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ABSTRACT

Investment problem is considered as one of the most
important and interesting optimization problem. This problem
becomes more difficult when we deal with it in an uncertain
and vague environment with fuzzy data. The aim of this
paper is to modify the investment problem with Interval-
valued fuzzy number instead of normal fuzzy numbers. While
the Interval- valued fuzzy number investment problem
introduced, a dynamic programming is applied to obtain the
optimal policy and the corresponding best return. A numerical
example is given to illustrate the aspects of the considered
problem.
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1. INTRODUCTION

Investment plays an important social role in helping severs to
meet their financial needs over time and, in doing so, the
investment process contributes to growth through the efficient
allocation of capital. In active management, the investment
processes depends on research to identify opportunities risk-
adjusted return over client's chosen time horizons. Research
used in investment process can take many different forms and
can be sourced from multiple locations. Meza and Webb [14]
examined the effects of symmetric information on aggregate
investment and the financial structure of firms. Hargitay [8]
identified the property of portfolio problem in order to have
the way for the applications of recent developments in
investment and portfolio theory. Yahaya [20] introduced a
procedure for obtaining an optimal solution to the
Markowitz's mean- variance portfolio selection problem based
on the analytical solution developed in previous research that
lead to the convergence of an important model known as the
Black Model. Yahaya et al.[21] compared investment
opportunities and combined them with portfolios.

In many scientific areas, such as systems analysis and
operations research, a model has to be set makes this possible.
Fuzzy numerical data can be represented by means of fuzzy
subsets of the real line, known as fuzzy numbers. Dubois and
Prade [7] extended the use of algebraic operations on real
numbers to fuzzy numbers by the use of a fuzzification
principle. Jana et al. [10] added an entropy objective function
to the multiobjective portfolio selection model that is to
generate a well diversified asset portfolio based on the
possibilities mean value and variance of constraints
distribution.. Ammar and Khalifa [2] introduced fuzzy
portfolio selection problem as quadratic programming
approach. Ammar and Khalifa [2] presented portfolio
selection problem as quadratic programming problem with

inexact rough interval in the objective function and
constraints. Khalifa and ZeinEldein [14] presented portfolio
selection problem as multi- objective quadratic- linear
programming problem with fuzzy objective functions
coefficients and applied fuzzy programming approach for
solution. By addressing randomness in the project costs and
making individual project budgets decision variables, Hu and
Szmerekovsky [9] introduced the problem of balancing
associated with budgetary slack and cost overruns in the
portfolio selection problem. In the presence of transaction
costs, Suh [17] proposed a new portfolio selection problem
rule formed by combining an extant portfolio rule with the no-
rebalancing portfolio rule. Abel and Eberly [1] unified an
investment model under wuncertainty in a dynamic
programming problem. Ammar and Khalifa [3] characterized
the optimal solution on uncertainty investment problem with
trapezoidal fuzzy numbers. Kahraman et al.[11] applied
dynamic programming to the situation where each investment
in the set has several possible values, and the rate of return
varies with the amount invested. Modarres et al. [15] used a
dynamic programming approach to obtain the optimal policies
for an investor who faces as stochastic number of investing
chances (with Poisson Distribution) and a stochastic profit for
every chance accruing (with Uniform Distribution). Xu[19]
developed new two- stage fuzzy optimization methods for
production and financial investment planning problem, in
which the exchange rate is uncertain and characterized by
possibility distribution. Sirbiladze et al.[16] introduced new
methodology of making a decision on an optimal investment
in several projects. Ammar and Khalifa [4] studied investment
problem with rough interval data and applied the dynamic
programming for obtaining the optimal policy and the
corresponding best return. Tahar et al.[18] presented an
extension of the Merton optimal investment problem to the
case where the risk asset is subject to transaction costs and
capital gains taxes.

This paper deals with the investment problem involving
interval- valued fuzzy numbers. Here, we use the interval
valued fuzzy numbers instead of normal fuzzy numbers and a
dynamic programming approach is applied to obtain the
optimal policy and the corresponding best return. A numerical
example is given to illustrate the aspects of the development
results.

The remainder of the paper is as follows: In section2, some
preliminaries needed in the sake of the paper are introduced
Section3 introduces the investment problem with interval
valued fuzzy numbers. In section 4, a numerical example is
given to clarify the obtained results. Finally, some concluding
remarks are reported in section5.
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2. PRELIMINARIES

In this section, fundamental definition of fuzzy number and
interval- valued fuzzy numbers and their arithmetic operations
introduced by Chiang [6] and Kauffmann and Gupta, [12]) are
reviewed.

2.1 Definitionl

Let R be the set of real numbers, the fuzzy number p is a

mapping #& “R —[0: 1. wjith the following properties:

©) #5 () is an upper semi- continuous membership

function;

(b) P is a convex set, i. e,

p5 (X" 4+ (L= 2)x*) zmin{ug (), 15 (g g

x',x? eR,0<A <1

(c) p isnormal, i. e., FXo €R gor which 45 () =1

(d) Supp(ﬁ):{xzﬂﬁ(xbo}is the support of a

fuzzy set p.
2.2 Definition2

A triangular fuzzy number is defined by a triplet , whose
membership function is defined as follows:

0, x<a,,
~(X) X—a
MR —21 ., a <x<a,,
a —a
] a,—x
, @a,<Xx<a,
a; —a,
0, X > a,,

2.3 Definition3

If the membership function of the fuzzy set P on
Ris

0, X <a,
M alsxsq
) (a-a)
Hs(X) =
(as_q)
0, X > a,,

Where, 0<a <1 so Ais said to be a level & fuzzy number
and it is denoted as P = (& @ a;@).

2.4 Definition4

An interval- valued fuzzy set P on Ris represented as
B ={(x[u, (9,4, 0]): xeR}

Ho- (%), My (x) 6[0, 1]and Ho (X) <, (X);VXER

, where

and is
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denoted asP:[P_vFﬁ], which means that the grade of
membership of X belongs to the interval lﬂp’ ), 4t (X)J,

the least grade of membership at X jsHs (X)and greatest

grade of membership at X js M- (X). Let

0, X <ay,
a(xia1)| a, <x<q
s (X) _ (q 731)
F a(azfx) q x<a
(aa_q) ' oo
0, X > ag,

Then, p- :(ai,q,aa;a). Let

0, X <b,,
M7 blgxgq,

(q_b1)

/JP+(X)= ﬁ(b —X)
2 g<x<bh,

(b; —a)
0 X > b,

Then, P* =(b,,q,b,;3). Here, 0<a < B<1 and
b, <a, <q<a, <b;.Then interval- valued fuzzy
set is:

P {(x [/pr (), 42, (%) ]) X e R}, and is also

denoted as:

=l 0.200) (0.0 p) =[P, P] Piscalleda
level («, B) interval- valued fuzzy number

2.5 Definition5

LetE (40 )= [, 0,25 ), (by.0.bs; B)] ,
VN (Vb <a<q<a <b,0<a<p<l

by the family of (a,,B) interval- valued fuzzy numbers,

P=[(a1,q,a3;a), (bl'q!bs;ﬂ)]eFIVFN (a'ﬁ)l and
Q=[(c..r.csia). (di.r.ds; Bl eFum (@) e two
interval- valued fuzzy numbers. The arithmetic operations of
interval- valued fuzzy numbers P and < are defined as:

0 P(+) Q=[(a, +c, q+r a,+¢;ia ) (b, +d,,q+r, b, +d,; B)}
[(ka,, ka, kay;a ), (Kb, ka, kby; B)] k >0,

kP ={ [(kay, kq, ka, ;& ), (kby, kg, kby; B)} k <0,

[(0,0,0;2),(0,0,0; )] k=0.

2.6 Definition6
Let

P= [(ai'q'aG;a)! (bl,CI.b3;ﬁ)]eF.VFN (., 8)0<ax sﬁsl_
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So, the signed distance of P from 0 (y —axis) is given as:

do(ﬁ, 6):%(6q+a1+a3+4b1+4b3+3(2q—b1—b)%J O

Remarkl. Let P =[@.a.asa) (bab;s)]  gng

6 = [(Cl’ rrca;a)- (dlv rvda;ﬁ)]e ':IVFN (a-ﬁ) Then

@ do(P()Q,0)=d, (P,0)+d,(3.0)

@) d,(kP,0)=kd, (P.0), k > 0.
It is clear that from remark1, the signed distance ranking is a

linear ranking on Fuen (@, 8)-

2.7 Definition?.
For eacho<a£ﬁ£1, Iet'svéeF'VFN (a,ﬂ)_ The

ranking of level (a, 'B) interval- valued fuzzy numbers in

Five (a,ﬂ) using the signed distance function defined in
(1) is defined as:

e Q7P iand only if d,(Q.0) <d,(P.0)

e Q=P ifandonlyif d(Q.0)=d,(P.0)
Before, a problem definition is introduced, let us consider the
following notation:
Notation:
We now define:

f(x): Profit function with investment in policy 1,
f2(x): Profit function with investment in policy 2,

f (%) Profit function with investment in policy N,
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72
and 2,

71.23() * Return on combined investment in policyl,
2and 3,

Return on combined investment in policy 1

1): s .
71258 (D Return on combined investment in

policy1,2,3... and N.

I Amount of investment.

3. PROBLEM DEFINITION

Assume that we have disposal $ M for investment in N

possible production programs S1:S0Sw The expected
profits for a period k years are not known, but they will be
estimated and given in the (@) interval-valued fuzzy numbers
form.

A dynamic programming is being used here through the use of
signed distance ranking function defined in (1), so as to obtain
the best return.

Captions should be Times New Roman 9-point bold. They
should be numbered (e.g., “Table 1” or “Figure 2”), please
note that the word for Table and Figure are spelled out.
Figure’s captions should be centered beneath the image or
picture, and Table captions should be centered above the table
body.

4. NUMERICAL EXAMPLE

Consider one investor has at his disposal $10 millions
for investment in four possible production programs

Sl,Sz,S S

3, and ~4. The expected profit for 3 years given in

the (a’ﬂ)interval- valued fuzzy numbers as shown in the
following table

Tablel. Return on an investment for a period of three years

Investment

x10°

investing in Sl

Profit

[(0.26, 0.28, 0.29; 0.3), (0.25, 0.28, 0.30; 0.6)]
[(0.42, 0.45, 0.46; 0.3), (0.40, 0.45, 0.47; 0.6)|

[(0.60, 0.65, 0.68; 0.3), (0.58, 0.65, 0.71; 0.6)]

[(0.73, 0.78, 0.80; 0.3), (0.70, 0.78, 0.85; 0.6)]

[(0.85, 0.90, 0.95; 0.3), (0.81, 0.90, 1.0; 0.6)]

[(0.98,1.02, 1.05; 0.3), (0.95, 1.02, 1.11; 0.6)]

[(1.06,1.13,1.14; 0.3), (1.04, 1.13, 1.16; 0.6

)
[(1.22, 1.23,1.28; 0.3), (1.20, 1.23, 1.30; 0.6)]

©| o N o gf B~ Wl N | O

[(1.29,1.32,1.35; 0.3), (1.28,1.32,1.42; 0.6)]

[
o

[(1.36, 1.38, 1.40; 0.3), (1.35,1.38, 1.50; 0.6)]

16



Continue
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Investment

x10°

Profit

investing in SZ

[(0.23, 0.25, 0.26; 0.3), (0.20, 0.25, 0.28; 0.6)]

[(0.35, 0.41, 0.42; 0.3), (0.33, 0.41, 0.43; 0.6)]

[(0.50, 0.55, 0.57; 0.3), (0.48, 0.55, 0.60; 0.6

[(0.63, 0.65, 0.66; 0.3), (0.62, 0.65, 0.67; 0.6

0.68, 0.75, 0.77; 0.6

[(0.75, 0.80, 0.85; 0

[(0.84, 0.85, 0.86; 0.3), (0.83, 0.85, 0.90; 0.6

Ol o N o O b W N | O

)
)
( )
(0.70, 0.80, 0.90; 0.6)]
)
)

(
[(0.86, 0.88, 0.89; 0.3), (0.85, 0.88, 0.90; 0.6

3)
3)
3)
3)
[(0.70, 0.75, 0.76; 0.3),
3)
3)
3)
)

[(0.89, 0.90, 0.91; 0.3), (0.88, 0.90, 0.93; 0.6)]

=
o

[(0.89, 0.90, 0.92; 0.3), (0.88, 0.90, 0.94; 0.6)]

Continue

Investment

x10°

Profit

investing in "3

[(0.14, 0.15, 0.17; 0. 3) (0.13, 0.15, 0.18; 0.6)

—_

[(0.20, 0.25, 0.26; 0.3), (0.19, 0.25, 0.27; 0.6)

—_

[(0.39, 0.40, 0.41; 0.3), (0.37, 0.40, 0.42; 0.6)

[ |

[(0.47, 0.50, 0.51; 0.3), (0.54 0.50, 0.52; 0.6)

| S—

[(0.55, 0.62, 0.64; 0.3), (0.53, 0.62, 0.66; 0.6)

[ |

[(0.72, 0.73, 0.74; 0.3), (0.70, 0.73, 0.75; 0.6)

—_

[(0.78, 0.82, 0.83; 0.3), (0.76, 0.82, 0.84; 0.6)

—_

[(0.89, 0.90, 0.93; 0.3), (0.88, 0.90, 0.95; 0.6)

—_

©| O N o o A~ Wl N —|O

—_

=
o

)

). (
[(0.95, 0.96, 1.00; 0.3), (0.93, 0.96, 1.02; 0.6)
[(0.99, 1.00, 1.04; 0.3), (0.97, 1.00, 1.08; 0.6)

—_

Continue

Investment

x10°

Profit investing in S4

0
[(0.19, 0.20, 0.22; 0.3), (0.18, 0.20, 0.24; 0

) 6)
[(0.27, 0.31, 0.32; 0.3), (0.25, 0.31, 0.33; 0. 6)
) 6)

|
]
[(0.33, 0.42, 0.45; 0.3), (0.3, 0.42, 0.48; 0.6)]
|

[(0.40, 0.41, 0.49; 0.3), (0.38, 0.41, 0.52; 0.6)
[(0.51, 0.53, 0.54; 0.3), (0.50, 0.53, 0.55; 0.6)

]
[(0.54, 0.56, 0.57; 0.3), (0.53, 0.56, 0.58; 0.6)]

| N| o O B~ W N RO

[(0.56, 0.58, 0.59; 0.3), (0.55, 0.58, 0.60; 0.6)]

[(0.59, 0.60, 0.61; 0.3), (0.57, 0.60, 0.62; 0.6)]
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9 [(0.58, 0.60, 0.62; 0.3), (0.57, 0.60, 0.63; 0.6)]
10 [(0.58, 0.60, 0.63; 0.3), (0.57, 0.60, 0.64; 0.6)]

We will now define:

fl (X) * The profit function for investing in Sl,
f2 (X) " The profit function for investing in SZ ,

f3 (X) " The profit function for investing in S3 ,

f4 (X) : The profit function for investing in 84 ,

1):
7/1'2( ) The optimal profit where I is invested in Sland 82 together,
1):
7125(1) The optimal profit where | i invested in Sl, S, and S, together,
1):
V1254 (1) The optimal profit where | i invested in Sl, SZ, S3amd S, together,

Let us now introduce the computation of the optimal profits in investments in Sl and 82 for various values of I as:

71, (1) =Max (f,(x) (+) f,(x))
x+y=I (2)

Maximum return can be computed using the signed distance ranking defined in (1). The results of these computations are given in the

following table.

Table2. Optimal policy investments Sl and 82
Investment x10° 712 (I) Optimal Policy with S, and
S
0 0 (0, 0)
1 [(0.26, 0.28, 0.29; 0.3), (0.25, 0.28, 0.30; 0.6)] (1,0)
2 [(0.49, 0.53, 0.55; 0.3), (0.54, 0.53, 0.58; 0.6)] (L1
3 [(0.72, 0.78, 0.81; 0.3), (0.65, 0.78, 0.86; 0.6)] @1
4 [(0.83, 0.90, 0.94; 0.3), (0.78, 0.90, 0.99; 0.6)] @D
5 [(0.95,1.06, 1.1; 0.3), (0.9, 1.06, 1.14; 0.6)] 3.2
6 [(1.10, 1.20, 1.25; 0.3), (1.06, 1.20, 1.3; 0.6)] 3.3)
7 [(1.23,1.33,1.37; 0.3), (1.18, 1.33, 1.45; 0.6)] (4.3)
8 [(1.35,1.45, 1.52; 0.3), (1.29, 1.45, 1.6, 0.6)] (5.3)
9 [(1.48,1.57,1.62; 0.3), (1.43,1.57,1.71 0.6)] (6.3)
10 [(1.61,1.67,1.7%; 0.3), (1.57, 1.67, 1.78; 0.6)] (6.4)
Let us now compute 71251 , the optimal return on the investments in Sl, S, ,and Ss for various values of I as:
Fiaa() =Max (., (1) () 1,00 -
Table3. Optimal policy investments Sl , 82 and "3
Investment x10° 71,2,3(I) Optimal Policy with Sl,
SZ,and S5
0 0 (0,0,0)
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. [(0.26, 0.28, 0.29; 0.3), (0.25, 0.28, 0.30; 0.6)] (1,0,0)

2 [(0.49, 0.53, 0.55; 0.3), (0.45, 0.53, 0.58; 0.6)] (1,10

3 [(0.72, 0.78, 0.81; 0.3), (0.65, 0.78, 0.86; 0.6)] 2.10)

4 [(0.83, 0.90, 0.94; 0.3), (0.78, 0.90, 0.99; 0.6)] (3.1,0)

° [(0.97,1.05,1.11; 0.3), (0.9, 1.05, 1.17; 0.6)] @11

6 [(1.10, 1.20, 1.25; 0.3), (1.06, 1.20, 1.30; 0.6)] (3.3,0)

! [(1.24,1.35,1.42; 0.3), (1.19, 1.35, 1.48; 0.6)| @31

8 [(1.37,1.48, 1.54; 0.3), (1.31, 1.48, 1.63; 0.6)] 431

? [(2.49, 1.60, 1.69; 0.3), (1.42, 1.60, 1.79; 0.6)] (5.3.1)

1 [(1.62,1.72,1.79; 0.3), (1.56, 1.72, 1.89; 0.6)| 6,3.1)
Now, let us compute 7234 (I) , the optimal return on the investments in Sl, SZ , 83 ,and S4 for various values of l as:
Vinsall)=Max(y,,5 (1) () f,(9))

x+y=l . @
The results of these computations are given in the table below
Table4. Optimal policy investments Sl ,SZ, 83 and 84
Investment x10° V12,34 (I) Optimal Policy with 51’
82,83and S,

0 0 (0,0,0,0)

! [(0.26, 0.28, 0.29; 0.3), (0.25, 0.28, 0.30; 0.6)] (1,0,0,0)

2 [(0.49, 0.53, 0.55; 0.3), (0.45, 0.53, 0.58; 0.6)] (1,10,0)

3 [(0.68, 0.73, 0.77; 0.3), (0.63, 0.73, 0.82; 0.6)] (1,10, 1)

4 [(0.83,0.90, 0.94; 0.3), (0.78, 0.90, 0.99; 0.6)] (3.1,0,0)

° [(2.02, 1.10, 1.16; 0.3), (0.96, 1.10, 1.23; 0.6)] (3101

6 [(1.16,1.25,1.33; 0.3), (1.09, 1.25, 1.41; 0.6)] @ 11,1)

! 3,30 1)

[(1.29, 1.40, 1.47; 0.3), (1.24, 1.40, 1.54; 0.6)]
[(1.43,1.55, 1.64; 0.3), (1.37, 1.55,1.72; 0.6)| 3,311
9 [(1.56, 1.68, 1.76; 0.3), (1.49, 1.68, 1.87; 0.6)| 43,11
0 [(1.68, 1.80, 1.91; 0.3), (1.60, 1.80, 2.03; 0.6)] (5.3.11)

Hence, the best investment for $ 10 million as computed in Table4 is:
$ 5.0 million in S:with an optimal interval- valued fuzzy return:

$[(0:85,0.90, 0.95; 0.3), (0.8 0.90, 1.0L; 0.6)]

million

$ 3.0 million in Sz with an optimal interval- valued fuzzy return:

$[(0.50, 055, 0.57; 0.3), (0.48, 0.55, 0.60; 0.6)]

$ 1.0 million in

$ 1.0 million in

million,

Ss with an optimal interval- valued fuzzy return:
$[(0.14, 0.15, 0.17; 0.3), (0.13, 0.15, 0.18; 0.6)] million. and

S

4 with an optimal interval- valued fuzzy return:
¢[(0.19, 0.20, 0.22; 0.3), (0.18, 0.20, 0.24; 0.6)] pijjion.

Thus, the total optimal return on a $ 10 million investment is
¢ [(1.68, 1.80,1.91; 0.3), (1.60, 1.80, 2.03; 0.6)] yijlion.
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5. CONCLUSION

In this paper, investment problem involving data in the
interval- valued fuzzy numbers form instead of normal fuzzy
numbers has been introduced. A dynamic programming
approach has been applied to obtain interval- valued fuzzy
return. The significant benefit of using such approach than the
others where the decision maker facing a problem including
ambiguity in the data. It is clear that planned investment is
fully investigated and all options explored so as to ensure that
it is aligned with the organizations business objectives and
strategies directions. The process of optimization has been
illustrated by a numerical example.
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