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ABSTRACT

The concept of unidominating function and total
unidominating functions are introduced in [5] and [6]
respectively.Minimal unidominating function and upper
unidominationnumber are introduced in [7] and minimal total
unidominating function and upper total unidomination number
are introduced in [8]. The unidomination number and total
unidomination number of a 3-regularized wheel are obtained
in [9], [10]. In this paper the authors study the minimal
unidominating functions, minimal total unidominating
functions of a 3-regularized wheel and determined its upper
unidomination number, upper total unidomination number.
Further the number of minimal unidominating functions,
minimal total unidominating functions with maximum weight
are found.
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1. INTRODUCTION

Graph Theory plays an important role in several areas of
computer science such as artificial intelligence, formal
languages, computer graphics etc. An important branch of
graph theory is domination and its properties have been
widely studied by T.W.Haynes and others in [1,2].
Hedetniemi [3] introduced the concept of dominating function
which has many applications. Zelinka, B [4] has given some
remarks on domination in cubic graphs. In [5], [6] the
concepts of unidominating function and total unidominating
function are introduced by the authors. The concept of
minimal unidominating function and upper
unidominationnumber are introduced by the authors in [7]
and minimal total unidominating function and upper total
unidomination are introduced in [8]. In [9], [10] the
unidomination number and total unidomination number of a
3-regularized wheel are obtained. In this paper the upper
unidomination number and upper total unidomination number
of a 3-Regularized Wheel are found. Further the number of
minimal unidominating functions and minimal total
unidominating functions with maximum weight for this graph
are obtained and the results obtained are illustrated.

2. DEFINITIONS

In this section the concepts of unidominating function,
minimal unidominating function, upper unidomination
number, total unidominating function, minimal total
unidominating function, and upper total unidomination
number are defined as follows.

Definition 2.1: Let G(V, E) be a graph. A function
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f:V - {0,1} is said to be anunidominating function

if Z fw) =1 vveVandf(v) =1,
U€EN|[v]

Z fwW=1 vveVandf(v) =0.
u€N|[v]

where N [v] is the closed neighbourhood of the vertex v.
Definition 2.2: Let G(V,E) be a graph. An unidominating

function f:V — {0,1} is called a minimal unidominating
function if for all g < f, g is not an unidominating function.

Definition 2.3: The upper unidomination number of a graph
G(WV,E) is defined as
max {f(V)/f is a minimal unidominating function},

where f(V) = Z fw.

u€ev
The upper unidomination number of G is denoted by T, (G).

Definition 2.4: Let G(V, E) be a connected graph. A function
f:V - {0,1} is said to be a total unidominating function, if

fWW=1vveVand f(v) =1,
u€eN (v)

fw=1vveVand f(v) =0,
u€eN (v)

where N (v) is the open neighbourhood of the vertex v.

Definition 2.5: Let G(V,E) be a connected graph. A total
unidominating function f:V — {0,1} is called a minimal
total unidominating function if for all g < f, g is not a total
unidominating function.

Definition 2.6: The upper total unidomination number of a
connected graphG (V,E) is defined as
max {f(V)/f is a minimal total unidominating function}.

It is denoted by Ty, (G).

Definition 2.7: A 3- Regularized wheel is defined as “A graph
formed from W, ,, by replacing the center of W, ,, by a cycle
C, and each of the remaining n vertices in W, , are replaced
by cycles C5".

3. UPPER UNIDOMINATION NUMBER
OF A 3-REGULARIZED WHEEL

In this section the upper unidomination number of a 3-
regularised wheel and the number of minimal unidominating
functions with maximum weight are obtained.
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Theorem 3.1: The upper unidomination number of a 3-
regularized wheel formed from W, ,, is

5n
2

5n
l?J — 1 ifnisodd.

if niseven,

Proof: Let W, be awheel and C, be the cycle replacing the
center of Wy, and C3,C%, ..., C} are the cycles replacing the
n vertices in Wy, respectively.

Let U, U, wen oo ,u, be the vertices in
C,, and vy,v5,....,v, be the vertices in C},C%,...,C}
respectively ~ which are adjacent to uq,uy, ... ... Uy
respectively. Let  wy, wy; W3, Wy; ...; Wy, _1, Wy, be  the

remaining vertices in C3 C%, ..., C} respectively.
Here d(u;) = d(v;) = d(wy;) = d(wpi—1) =3
for i =12,..,n

The upper unidomination number of this 3-regularized wheel
is found in the following two cases.

Case 1: Let n be an even number.
Define a function f : V — {0,1} by

1 whenu=u;, i=12,..,nu= Uj, Waj_1, Wy
fw) = { when j is an odd number,
0 otherwise.

Sub case 1: Let i be an even number.

Then ' () = fQu 1) + Fu) + f(uie) + f@)
u€N[u;]

=1+1+1+0=3>1,

f@) =)+ fw) + fwy—1) + f(wy)
u€eN|[v;]
=14+0+04+0=1,

f@) = fwy—1) + f() + fwyi—2) + f(wy)
UEN[w;—4]

=0+0+1+0=1,

D @) = fwa) + F@) + f 1) + F i)
uEN[wy;]

=0+0+0+1=1.

Sub case 2:Let i be an odd number.

Then » f(u) = f(u1) + f(u) + fQta) + f@)
u€N[u;]
' =1+1+1+1=4>1,

D P = f@) + F) + Fwa) + Fwa)
u€eN|v;]
=14+1+1+1=4>1,

f@) = fwy—1) + f(0;) + f(wyi—2) + f(wy;)
u€EN[wy—4]
=14+414+04+1=3>1,

f@) =fwy) + f(w) + flwgi—1) + f(Waip1)
UEN[wy]
=1+14+14+40=3>1,

Therefore f is a unidominating function.
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Now f(V) = ) fW) = ) [f(u) +£w,)

uey
2n

) n 5n
+ i=1fwi ——n+2+n=2.
Now we check for the minimality of f.

Now we define a function g such that g < f, and show that g
is not a unidominating function for all possibilities of defining

g.
Case (i) : Define a functiong : V - {0,1} by
gw) =fWforallu €V, u =+ u, U
for some k € {1,2,...,n}
and g(w) = g(ug41) = 0.
Then obviously g < f.
Sub case 1: Let k be even.
Then g(vy) = g(wyr—1) = g(wy) = 0.
But > g = g(w) + 9w + 9wz 1) + gwzi)
u€eN[vy]
=0+04+0+0=0 #1.
Sub case 2: Let k be odd. Then k + 1 is even and hence

IWit1) = gWopq1) = gWop2) = 0.

But > g(w) = (1) + gWin) + Gwaiesn)
UEN [V 41]

+9Wyi2) =0 # 1.
Therefore it follows that gis not a unidominating function.
Case (ii): Define another functiong;: V — {0,1} by
g1(w) = f(u) forallu € V,u # wy,_q, Wy

for some k € {1,2, ...,n}, kis odd,

and so g3 (War—1) = g1 (W) = 0.
Since k is odd, k — 1 is even so that
91(Wr—1) = g1(wag—3) = g1(Wz—2) = 0.

o Y o
UEN[wa—2]
= g1(War—3) + g1(Wak—2) + g1 (Wp_1)
+g1(v—1) =0%#1

Therefore g, is not a unidominating function.

Case (iii): Define another function g,: vV — {0,1} by
go(w) =f) forallu e V,u # v,

for some k € {1,2, ...,n}, kis odd,

And so g,(v,) = 0.

Now > g2(@) = g2(ue) + 92(0) + Go Wk 1)

u€EN[vy]
+g9,(wy ) =14+0+1+1=3=#1

Therefore g, is not a unidominating function.
Case (iv): Define another function g5:V — {0,1} by

g3(w) = fw)forallu € V,u # vy, wy_1, Wy
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for some k € {1,2,...,n}, k is odd,
and so g3 (vy) = 0, gs(Wyr—1) = gs(wyy) = 0.

Then by the same argument for g;in Case (ii), it follows
that g5 is not a unidominating function.

Since all these functions are defined arbitrarily and as there is
no other possibility of defining a function < f, it follows that
fis a minimal unidominating function.

Thus I, (3 — regularizedwheel) = 5771 -———)

Consider a minimal unidominating function f of a 3-
regularised wheel.  Then it must satisfy the following
conditions, otherwise it cannot be a minimal unidominating
function.

1. If f(w)=1foralli€{12,..,n} then all v;s
should not be assigned 1 and no two consecutive
v;'s can have functional value 1.

2. If f(w))=1and f(v;) =0 then
fwyi1) = f(wy) =0.
3. If f(v;) = 1then either

fwai—1) = f(wy) = Lorf(wy_1) = f(wy) = 0.

4. If f(u;)=0 and any one of
fQui_1) or f(u;41) is 1 then f(v;) must be 0 and
any one of f(wy;_1), f(wp;) mustbe 1.

Otherwise if f(w;_1) = f(w) = f(u41) =0
then f(v;) mustbe 1and f(w,;_41), f(wy;) areO.

Let f be a minimal unidominating function of a
3 —regularized wheel.

Let k be the number of u;s which have functional value 0.
Then for each such i,

f) + fwymg) + f(wyy) = 1.
Therefore " [f(v) + f(wyi 1) + f(wy)]
= k for these k sets of vertices
(v;, wy;_1, wy;),where i is such that f(u;) = 0.

Suppose that the number of consecutive u;s which have
functional valuel are kq, k,, ..., k,, respectively.

Thenk; + ky + ..+ k, =n—k,

k
L<kyky ok Sn—kp< <k

Then we have

k k k 3k
Z[f(vi)"'f(WZi—l)"'f(WZi)]3?1"‘71"‘71:71
ifkq iseven,

ki+1 ki+1 ki+1 3(k+1
atl kit kbl 3Gk )ifklisodd.

2 2 2 - 2
Similar is the case for kj, ks, ..., ky.
Without loss of generality assume that kq, k,, ..., k, are even
and k, 11, kr 4, ..., k, are odd. Then

International Journal of Computer Applications (0975 — 8887)
Volume 180 — No.51, June 2018

FW) =) @)+ ) [0+ fWai) + fw)] + -
i=1 k1
£ D TF @D + Fwain) + ()]
k?’
+ Z[f(”i) + fwaim1) + f(wz)]
k

<n-k >
3(k +1+ k +1+ ..+ k,+1
+ (r+1 r+2 14 )+k
2
3(n—k+p—-7r) 5n 3(k+r—p) 5n
-n+——m——m—-—— < —
2 2 2 2

Therefore for any minimal unidominating function f of a
3 —regularized wheel f(V) < 57"

Thus max{f (V)/fis a minimal unidominating function} < 57"
That is I', (3 — regularized wheel) < %n -———(2)
Therefore from the inequalities (1) and (2) we have
5n
I',(3 — regularized wheel ) = - when n is even.

Case 2: Letn be an odd number.

Define a function f: V - {0,1} by

fw)
(1 foru=w;,i=12,..,n-2,
1 foru = v;, wy;_ywhenjisanoddnumber,j # n,
=41 for u= wy,_3,
ll for u = wy; when j is an odd number,
0 otherwise.

This function is similar to the function f defined in Case 1
except for the vertices u,,_1, Uy, vy, Woy_3, Wop 1.

We can check the condition of unidominating function in the
closed neighbourhood of the above vertices and see that f is a
unidominating function.

Now we check for the minimality of f.
Define a function g: V - {0,1} by
gw) = f() forall u€V,u# w,y,_s3.
Then obviously g < f and
gW) = gwzn_3) + gWan_3) + gWop—1)

UEN[wz, 2]

+9g(W,-1) =0+0+0+0=0=1
Therefore gis not a unidominating function.

For all possibilities of defining a function g < f,we can see
that gis not a unidominating function.

Therefore f is a minimal unidominating function.

Now f(V) = ) f(w

uev

= Z[f(ui) + f(y) + fwgi—q) + f(wy)]
i=1

L
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S i e U L e
2 2 2
=5n—3=5n—1_1=15_nJ_1.
2 2 2
Hence it follows that
5n
I', (3 — regularized wheel) = I7J -1-——Q)

If f is a minimal unidominating function then in Case 1 we
have proved in general that f(V) <n+ w. That is
we have not taken in to consideration that n is even.

3(n—k+p-—
Therefore f(V) < n + (n—pr)

=n+3((n—1)—(lz+r—p—1))
_5n—3_3(k+r—p—1)<5n—3_lS_nJ_

2 2 - 2 2

Thus for any minimal unidominating function f,

5
FV) < [—”J —1

2
Hence it follows that

5n
I,(3 — regularized wheel) < I7J -1 -——-(2)
Therefore from the inequalities (1) and (2) we have
5n
I,,(3 — regularized wheel) = I7J —1.m

Theorem 3.2: The number of minimal unidominating
functions with maximum weight of a 3 —regularized wheel is
{ 2 when n is even,

n when n is odd.

Proof: Consider a 3 —regularized wheel formed from a
wheel Wy ,.

Case 1: Let n be an even number.

Consider the minimal unidominating functionf with
maximum weight 57" given in Case 1 of Theorem 3.1. Then
the functional values of fare

fu) =1vie{1,2,..,n}

f) = f(wyi—1) = f(wz) =1 foriisodd,

f;) = f(wyi—1) = f(wy;) = 0 foriiseven.
Represent
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Therefore there are two minimal unidominating functions
with maximum weight 5771

Now we test whether there are any other minimal
. . . . . 5n
unidominating functions of weight -

Let f be any minimal unidominating function of a
3 —regularized wheel. Then we have proved in Case 1 of
Theorem 3.1 that

3(n—k+p-—r17)

f)ys<sn+ 5
Ifk=0wegetr=1, p=1 sothatf(v):%"_

That is this function coincides with one of the above said two
minimal unidominating functions.

If k=1 then f cannot be a unidominating function.
Suppose k = 2.Thenr >0, p =1, and so
k+7r—p>0. Then

5n 3(k+r—p) 5n
N<—_= _ "
f) < > > < 3

Then f has no maximum weight.

Therefore there is no other minimal unidominating function
with maximum weight 5771

Case 2: Letn be an odd number.

Let f be a minimal unidominating function defined in Case 2
of Theorem 3.1. As in Case 1 by rotating the functional
values of the vertices taking u;, v;, wy;_1, w,; as one unit we
get n minimal unidominating functions.

We now verify that if there is any other minimal
. . . . . - . 5n
unidominating function with maximum weight -

Let f be a minimal unidominating function of a 3-regularized
wheel. Then we have proved in Case 2 of Theorem 3.1 that

5n—-3 3k+r—p-—-1)
f() < I > .

If k=0and1 then fcan not be a minimal unidominating
function. Therefore k must be greater than or equal to 2.

Ifk=2then p=1,7=0. Now f(V) = 5n273 = ls?nJ -1

If k> 2 then k+r—p—1>0, sothat

5n—3 3(k+r—-p—1) 5n—3 |5n
f) s ——- 2 <3 _lTJ_

1 whenf(v) = f(wy—1) = f(w) =

1
andf (u;) = 1. Therefore there is no other minimal unidominating function

(
F), fW), f(wai_1), f (wyy) as { 0 whenf(v) = f(wy_y) = f(wy;) = 0 With maximum weight. m
k 13 L 13

andf (u;) = 1.

Therefore the values of (u;, vy, wy_q,wy;), i = 1,2,...,nare
represented by

1010 — — — 10 circularly.

Takea —10. Then the functional values of f are in the
pattern of aa ...a circularly. These can be arranged in only
one way. By the rotation of these values after the first rotation
we obtain the same functionf.

4. UPPER TOTAL UNIDOMINATION
NUMBER OF A 3-REGULARIZED
WHEEL

In this section the upper total unidomination number of a 3-
regularized wheel and the number of minimal total
unidominating functions with maximum weight are obtained.

Theorem 4.1: The upper total unidomination number of a 3-
regularized wheel formed from W, ,is

'y, (3 —regularized wheel) = 3n.
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Proof: Let W;, be a wheel. Consider the 3-regularized
wheel formed from Wy, which is defined in 2.7.

Define a function f:V — {0,1} by

(1 foru=wv;,wy_q,wy,i=12,..,m,
fe) = {0 foru=w; i=12,..,n

Now fori = 1,2, ...,n we have

f(‘l.l) zf(ui—1)+f(ui+1)+f(vi)=0+0+1=1.
u€eN (u;)

f@=f@)+fwy_) +fwy) =0+1+1=2,
u€eN(v;)

f@) =fE)+ fwyp)+f(wy)=1+1+1
uEN (Wa;-1)

=3.

f) =f) + fwy) + fwyp) =1+ 1+1
u€N(wy;)

=3.
Therefore f is a total unidominating function.
Now we check for the minimality of f.

Now we define a function g such that g < f, and show that g
is not a total unidominating function for all possibilities of
defining g.

Define a function g: V — {0,1} by
gw) = f(wVu eV, for u # vy,
ke{1,2,..,n}, and g(v,) =0.
Obviously g < f.
Now " g(u) = gQuer) + gQtes) + g(0i)

UEN(ug)
=04+04+0=0=1.

Therefore g is not a total unidominating function.
Define another function h: V — {0,1} by

h(w) = f(WVu €V, for u # wyy_q,

ke {12,..,n}, and h(wy_1) = 0.

Obviously h < f.

Now > h(w) = h(wy) + h(wai ) + h(v)

UEN(Wap—1)

=1+1+1=3#1
Therefore h is not a total unidominating function.
Define another function hy:V — {0,1} by
hi(w) = f(WVu € V,u # wyp_q, Wy, k € {1,2,...,n},
and hy(wy_1) = 0,hy(wy) = 0.
Obviously h; < f.
Now Z hy (W) = hy (wi) + hy(Wa—1) + hy(wzy)

u€eN (vy)
=0+0+0=0=1.

Therefore hy is not a total unidominating function.
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Since g, h, hy are defined arbitrarily, and there is no other
possibility of defining a total unidominating function < f it
follows that f is a minimal total unidominating function.

n
Now f(V) = D [F@) + f(@) + fwai 1)+ f (w)]

= =0+n+n+n=3n
Therefore I'y, (3 — regularized wheel) = 3n — — — —(1)
Let f be a minimal total unidominating function.

Then f(u) = f(w;) = f(wyi_1) = f(wy) =1 is possible
only for at most two consecutive i's.

Let k; be the number of u;s such that

f(u;) = 0 and any one of f(u;_1), f(u;;41)is1and k, be
the number of u;s such that f(u;) = 0 and

flui—1) = fui41) =0
Then % [f(0) + f(way) + fwo)]

n—(ki+kz)

and f(V) <n—(ky + k) +2(n— (kg + k3)) + ky + 3k,

=3n—2k; < 3n.
Since f is arbitrary, it follows that
1, (3 —regularized wheel ) < 3n — — — (2)

Thus from the inequalities (1) and (2) we have
'y, (3 —regularized wheel) = 3n. m

Theorem 4.2: The number of minimal total unidominating
functions of a 3-regularized wheel with maximum weight is

{4 when n = 0(mod 3),
1 when n = 1,2(mod 3).

Proof: Consider the minimal total unidominating function f
with maximum weight 3n given by

_ 1 foru = V;, Wyi_1,Wp; ,i = 1,2, ., n,
faw = {0 foru=w i=12,..,n

By rotating the functional values of f taking w;, v;, wo;_1, wy;
as one group we get the same function. Therefore there is one
and only one minimal total unidominating function with
maximum weight 3n.

Now we investigate for some other minimal total
unidominating functions with maximum weight 3n.

Let f be a minimal total unidominating function. Then we
have proved in Theorem 4.1 that f (V) < 3n — 2k;.

If k; > Othen f(V) < 3n — 2k, < 3n. Therefore f isnota
function with maximum weight.

Ifk; =0then k, =nork, =0.

Suppose  k, =n. Then f(V)=3n and this function
coincides with the above said function.

Suppose k; = 0. Then f(y;)) =1Vi=12,..,n.

Based on the condition
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fu) = f) = f(wyi—1) = f(wz;) =1 is possible only
for at most two consecutive i's we get another minimal total
unidominating function with weight 3n when n = 0(mod 3).

This function is defined by
f(w)

_ {1 foru=u;, i=12,..,nand u = v;,wyi_1, Wy;,i = 1,2(mod 3),
0 otherwise.

By rotating the functional values of f taking u;, v;, wy;_1, wy;
as one group we get two other minimal total unidominating
functions with maximum weight. Therefore there are 1+3=4
minimal total unidominating functions with maximum
weight 3n when n = 0(mod 3).

When n = 1,2(mod 3) the total unidominating functions
obtained has weight < 3n and hence there is no other function
with maximum weight.

Hence the number of minimal total unidominating functions
with maximum weight 3n is 4 whenn = 0(mod 3) and 1
when n = 1,2(mod 3). m

5. ILLUSTRATIONS

In this section the examples for upper unidominating
functions and upper total unidominating functions are given.

Example 5.1: Let n = 8.
Clearly 8 = 2(mod 3).

The functional values of a minimal unidominating function
defined in Case 1 of Theorem 3.1 are denoted at the
corresponding vertices in Fig. 1.

Fig. 1 3-regularized wheel formed from W; g

Upper unidomination number of 3-regularized wheel formed
from W g is

I',(3 —regularized wheel ) is 57n = 20.

There are 2 minimal unidominating functions with maximum
weight 20.m

Example 5.2: Letn = 15.
Clearly 15 = 0(mod 3).

The functional values of a minimal unidominating function
defined in Case 2 of

Theorem 3.1 are denoted at the corresponding vertices in Fig.
2
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Fig. 2 3-regularized wheel formed from Wy ;5

Upper unidomination number of 3-regularized wheel formed
fromW, ;5 is

5n
I',(3 —regularized wheel) = l?] —-1=37-1=236.

There are 15 minimal unidominating functions with maximum
weight 36.m

Example 5.3:Let n = 8.

The functional values of the minimal total unidominating
function defined in Theorem 4.1 of a 3-regularized wheel
formed from W; gare given at the corresponding vertices in
Fig. 3

Fig. 3 3-regularized wheel formed from Wy g

Upper total unidomination number of this 3-regularized wheel
is 24.

There is only one total unidominating function with maximum
weight.m

6. CONCLUSION

3-regularized wheel formed from W, is new concept
introduced by the authors and in this paper the upper
unidomination number of a 3-regularized wheel and number
of minimal unidominating functions with maximum weight is
calculated based on n is even or odd. Further, the number of
minimal total unidominating functions with maximum weight
is based on whether n = 0(mod 3) or otherwise. This gives
scope for further study on this new graph and various
domination parameters can be enumerated.
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