results obtained
as following
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Figure 3. Approximation solution for k = 1
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Figure 4. Approximation solution for k = 0.01

In Figs (4) and (5) it is seen that by decreasing the value of k
the rate of temperature change in each node becomes larger.

6. CONCLUSION

The diffusion convection equation in two dimensional space

oT  oT  aT L 0*T  9°T
P (81: T 6y> - (6x2 * 6y2>
which is a 2nd order differential equation, can always be
converted into 1st order differential equations system. After
being discredited by the time variable using 6 method, then
solved by using Least Square finite element method to
obtained linear equation system in matrix form

KU=F
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