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ABSTRACT 

The concept of unidominating function and total 

unidominating functions are introduced in [5] and [6] 

respectively.Minimal unidominating function and upper 

unidominationnumber  are introduced in [7] and minimal total 

unidominating function and upper total unidomination number 

are introduced in [8].  The unidomination number and total 

unidomination number of a 3-regularized wheel are obtained 

in [9], [10].  In this paper the authors study the minimal 

unidominating functions, minimal total unidominating 

functions of a 3-regularized wheel and determined its upper 

unidomination number, upper total unidomination number.  

Further the number of minimal unidominating functions,  

minimal total unidominating functions with maximum weight 

are found. 
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1. INTRODUCTION 
Graph Theory plays an important role in several areas of 

computer science such as artificial intelligence, formal 

languages, computer graphics etc.  An important branch of 

graph theory is domination and its properties have been 

widely studied by T.W.Haynes and others in [1,2].  

Hedetniemi [3] introduced the concept of dominating function 

which has  many applications. Zelinka, B [4] has given some 

remarks on domination in cubic graphs.  In [5], [6] the 

concepts of unidominating function and total unidominating 

function are introduced by the authors.  The concept of 

minimal unidominating function and upper 

unidominationnumber  are introduced by the authors in [7] 

and minimal total unidominating function and upper total 

unidomination are introduced in [8].  In [9], [10] the 

unidomination number and total unidomination number of a 

3-regularized wheel are obtained.  In this paper the upper 

unidomination number and upper total unidomination number 

of a 3-Regularized Wheel are found.  Further the number of 

minimal unidominating functions and minimal total 

unidominating functions with maximum weight for this graph 

are obtained and the results obtained are illustrated. 

2. DEFINITIONS 
In this section the concepts of unidominating function, 

minimal unidominating function, upper unidomination 

number, total unidominating function, minimal total 

unidominating function, and upper total unidomination 

number are defined as follows. 

Definition 2.1: Let 𝐺(𝑉, 𝐸) be a graph. A function 

𝑓: 𝑉 →  0,1  is said to be anunidominating function 

if  𝑓 𝑢 ≥ 1   ∀𝑣 ∈ 𝑉𝑎𝑛𝑑𝑓 𝑣 = 1,

𝑢∈𝑁 𝑣 

 

 𝑓 𝑢 = 1    ∀ 𝑣 ∈ 𝑉𝑎𝑛𝑑𝑓 𝑣 = 0.

𝑢∈𝑁[𝑣]

 

where 𝑁 𝑣  is the closed neighbourhood of the vertex 𝑣. 

Definition 2.2: Let 𝐺(𝑉, 𝐸) be a graph. An unidominating 

function 𝑓: 𝑉 →  0,1  is called a minimal unidominating 

function if for all 𝑔 < 𝑓, 𝑔 is not an unidominating function. 

Definition 2.3:  The upper unidomination number of a graph 

𝐺 𝑉, 𝐸  is defined as 

  max  𝑓 𝑉 𝑓 is a minimal unidominating function ,  

𝑤h𝑒𝑟𝑒 𝑓 𝑉 =   𝑓 𝑢 

𝑢∈𝑉

.  

The upper unidomination number of G  is denoted by  Γ𝑢(𝐺). 

Definition 2.4:  Let 𝐺(𝑉, 𝐸) be a connected graph. A function 

𝑓: 𝑉 → {0,1}  is said to be a total unidominating function, if 

 𝑓 𝑢 

𝑢∈𝑁 𝑣 

≥ 1  ∀ 𝑣 ∈ 𝑉 𝑎𝑛𝑑 𝑓 𝑣 = 1,  

 𝑓 𝑢 = 1  ∀ 𝑣 ∈ 𝑉 𝑎𝑛𝑑 𝑓 𝑣 = 0,

𝑢∈𝑁 𝑣 

 

where 𝑁 𝑣  is the open neighbourhood of the vertex  𝑣. 

Definition 2.5: Let 𝐺(𝑉, 𝐸) be a connected graph. A total 

unidominating function 𝑓: 𝑉 →  0,1    is called a minimal 

total unidominating function if for all 𝑔 < 𝑓, 𝑔 is not a total 

unidominating function. 

Definition 2.6:  The upper total unidomination number of a 

connected graph𝐺 (𝑉, 𝐸) is defined as 

max  {𝑓 𝑉 𝑓 is a minimal total unidominating function}. 

It is denoted by  Γ𝑡𝑢  𝐺 . 

Definition 2.7: A 3- Regularized wheel is defined as “A graph 

formed from 𝑊1,𝑛  by replacing the center of 𝑊1,𝑛  by a cycle 

𝐶𝑛  and each of the remaining n vertices in 𝑊1,𝑛  are replaced 

by cycles 𝐶3". 

3. UPPER UNIDOMINATION NUMBER 

OF A 3-REGULARIZED WHEEL 
In this section the upper unidomination number of a 3-

regularised wheel and the number of minimal unidominating 

functions with maximum weight are obtained. 
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Theorem 3.1: The upper unidomination number of a 3-

regularized wheel formed from 𝑊1,𝑛  is 

 

 5𝑛

2
             𝑖𝑓  𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛,

 
5𝑛

2
 −  1    𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑.   

  

Proof:  Let  𝑊1,𝑛  be a wheel and 𝐶𝑛  be the cycle replacing the 

center of 𝑊1,𝑛  𝑎𝑛𝑑 𝐶3 
1 , 𝐶3

2, … , 𝐶3 
𝑛 are the cycles replacing the 

n  vertices in 𝑊1,𝑛   respectively. 

Let 𝑢1, 𝑢2, …… , 𝑢𝑛   be the vertices in 

𝐶𝑛 ,  𝑎𝑛𝑑  𝑣1, 𝑣2, … . . , 𝑣𝑛  be the vertices in  𝐶3 
1 , 𝐶3

2, … , 𝐶3
𝑛   

respectively which are adjacent to  𝑢1, 𝑢2, …… , 𝑢𝑛  

respectively.  Let 𝑤1, 𝑤2; 𝑤3, 𝑤4; … ; 𝑤2𝑛−1, 𝑤2𝑛be the 

remaining vertices in 𝐶3,
1𝐶3

2, … , 𝐶3
𝑛  respectively. 

Here   𝑑(𝑢𝑖) = 𝑑(𝑣𝑖) = 𝑑(𝑤2𝑖) = 𝑑(𝑤2𝑖−1) = 3  

for  𝑖 = 1,2, … , 𝑛. 

 The upper unidomination number of this 3-regularized wheel 

is found in the following two cases.  

Case 1:  Let 𝑛 be an even number. 

Define a function 𝑓 ∶  𝑉 →  0,1  by 

𝑓 𝑢 =  
1           𝑤𝑕𝑒𝑛 𝑢 = 𝑢𝑖 ,   𝑖 = 1,2, … , 𝑛, 𝑢 = 𝑣𝑗 , 𝑤2𝑗−1, 𝑤2𝑗

𝑤𝑕𝑒𝑛 𝑗 𝑖𝑠 𝑎𝑛 𝑜𝑑𝑑 𝑛𝑢𝑚𝑏𝑒𝑟,
0                                                                                       𝑜𝑡𝑕𝑒𝑟𝑤𝑖𝑠𝑒.

  

Sub case 1: Let 𝑖 be an even number. 

Then  𝑓 𝑢 = 𝑓 𝑢𝑖−1 

𝑢∈𝑁 𝑢 𝑖 

+ 𝑓 𝑢𝑖 + 𝑓 𝑢𝑖+1 + 𝑓 𝑣𝑖 

= 1 + 1 + 1 + 0 = 3 > 1, 

 𝑓 𝑢 = 𝑓 𝑢𝑖 

𝑢∈𝑁 𝑣𝑖 

+ 𝑓 𝑣𝑖 + 𝑓 𝑤2𝑖−1 + 𝑓 𝑤2𝑖 

= 1 + 0 + 0 + 0 = 1, 

 𝑓 𝑢 = 𝑓 𝑤2𝑖−1 

𝑢∈𝑁 𝑤2𝑖−1 

+ 𝑓 𝑣𝑖 + 𝑓 𝑤2𝑖−2 + 𝑓 𝑤2𝑖 

= 0 + 0 + 1 + 0 = 1, 

 𝑓 𝑢 = 𝑓 𝑤2𝑖 

𝑢∈𝑁 𝑤2𝑖 

+ 𝑓 𝑣𝑖 + 𝑓 𝑤2𝑖−1 + 𝑓 𝑤2𝑖+1 

= 0 + 0 + 0 + 1 = 1. 

Sub case 2:Let 𝑖 be an odd number. 

Then  𝑓 𝑢 = 𝑓 𝑢𝑖−1 

𝑢∈𝑁 𝑢 𝑖 

+ 𝑓 𝑢𝑖 + 𝑓 𝑢𝑖+1 + 𝑓 𝑣𝑖 

= 1 + 1 + 1 + 1 = 4 > 1, 

 𝑓 𝑢 = 𝑓 𝑢𝑖 

𝑢∈𝑁 𝑣𝑖 

+ 𝑓 𝑣𝑖 + 𝑓 𝑤2𝑖−1 + 𝑓 𝑤2𝑖 

= 1 + 1 + 1 + 1 = 4 > 1, 

 𝑓 𝑢 = 𝑓 𝑤2𝑖−1 

𝑢∈𝑁 𝑤2𝑖−1 

+ 𝑓 𝑣𝑖 + 𝑓 𝑤2𝑖−2 + 𝑓 𝑤2𝑖 

= 1 + 1 + 0 + 1 = 3 > 1, 

 𝑓 𝑢 = 𝑓 𝑤2𝑖 

𝑢∈𝑁 𝑤2𝑖 

+ 𝑓 𝑣𝑖 + 𝑓 𝑤2𝑖−1 + 𝑓 𝑤2𝑖+1 

= 1 + 1 + 1 + 0 = 3 > 1, 

Therefore 𝑓 is a unidominating function. 

Now 𝑓 𝑉 =  𝑓 𝑢 =  [𝑓 𝑢𝑖 
𝑛

𝑖=1
𝑢∈𝑉

+ 𝑓 𝑣𝑖 ]

+  𝑓 𝑤𝑖 
2𝑛

𝑖=1
= 𝑛 +

𝑛

2
+ 𝑛 =

5𝑛

2
. 

Now we check for the minimality of   f. 

Now we define a function 𝑔 such that 𝑔 < 𝑓, and show that 𝑔 

is not a unidominating function for all possibilities of defining 

𝑔. 

Case (i) : Define a function 𝑔 ∶  𝑉 →  0,1   by 

𝑔 𝑢 = 𝑓 𝑢 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑢 ∈ 𝑉,   𝑢 ≠ 𝑢𝑘 , 𝑢𝑘+1 

𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑘 ∈  1,2, … , 𝑛  

and  𝑔 𝑢𝑘 = 𝑔 𝑢𝑘+1 = 0. 

Then obviously 𝑔 < 𝑓. 

Sub case 1:  Let 𝑘 be even.   

Then 𝑔 𝑣𝑘 = 𝑔 𝑤2𝑘−1 = 𝑔 𝑤2𝑘 = 0. 

But  𝑔 𝑢 = 𝑔 𝑢𝑘 

𝑢∈𝑁 𝑣𝑘  

+ 𝑔 𝑣𝑘 + 𝑔 𝑤2𝑘−1 + 𝑔 𝑤2𝑘  

   = 0 + 0 + 0 + 0 = 0 ≠ 1. 

Sub case 2: Let 𝑘 be odd.  Then 𝑘 + 1 is even and hence 

𝑔 𝑣𝑘+1 = 𝑔 𝑤2𝑘+1 = 𝑔 𝑤2𝑘+2 = 0. 

But  𝑔 𝑢 = 𝑔 𝑢𝑘+1 

𝑢∈𝑁 𝑣𝑘+1 

+ 𝑔 𝑣𝑘+1 + 𝑔 𝑤2𝑘+1 

+ 𝑔 𝑤2𝑘+2 = 0 ≠ 1. 

Therefore it follows that 𝑔is not a unidominating function. 

Case (ii): Define another function𝑔1: 𝑉 →  0,1   by  

𝑔1 𝑢 = 𝑓 𝑢  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑢 ∈ 𝑉, 𝑢 ≠ 𝑤2𝑘−1, 𝑤2𝑘   

                                               𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑘 ∈  1,2, … , 𝑛 , 𝑘is odd,  

and so  𝑔1 𝑤2𝑘−1 = 𝑔1 𝑤2𝑘 = 0. 

Since 𝑘 is odd, 𝑘 − 1 is even so that  

𝑔1 𝑣𝑘−1 = 𝑔1 𝑤2𝑘−3 = 𝑔1 𝑤2𝑘−2 = 0. 

Now  𝑔1 𝑢 

𝑢∈𝑁 𝑤2𝑘−2 

= 𝑔1 𝑤2𝑘−3 + 𝑔1 𝑤2𝑘−2 + 𝑔1 𝑤2𝑘−1 
+ 𝑔1 𝑣𝑘−1 = 0 ≠ 1 

Therefore  𝑔1  is not a unidominating function. 

Case (iii):  Define another function 𝑔2: 𝑉 →  0,1   by  

𝑔2 𝑢 = 𝑓 𝑢  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑢 ∈ 𝑉, 𝑢 ≠ 𝑣𝑘   

𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑘 ∈  1,2, … , 𝑛 , 𝑘is odd, 

And so  𝑔2 𝑣𝑘 = 0. 

Now  𝑔2 𝑢 

𝑢∈𝑁 𝑣𝑘  

= 𝑔2 𝑢𝑘 + 𝑔2 𝑣𝑘 + 𝑔2 𝑤2𝑘−1 

+ 𝑔2 𝑤2𝑘 = 1 + 0 + 1 + 1 = 3 ≠ 1 

Therefore  𝑔2  is not a unidominating function. 

Case (iv):  Define another function 𝑔3: 𝑉 →  0,1   by  

𝑔3 𝑢 = 𝑓 𝑢 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑢 ∈ 𝑉, 𝑢 ≠ 𝑣𝑘 , 𝑤2𝑘−1, 𝑤2𝑘  
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𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑘 ∈  1,2, … , 𝑛 , 𝑘 is odd, 

and so 𝑔3 𝑣𝑘 = 0, 𝑔3 𝑤2𝑘−1 = 𝑔3 𝑤2𝑘 = 0. 

Then by the same argument for 𝑔1in Case (ii), it follows 

that 𝑔3 is not a unidominating function. 

Since all these functions are defined arbitrarily and as there is 

no other possibility of defining a function < 𝑓, it follows that 

𝑓is a minimal unidominating function. 

Thus 𝛤𝑢 3 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟𝑖𝑧𝑒𝑑𝑤𝑕𝑒𝑒𝑙 ≥
5𝑛

2
− − − −(1) 

Consider a minimal unidominating function 𝑓 of a 3-

regularised wheel.  Then it must satisfy the following 

conditions, otherwise it cannot be a minimal unidominating 

function. 

1.  If 𝑓 𝑢𝑖 = 1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 ∈  1,2, … , 𝑛  then all 𝑣𝑖
′𝑠 

should not be assigned 1 and no two consecutive 

𝑣𝑖 ′𝑠  can have functional value 1. 

2. If   𝑓 𝑢𝑖 = 1 𝑎𝑛𝑑 𝑓 𝑣𝑖 = 0  then  

 𝑓 𝑤2𝑖−1 = 𝑓 𝑤2𝑖 = 0. 

3. If   𝑓 𝑣𝑖 = 1 then either  

𝑓 𝑤2𝑖−1 = 𝑓 𝑤2𝑖 = 1 𝑜𝑟𝑓 𝑤2𝑖−1 = 𝑓 𝑤2𝑖 = 0. 

4. If   𝑓 𝑢𝑖 = 0 and any one of  

𝑓 𝑢𝑖−1  𝑜𝑟 𝑓 𝑢𝑖+1  𝑖𝑠 1 then 𝑓 𝑣𝑖   must be 0 and  

any one of 𝑓 𝑤2𝑖−1 , 𝑓 𝑤2𝑖   must be 1. 

Otherwise if 𝑓 𝑢𝑖−1 = 𝑓 𝑢𝑖 =   𝑓 𝑢𝑖+1 = 0  
then 𝑓 𝑣𝑖   must be 1 and 𝑓 𝑤2𝑖−1 , 𝑓 𝑤2𝑖    are 0. 

Let 𝑓 be a minimal unidominating function of a 

3 −regularized wheel. 

Let k be the number of 𝑢𝑖𝑠 which have  functional  value 0.  

Then for each such 𝑖, 

𝑓 𝑣𝑖 + 𝑓 𝑤2𝑖−1 + 𝑓 𝑤2𝑖 = 1. 

Therefore  𝑓 𝑣𝑖 + 𝑓 𝑤2𝑖−1 + 𝑓 𝑤2𝑖  

= 𝑘 for these 𝑘 sets of vertices 

 𝑣𝑖 , 𝑤2𝑖−1 , 𝑤2𝑖 ,where 𝑖 is such that 𝑓 𝑢𝑖 = 0. 

Suppose that the number of consecutive 𝑢𝑖𝑠 which have 

functional value1 are 𝑘1, 𝑘2, … , 𝑘𝑝  respectively.  

Then 𝑘1 +  𝑘2 + … +  𝑘𝑝 = 𝑛 − 𝑘,   

1 ≤ 𝑘1, 𝑘2, … , 𝑘𝑝 ≤ 𝑛 − 𝑘, 𝑝 ≤
𝑘

2
< 𝑘. 

Then we have  

  𝑓 𝑣𝑖 + 𝑓 𝑤2𝑖−1 + 𝑓 𝑤2𝑖  ≤
𝑘1

2
+

𝑘1

2
+

𝑘1

2
=

3𝑘1

2
 

 𝑖𝑓𝑘1 is even, 

=
𝑘1 + 1

2
+

𝑘1 + 1

2
+

𝑘1 + 1

2
≤

3 𝑘1 + 1 

2
 𝑖𝑓 𝑘1𝑖𝑠 𝑜𝑑𝑑. 

Similar is the case for  𝑘2, 𝑘3, … , 𝑘𝑝 . 

Without loss of generality assume that  𝑘1, 𝑘2, … , 𝑘𝑟   are even 

and 𝑘𝑟+1, 𝑘𝑟+2, … , 𝑘𝑝  are odd.  Then  

𝑓 𝑉 =  𝑓 𝑢𝑖 +   𝑓 𝑣𝑖 + 𝑓 𝑤2𝑖−1 + 𝑓 𝑤2𝑖  

𝑘1

𝑛

𝑖=1

+ ⋯

+   𝑓 𝑣𝑖 + 𝑓 𝑤2𝑖−1 + 𝑓 𝑤2𝑖  

𝑘𝑝

+   𝑓 𝑣𝑖 + 𝑓 𝑤2𝑖−1 + 𝑓 𝑤2𝑖  

𝑘

 

≤ 𝑛 − 𝑘 +
3 𝑘1 + 𝑘2 + ⋯ + 𝑘𝑟 

2

+
3 𝑘𝑟+1 + 1 +  𝑘𝑟+2 + 1 +  … +  𝑘𝑝 + 1 

2
+ 𝑘 

          = 𝑛 +
3 𝑛 − 𝑘 + 𝑝 − 𝑟 

2
=

5𝑛

2
−

3 𝑘 + 𝑟 − 𝑝 

2
≤

5𝑛

2
 

Therefore for any minimal unidominating function 𝑓 of a 

3 −regularized wheel 𝑓 𝑉 ≤
5𝑛

2
. 

Thus 𝑚𝑎𝑥 𝑓 𝑉 𝑓𝑖𝑠 𝑎 𝑚𝑖𝑛𝑖𝑚𝑎𝑙 𝑢𝑛𝑖𝑑𝑜𝑚𝑖𝑛𝑎𝑡𝑖𝑛𝑔 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  ≤
5𝑛

2
. 

That is Γu 3 − regularized  wheel ≤
5n

2
− − − (2) 

Therefore from the inequalities (1) and (2) we have 

Γu 3 − regularized   wheel  =
5n

2
, when n is even. 

Case 2:  Let 𝑛 be an odd number. 

Define a function 𝑓: 𝑉 →  0,1   by 

𝑓 𝑢 

=

 
 
 

 
 

1                                                𝑓𝑜𝑟𝑢 = 𝑢𝑖 , 𝑖 = 1,2, … , 𝑛 − 2,
1             𝑓𝑜𝑟𝑢 = 𝑣𝑗 , 𝑤2𝑗−1𝑤𝑕𝑒𝑛𝑗𝑖𝑠𝑎𝑛𝑜𝑑𝑑𝑛𝑢𝑚𝑏𝑒𝑟, 𝑗 ≠ 𝑛,

1                                                                        𝑓𝑜𝑟  𝑢 =  𝑤2𝑛−3,
1                           𝑓𝑜𝑟 𝑢 =  𝑤2𝑗  𝑤𝑕𝑒𝑛 𝑗 𝑖𝑠 𝑎𝑛 𝑜𝑑𝑑 𝑛𝑢𝑚𝑏𝑒𝑟,

0                                                                                  𝑜𝑡𝑕𝑒𝑟𝑤𝑖𝑠𝑒.

  

This function is similar to the function 𝑓 defined in Case 1 

except for the vertices 𝑢𝑛−1, 𝑢𝑛 , 𝑣𝑛 , 𝑤2𝑛−3, 𝑤2𝑛−1. 

We can check the condition of unidominating function in the 

closed neighbourhood of  the above vertices and see that 𝑓 is a 

unidominating function. 

Now we check for the minimality of 𝑓. 

Define a function 𝑔: 𝑉 →  0,1    by 

𝑔(𝑢) =   𝑓(𝑢)  for all  𝑢 ∈ 𝑉, 𝑢 ≠ 𝑤2𝑛−3. 

Then obviously 𝑔 < 𝑓  and  

 𝑔 𝑢 = 𝑔 𝑤2𝑛−3 

𝑢∈𝑁 𝑤2𝑛−2 

+ 𝑔 𝑤2𝑛−2 + 𝑔 𝑤2𝑛−1 

+ 𝑔 𝑣𝑛−1 = 0 + 0 + 0 + 0 = 0 ≠ 1 

Therefore 𝑔is not a unidominating function. 

For all possibilities of defining a function 𝑔 < 𝑓,we can see 

that 𝑔is not a unidominating function. 

Therefore 𝑓 is a minimal unidominating function. 

Now  𝑓 𝑉 =   𝑓 𝑢 

𝑢∈𝑉

 

=   𝑓 𝑢𝑖 + 𝑓 𝑣𝑖 + 𝑓 𝑤2𝑖−1 + 𝑓 𝑤2𝑖  

𝑛

𝑖=1
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=  𝑛 − 2 +
𝑛 − 1

2
+

𝑛 − 1

2
+ 1 +

𝑛 − 1

2
+ 1 

=
5𝑛 − 3

2
=

5𝑛 − 1

2
− 1 =  

5𝑛

2
 − 1. 

Hence it follows that  

Γu 3 − regularized  wheel ≥  
5n

2
 − 1 − − − (1) 

If 𝑓 is a minimal unidominating function then in Case 1 we 

have proved in general that  𝑓 𝑉 ≤ 𝑛 +
3 𝑛−𝑘+𝑝−𝑟 

2
.  That is 

we have not taken in to consideration that 𝑛 is even. 

Therefore 𝑓 𝑉 ≤ 𝑛 +
3 𝑛 − 𝑘 + 𝑝 − 𝑟 

2

= 𝑛 +
3  𝑛 − 1 −  𝑘 + 𝑟 − 𝑝 − 1  

2
 

=
5𝑛 − 3

2
−

3 𝑘 + 𝑟 − 𝑝 − 1 

2
≤

5𝑛 − 3

2
=  

5𝑛

2
 − 1. 

Thus for any minimal unidominating function 𝑓,  

𝑓 𝑉 ≤  
5𝑛

2
 − 1. 

Hence it follows that   

𝛤𝑢 3 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟𝑖𝑧𝑒𝑑 𝑤𝑕𝑒𝑒𝑙 ≤  
5𝑛

2
 − 1 − − − (2) 

Therefore from the inequalities (1) and (2) we have  

𝛤𝑢 3 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟𝑖𝑧𝑒𝑑 𝑤𝑕𝑒𝑒𝑙 =  
5𝑛

2
 − 1. ∎ 

Theorem 3.2: The number of minimal unidominating 

functions with maximum weight of a 3 −regularized wheel is 

 
 2            𝑤𝑕𝑒𝑛 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛,
𝑛            𝑤𝑕𝑒𝑛 𝑛 𝑖𝑠 𝑜𝑑𝑑.

  

Proof: Consider a 3 −regularized wheel formed from a 

wheel 𝑊1,𝑛 . 

Case 1:  Let 𝑛 be an even number. 

Consider the minimal unidominating function𝑓 with 

maximum weight  
5𝑛

2
   given in Case 1 of Theorem 3.1.  Then 

the functional values of 𝑓are 

𝑓 𝑢𝑖 = 1 ∀𝑖 ∈  1,2, … , 𝑛  

𝑓 𝑣𝑖 = 𝑓 𝑤2𝑖−1 = 𝑓 𝑤2𝑖 = 1  𝑓𝑜𝑟 𝑖 𝑖𝑠 𝑜𝑑𝑑, 

𝑓 𝑣𝑖 = 𝑓 𝑤2𝑖−1 = 𝑓 𝑤2𝑖 = 0  𝑓𝑜𝑟 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛. 

Represent  

𝑓 𝑢𝑖 , 𝑓 𝑣𝑖 , 𝑓 𝑤2𝑖−1 , 𝑓 𝑤2𝑖  𝑎𝑠

 
 

 
1         𝑤𝑕𝑒𝑛𝑓 𝑣𝑖 = 𝑓 𝑤2𝑖−1 = 𝑓 𝑤2𝑖 = 1 

𝑎𝑛𝑑𝑓 𝑢𝑖 = 1.

0         𝑤𝑕𝑒𝑛𝑓 𝑣𝑖 = 𝑓 𝑤2𝑖−1 = 𝑓 𝑤2𝑖 = 0 

𝑎𝑛𝑑𝑓 𝑢𝑖 = 1.

  

Therefore the values of  𝑢𝑖 , 𝑣𝑖 , 𝑤2𝑖−1, 𝑤2𝑖 , 𝑖 = 1,2, … , 𝑛 are 

represented by 

 1010 − − − 10  circularly. 

Take 𝑎 − 10.  Then the functional values of 𝑓 are in the 

pattern of 𝑎𝑎 …𝑎   circularly. These can be arranged in only 

one way. By the rotation of these values after the first rotation 

we obtain the same function𝑓. 

Therefore there are two minimal unidominating functions 

with maximum weight  
5𝑛

2
 . 

Now we test whether there are any other minimal 

unidominating functions of weight  
5𝑛

2
 . 

Let  𝑓  be any minimal unidominating function of a 

3 −regularized wheel. Then we have proved in Case 1 of 

Theorem 3.1 that  

𝑓 𝑉 ≤ 𝑛 +
3 𝑛 − 𝑘 + 𝑝 − 𝑟 

2
. 

If 𝑘 = 0  we get 𝑟 = 1,   𝑝 = 1  so that 𝑓 𝑉 =
5𝑛

2
. 

That is this function coincides with one of the above said two 

minimal unidominating functions. 

If  𝑘 = 1  then 𝑓 cannot be a unidominating function. 

Suppose  𝑘 ≥ 2. Then 𝑟 ≥ 0, 𝑝 ≥ 1, and so 

  𝑘 + 𝑟 − 𝑝 > 0.  Then 

     𝑓 𝑉 ≤
5𝑛

2
−

3 𝑘 + 𝑟 − 𝑝 

2
<

5𝑛

2
. 

Then 𝑓 has no maximum weight. 

Therefore there is no other minimal unidominating function 

with maximum weight 
5𝑛

2
. 

Case 2:  Let 𝑛 be an odd number. 

Let 𝑓 be a minimal unidominating function defined in Case 2 

of Theorem 3.1.  As in Case 1 by rotating the functional 

values of the vertices taking 𝑢𝑖 , 𝑣𝑖 , 𝑤2𝑖−1, 𝑤2𝑖  as one unit we 

get 𝑛  minimal unidominating functions. 

We now verify that if there is any other minimal 

unidominating function with maximum weight 
5𝑛

2
. 

Let 𝑓 be a minimal unidominating function of a 3-regularized 

wheel.  Then we have proved in Case 2  of  Theorem 3.1 that  

𝑓 𝑉 ≤
5𝑛 − 3

2
−

3 𝑘 + 𝑟 − 𝑝 − 1 

2
. 

If 𝑘 = 0 and 1  then 𝑓can not be a minimal unidominating 

function.  Therefore 𝑘 must be greater than or equal to 2. 

If 𝑘 = 2 then  𝑝 = 1, 𝑟 = 0.   Now 𝑓 𝑉 =
5𝑛−3

2
=  

5𝑛

2
 − 1. 

𝐼𝑓  𝑘 > 2  then  𝑘 + 𝑟 − 𝑝 − 1 > 0,   so that  

𝑓 𝑉 ≤
5𝑛 − 3

2
−

3 𝑘 + 𝑟 − 𝑝 − 1 

2
<

5𝑛 − 3

2
=  

5𝑛

2
 − 1. 

Therefore there is no other minimal unidominating function 

with maximum weight.∎ 

4. UPPER TOTAL UNIDOMINATION 

NUMBER OF A 3-REGULARIZED 

WHEEL 
In this section the upper total unidomination number of a 3-

regularized wheel and the number of minimal total 

unidominating functions with maximum weight are obtained. 

Theorem 4.1:  The upper total unidomination number of a  3-

regularized wheel formed from 𝑊1,𝑛 is  

Γ𝑡𝑢  3 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟𝑖𝑧𝑒𝑑 𝑤𝑕𝑒𝑒𝑙 = 3𝑛. 
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Proof:  Let  𝑊1,𝑛   be a wheel.  Consider the 3-regularized 

wheel formed from  𝑊1,𝑛  which is defined in 2.7.   

Define a function 𝑓: 𝑉 →  0,1  by  

𝑓 𝑢 =  
1    𝑓𝑜𝑟 𝑢 = 𝑣𝑖 , 𝑤2𝑖−1, 𝑤2𝑖  , 𝑖 = 1,2, … , 𝑛,
0                       𝑓𝑜𝑟  𝑢 = 𝑢𝑖   𝑖 = 1,2, … , 𝑛.

  

Now for 𝑖 = 1,2, … , 𝑛  we have  

 𝑓(𝑢)

𝑢∈𝑁(𝑢 𝑖)

= 𝑓 𝑢𝑖−1 + 𝑓 𝑢𝑖+1 + 𝑓 𝑣𝑖 = 0 + 0 + 1 = 1. 

 𝑓(𝑢)

𝑢∈𝑁(𝑣𝑖)

= 𝑓 𝑢𝑖 + 𝑓 𝑤2𝑖−1 + 𝑓 𝑤2𝑖 = 0 + 1 + 1 = 2. 

 𝑓 𝑢 = 𝑓(v𝑖) + 𝑓(w2𝑖−2) + 𝑓(w2𝑖) = 1 + 1 + 1

𝑢∈𝑁(𝑤2𝑖−1)

= 3. 

 𝑓 𝑢 

𝑢∈𝑁 𝑤2𝑖 

= 𝑓 𝑣𝑖 + 𝑓 𝑤2𝑖−1 + 𝑓 𝑤2𝑖+1 = 1 + 1 + 1

= 3. 

Therefore 𝑓 is a total unidominating function. 

Now we check for the minimality of  𝑓. 

Now we define a function 𝑔 such that 𝑔 < 𝑓, and show that 𝑔 

is not a total unidominating function for all possibilities of 

defining 𝑔. 

Define a function 𝑔: 𝑉 →  0,1   by  

𝑔 𝑢 = 𝑓 𝑢 ∀𝑢 ∈ 𝑉, 𝑓𝑜𝑟  𝑢 ≠ 𝑣𝑘 , 

                                               𝑘 ∈  1,2, … , 𝑛 ,   𝑎𝑛𝑑 𝑔 𝑣𝑘 = 0.   

Obviously  𝑔 < 𝑓. 

𝑁𝑜𝑤   𝑔(𝑢)

𝑢∈𝑁(𝑢𝑘)

= 𝑔 𝑢𝑘−1 + 𝑔 𝑢𝑘+1 + 𝑔 𝑣𝑘 

= 0 + 0 + 0 = 0 ≠ 1. 

Therefore 𝑔 is not a total unidominating function. 

Define another function 𝑕: 𝑉 →  0,1   by  

𝑕 𝑢 = 𝑓 𝑢 ∀𝑢 ∈ 𝑉, 𝑓𝑜𝑟 𝑢 ≠ 𝑤2𝑘−1,   

 𝑘 ∈  1,2, … , 𝑛 ,   𝑎𝑛𝑑  𝑕 𝑤2𝑘−1 = 0. 

Obviously   𝑕 < 𝑓. 

Now  𝑕 𝑢 

𝑢∈𝑁 𝑤2𝑘−1 

= 𝑕 𝑤2𝑘 + 𝑕 𝑤2𝑘−2 + 𝑕 𝑣𝑘 

= 1 + 1 + 1 = 3 ≠ 1. 

Therefore  𝑕 is not a total unidominating function. 

Define another function 𝑕1: 𝑉 →  0,1   by  

𝑕1 𝑢 = 𝑓 𝑢 ∀𝑢 ∈ 𝑉, 𝑢 ≠ 𝑤2𝑘−1, 𝑤2𝑘 , 𝑘 ∈  1,2, … , 𝑛 , 

and  h1 w2k−1 = 0, h1 w2k = 0 . 

 Obviously   h1 < 𝑓. 

Now  𝑕1

𝑢∈𝑁 𝑣𝑘  

 𝑢 = 𝑕1 𝑢𝑘 + 𝑕1 𝑤2𝑘−1 + 𝑕1 𝑤2𝑘 

= 0 + 0 + 0 = 0 ≠ 1. 

Therefore  𝑕1 is not a total unidominating function. 

Since 𝑔, 𝑕, 𝑕1 are defined arbitrarily, and there is no other 

possibility of defining a total unidominating function < 𝑓  it 
follows that 𝑓  is a minimal total unidominating function. 

Now  𝑓 𝑉 =   𝑓 𝑢𝑖 + 𝑓 𝑣𝑖 + 𝑓 𝑤2𝑖−1 + 𝑓 𝑤2𝑖  

𝑛

𝑖=1

= 0 + 𝑛 + 𝑛 + 𝑛 = 3𝑛. 

Therefore Γ𝑡𝑢  3 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟𝑖𝑧𝑒𝑑 𝑤𝑕𝑒𝑒𝑙 ≥ 3𝑛 − − − −(1) 

Let 𝑓 be a minimal total unidominating function. 

Then 𝑓 𝑢𝑖 = 𝑓 𝑣𝑖 = 𝑓 𝑤2𝑖−1 = 𝑓 𝑤2𝑖 = 1 is possible 

only for at most two consecutive 𝑖 ′𝑠. 

Let 𝑘1 be the number of  𝑢𝑖𝑠 such that  

𝑓 𝑢𝑖 = 0 and any one of 𝑓 𝑢𝑖−1 , 𝑓 𝑢𝑖+1  is 1 𝑎𝑛𝑑 𝑘2  be 

the number of  𝑢𝑖𝑠 such that  𝑓 𝑢𝑖 = 0 and 

 𝑓 𝑢𝑖−1 =  𝑓 𝑢𝑖+1 = 0  

Then   [𝑓 𝑣𝑖 + 𝑓 𝑤2𝑖−1 + 𝑓 𝑤2𝑖 ]

n− 𝑘1+𝑘2 

≤ 3  
2 n −  𝑘1 + 𝑘2  

3
  

and  𝑓 𝑉 ≤ 𝑛 −  𝑘1 + 𝑘2 + 2 n −  𝑘1 + 𝑘2  + 𝑘1 + 3𝑘2 

                        = 3𝑛 − 2𝑘1 ≤ 3𝑛. 

Since 𝑓 is arbitrary, it follows that 

Γ𝑡𝑢  3 − regularized wheel  ≤ 3𝑛 − − − (2) 

Thus from the inequalities (1) and (2) we have 

Γ𝑡𝑢  3 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟𝑖𝑧𝑒𝑑 𝑤𝑕𝑒𝑒𝑙 = 3𝑛. ∎ 

Theorem 4.2:  The number of minimal total unidominating 

functions of a 3-regularized wheel with maximum weight is 

 
4                            𝑤𝑕𝑒𝑛  𝑛 ≡ 0 𝑚𝑜𝑑 3 ,
1                          𝑤𝑕𝑒𝑛  𝑛 ≡ 1,2 𝑚𝑜𝑑 3 .

  

Proof: Consider the minimal total unidominating function 𝑓  

with maximum weight 3𝑛   given by 

𝑓 𝑢 =  
1    𝑓𝑜𝑟 𝑢 = 𝑣𝑖 , 𝑤2𝑖−1, 𝑤2𝑖  , 𝑖 = 1,2, … , 𝑛,
0                       𝑓𝑜𝑟  𝑢 = 𝑢𝑖   𝑖 = 1,2, … , 𝑛.

  

By rotating the functional values of 𝑓 taking 𝑢𝑖 , 𝑣𝑖 , 𝑤2𝑖−1, 𝑤2𝑖   

as one group we get the same function.  Therefore there is one 

and only one minimal total unidominating function with 

maximum weight 3𝑛. 

Now we investigate for some other minimal total 

unidominating functions with maximum weight 3𝑛. 

Let 𝑓 be a minimal total unidominating function.  Then we 

have proved in Theorem 4.1  that 𝑓 𝑉 ≤ 3𝑛 − 2𝑘1. 

If  𝑘1 > 0then  𝑓 𝑉 ≤ 3𝑛 − 2𝑘1 < 3𝑛.  Therefore  𝑓  is not a 

function with maximum weight. 

If 𝑘1 = 0 then   𝑘2 = 𝑛 𝑜𝑟 𝑘2 = 0. 

Suppose  𝑘2 = 𝑛.  Then 𝑓 𝑉 = 3𝑛  and this function 

coincides with the above said function. 

Suppose 𝑘2 = 0.  Then 𝑓 𝑢𝑖 = 1 ∀ 𝑖 = 1,2, … , 𝑛. 

Based on the condition 
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 𝑓 𝑢𝑖 = 𝑓 𝑣𝑖 = 𝑓 𝑤2𝑖−1 = 𝑓 𝑤2𝑖 = 1 is possible only 

for at most two consecutive 𝑖′𝑠 we get another minimal total 

unidominating function with weight 3𝑛 when 𝑛 ≡ 0 𝑚𝑜𝑑 3 . 

This function is defined by  

f u 

=  
1         for u = ui ,   i = 1,2, … , n and u = vi , w2i−1, w2i , i ≡ 1,2 mod 3 ,
0                                                                                                         otherwise.

  

By rotating the functional values of 𝑓 taking 𝑢𝑖 , 𝑣𝑖 , 𝑤2𝑖−1 , 𝑤2𝑖   

as one group we get two other minimal total unidominating 

functions with maximum weight.  Therefore there are 1+3=4 

minimal total unidominating functions with maximum 

weight 3𝑛 when  𝑛 ≡ 0 𝑚𝑜𝑑 3 . 

When 𝑛 ≡ 1,2 𝑚𝑜𝑑 3  the total unidominating functions 

obtained has weight < 3𝑛 and hence there is no other function 

with maximum weight. 

Hence the number of minimal total unidominating functions 

with maximum weight 3n is 4 when 𝑛 ≡ 0 𝑚𝑜𝑑 3   and 1 

when  𝑛 ≡ 1,2 𝑚𝑜𝑑 3 . ∎ 

5. ILLUSTRATIONS 
In this section the examples for upper unidominating 

functions and upper total unidominating functions are given. 

Example 5.1:  Let   𝑛 = 8. 

Clearly  8 ≡ 2 𝑚𝑜𝑑 3 . 

The functional values of a minimal unidominating function 

defined in Case 1 of Theorem 3.1 are denoted at the 

corresponding vertices in Fig. 1. 

 

Fig. 1  3-regularized wheel formed from 𝐖𝟏,𝟖 

Upper unidomination number of 3-regularized wheel formed 

from 𝑊1,8 is 

Γu 3 − regularized  wheel    is   
5n

2
 = 20. 

There are 2 minimal unidominating functions with maximum 

weight 20.∎ 

Example  5.2: Let n = 15. 

Clearly 15 ≡ 0 mod 3 . 

The functional values of a minimal unidominating function 

defined in Case 2 of  

Theorem 3.1  are denoted at the corresponding vertices in Fig. 

2 

 

Fig. 2  3-regularized wheel formed from   𝐖𝟏,𝟏𝟓 

Upper unidomination number of 3-regularized wheel formed 

fromW1,15  is 

 Γu 3 − regulari𝑧ed  wheel =  
5n

2
 − 1 = 37 − 1 = 36. 

There are 15 minimal unidominating functions with maximum 

weight 36.∎ 

Example 5.3:𝐿𝑒𝑡 𝑛 = 8. 
The functional values of the minimal total unidominating 

function defined in Theorem 4.1 of a 3-regularized wheel 

formed from W1,8are given at the corresponding vertices in 

Fig. 3 

 

Fig. 3  3-regularized wheel formed from 𝐖𝟏,𝟖 

Upper total unidomination number of this 3-regularized wheel 

is 24. 

There is only one total unidominating function with maximum 

weight.∎ 

6. CONCLUSION 

3-regularized wheel formed from W1,n   is new concept 

introduced by the authors and in this paper the upper 

unidomination number of a 3-regularized wheel and number 

of minimal unidominating functions with maximum weight is 

calculated based on 𝑛 is even or odd.  Further, the number of 

minimal total unidominating functions with maximum weight 

is based on whether 𝑛 ≡ 0 𝑚𝑜𝑑 3  or otherwise. This gives 

scope for further study on this new graph and various 

domination parameters can be enumerated. 
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