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ABSTRACT

In this paper, we investigate and introduce new class of open sets
in grill topological spaces, class of G —open sets, which is weak
form of the class of Ga-open sets and strong form of class of
G“—open sets. We give the relationship of this notion with the
other known sets and introduce the notions of the closure operator
and the interior operator of G —open sets.
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1. INTRODUCTION

Some classes of weak or strong forms of open sets in topological
spaces are structured, investigated and introduced as important
study in the general topology. In 1965, Njastad [5] introduced the
class of a—open sets in topological spaces as a weak form of class
of open sets, a subset A of topological space X is called «—open
set if A C Int(Cl(Int(A))), where CI(A) and Int(A) are the
closure set and the interior set of A, respectively. In 1982, Hdeib
[2] introduced the class of w—open sets as a weak form of class of
open sets in topological spaces, a subset A of a space X is called
w—open set if for each € A, there is an open set U, containing
such that U, — A is a countable set. In 2009, [4]], they introduced in
topological spaces class of & — w—open sets, a weak form of class
of a—open sets. In 2016, [9], they introduced in topological spaces
class of semi—w—open sets, a new generalized class of w—open
sets and strong form of class of o —w—open sets. In 2009, [8], they
introduced the class of Ga-open sets in grill topological spaces
which lies between class of open sets and class of a—open sets.
In 2020, [, they introduced the class of G¥—open sets in grill
topological spaces as a weak form of class of semi—w—open sets.

In this work, we investigate and introduce new class of sets in grill
topological spaces, say class of G —open sets, which lies between
the class of Ga-open sets and class of G¥—open sets. So in this

paper, Section 2 contains some preliminaries which will be used
in our work. Section 3 investigates and introduces the concept of
GS—open set in grill topological spaces. The relationship of this
notion with the other known sets will be studied. Section 4 intro-
duces the notions of the closure operator and the interior operator
of G —open sets.

2. PRELIMINARIES

For a topological space (X, 7) and A C X, throughout this paper,
we mean CIl(A) and Int(A) the closure set and the interior set of
A, respectively.

THEOREM 2.1. [3] For a topological space (X, 7) and A, B C
X, if B is an open set in X then CI(A) N B C CI(AN B).

THEOREM 2.2. [3] For a topological space (X, ),

(1) CU(X — A)=X —Int(A) forall A C X.
) Int(X —A) =X —Cl(A) forall A C X.

DEFINITION 2.3. [2] A subset A of a space X is called
w—open set if for each x € A, there is an open set U, contain-
ing = such that U, — A is a countable set. The complement of a
w—open set is called a w—closed set. The set of all w—closed sets

in X denoted by wC'(X, 7) and the set of all w—open sets in X
denoted by wO (X, 7).

THEOREM 2.4. [2] Let A be sub set of X in a topological space
(X, 7). Then
(1) Cly(X —A)=X —Int,(A)forall A C X.
2) Int,(X —A)=X —-Cl,(A)forall A C X.
3) Cl,(A) CCI(A) forall A C X.
4) Int(A) C Int,(A)forall A C X.

THEOREM 2.5. [2] Every open set is w—open set.

THEOREM 2.6. [2] For a topological space (X, ), the pair
[X,wO(X, 7)] forms a topological space.



In this work, Int, (A) denotes the w—interior operator of A de-
fined as the union of all w—open sets which contained in A and
Cl,,(A) denotes the w—closure operator of A defined as the inter-
section of all w—closed sets which contain A .

DEFINITION 2.7. A subset A of a topological space (X, T') is
called:

(1) a—open set 3] if A C Int(Cl(Int(A))). The complement of
a—open set is called a—closed set.

(2) a — w—open set [4] if A C Int,(Cl(Int,(A))). The com-
plement of & — w—open set is called o« — w—closed set.

(3) Semi—w—open set [9] if A C Cl(Int,(A)). The complement
of semi—w—open set is called semi—w—closed set.

It is clear that every a—open set is o — w—open set.

THEOREM 2.8. [9] Every o« — w—open set is semi—w—open
set.

DEFINITION 2.9. [6] A non-null collection G of subsets of a
topological spaces (X, 7) is said to be a grill on X if G satisfies the
following conditions:

(i) A€ Gand A C Bimpliesthat B € G
(i)) A,BC X and AU B € G implies that A € Gor B € G.

For a grill topological space (X, 7,G), the operator @ : P(X) —
P(X) from the power set P(X) of X to P(X) was defined in [7]
in the following manner : For any A € P(X),

®(A) = {z € X : UNA € G, for each open neighborhood U of z}.

This operator is called the operator associated with the grill G and
the topology 7.

Then the operator ¥ : P(X) — P(X), given by ¥(A) = AU
®(A), for A € P(X), was also shown in [7] to be a Kuratowski
closure operator. So for a grill topological space (X, 7,G) there
exists an unique topology 7¢ on X defined by

o={UCX:¥(X-U)=X-U},

where 7 C 7g and for any A C X, ¥(A) = Clg(A) such that
Clg(A) denotes the set of all G—closure points of A. A point
r € X is called a G—closure point of A if for every open set U
in (X, 7¢) containing z, U N A # (. A point z € A is called a
G—interior point of A if there is open set U in (X, 7g) such that
x € U C A. The set of all G—interior points of A denoted by
Z"I’Ltg(A).

THEOREM 2.10. [7]] Let (X, T, G) be a grill topological space.
Then for A, B C X, the following properties hold:
(1) A C B implies that ®(A) C &(B);
(2) ®(AUB)=®(A)UP(B);
(3) (P(A)) CP(A) =CU(P(A)) C Cl(A);
4) U eTthenUNPA) CP(UNA).
DEFINITION 2.11. [I]] A subset A of grill topological space

(X, 7,G) is called a G¥—open set if A C Cl(Int,(¥(A))). The
complement of G“ —open set is called G —closed set.

DEFINITION 2.12. [8] A subset A of a grill topological space
(X,7,G) is called a Ga-open set if A C Int(¥(Int(A)). The
complement of Ga-open set is called Ga-closed set.
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3. G°—OPEN SETS.

DEFINITION 3.1. A subset A of grill topological space
(X, 7,G) is called a G2 —open set if A C Int(¥(Int,(A))). The
complement of G&—open set is called G5 —closed set. The set of
all G¥—open sets in X is denoted by G¢O(X, 7) and the set of all
G&—closed sets in X is denoted by GEC(X, 7).

EXAMPLE 3.2. Let (X, 7,G) be a grill topological space on
the set X = {1,2, 3} with7 = {0, X, {2,3}} and G = P(X) — 0.
Then we observe that

G50(X,7) = {0, X,{2,3}}

and

goC(X,7) = {0, X, {1}, {2}, {3}, {1, 3}, {2, 1}}.

EXAMPLE 3.3. Let (R, 7,G) be a grill topological space on
the set of real numbers R with 7 = {§), R, {1,2}} and G = P(R)—
{0}, where P(R) is the power set of R, that is, the collection of all
subsets of R. Itis clear that A = R — {1, 2} is w—open set and

Int(Y(Int,(A))) = Int(¥(A)) = Int(A) =0,
that is, a set A is not G —open set in a grill topological space.

For a grill topological space (R, 7,G) , there are not relationships
between class of w—open sets and class of G —open sets. See in
the example above that a set A is w—open set but not G&—open set
and B in the following example is G —open set but not w—open
set:

EXAMPLE 3.4. Let (R, 7,G) be a grill topological space on
the set of real numbers R with 7 = {0, R, [1,2]} and G = P(R) —
{0}. Let B = (0, 3). Since

Int(Y(Int,(B))) = Int(V([1,2])) = Int(R) = R,
then a set B is G —open set in a grill topological space.

The following theorem clears that there are relationships between
class of w—open sets and class of G —open sets for grill topologi-
cal spaces (X, 7, G) with countable set X .

THEOREM 3.5. For any grill topological space(X, 7,G) with
a countable set X, every G —open set in a grill topological space
(X, 7,G) is w—open set.

PROOF. In this case if X is a countable sets then all subsets of
X are both w—open and w—closed set. Then every G& —open set in
a grill topological space (X, 7,G) is w—open set. [J

THEOREM 3.6. Every G2 —open set in a grill topological space
(X, 7,G) is @ — w—open set in topological space (X, 7).
PROOF. Let A be any G& —open set. Then
A C Int(¥(Int,(A))).
Hence
A Int(V(Int,(A))) C Int, (¥ (Int,(A)))
Int, (Cl(Int,(A))).

That is, A is & — w—open set in topological space (X, 7). O

c
c

The converse of theorem above no need to be true.

EXAMPLE 3.7. Let (R, T, G) be a grill topological space on the
set of real numbers R with 7 = {0, R,{2}} and G = P(R) — {0}
then aset A = R — {2} is & — w—open set in topological space
(X, 7), but not G>—open set in a grill topological space.



COROLLARY 3.8. Every GX—open set in a grill topological
space (X, 7, G) is a semi—w—open set in topological space (X, 7).

PROOF. Form Theorems@2.8) and (3.6). O

Example(3.7) and Theorem(Z-8) show that the converse of theorem
above no need to be true.

THEOREM 3.9. Every G —open set in a grill topological space
(X, 7,G) is G*—open set in a grill topological space (X, 7, G).

PROOF. Let A be any G&—open set. Then
A C Int(¥(Int,(A))).
Hence

A nt(¥(Int,(A))) € ¥(Int,(A)))

C
C Cl(Int,(A))) C Cl(Int,(¥(A))).
That is, A is G —open set in topological space (X, 7). O
The converse of theorem above no need to be true.

EXAMPLE 3.10. Let (R, 7,G) be a grill topological space on
the set of real numbers R with 7 = {(), R,R — {2}} and G =
P(R)— {0} thenaset A = {1} is G* —open set, but not G —open
set in a grill topological space (R, T,G).

THEOREM 3.11. Every Ga-open set in a grill topological
space (X,7,G) is GX—open set in a grill topological space

(X,1,G).
PROOF. Let A be any Ga-open set. Then
A C Int(¥(Int(A))).
Hence
A C Int(¥(Int(A))) C Int(V(Int,(A))).
That is, A is G —open set in topological space (X, 7). O
The converse of theorem above no need to be true.

EXAMPLE 3.12. Let (R, 7,G) be a grill topological space on
the set of real numbers R with 7 = {§,R,R — {2} and § =
P(R) — {0} then a set A = R — {1} is G%—open se but not
Ga—open set in a grill topological space (X, 7, G).

From all the previous relationships in our work and the preliminar-

ies, we have the following figure.

open set —— > w—open set

| T

Ga—open set ——> G —open set ———> semi—w—open set

l |

a—open set ——> a — w—open set G% —open set

Fig. 1. Relation for sets

THEOREM 3.13. A subset A of a grill topological space
(X,T,G) is GX—closed set if and only if Cl(intg(Cl,(A))) C A.
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PROOF. Let A be any G2 —closed set in grill topological space
(X, 7,G). Then (X — A) is G —open set in grill topological space.
Then we have

(X — A) C Int(¥(Int,(X — A))).
By using Theorem(Z2:2)), theorem(2-4) and theorem(2:10) we get
(X —A) C Int(Y(Int,(X — A)))
Int(¥(X — Cl,A)))
Int(Clg(X — Cl,A)))
Int(X — Intg(Cl,A)))
— X — Cl(intg(Clu(A))).
Hence Cl(intg(Cl,,(A))) C A. The conversely is similar. O

THEOREM 3.14. Let A, be any G —open set in grill topolog-
ical space (X, 7, G), for each pv € I then U,cr A, is G —open set
in grill topological space (X, 7, G), where [ is an index set.

PROOF. Since A, is G2 —open set for each pu € I then A, C
Int(¥(Int,(AL))).
From the previous relationships in our work and the preliminaries,
we have the following

UperA, € UperInt(U(Int,(AL)))
C Int(Uyer (Y (Int,(AL))))
= Int(Upuer (®(Int,(A,)) U Int,(A,)))
C Int(®(Uper(Inty,(AL))) U (UperInt,(AL)))
C Int(®(Intu(UuerA,)) U (Int,(Uper A,)))
= Int(¥(Inty,(UuerAL))).

Hens U,crA, is GZ—open set in a grill topological space
(X,7,G). O

The intersection of two G&—open set no need to be G —open set.

ExXAMPLE 3.15. Let (X, 7,G) be a grill topological space on
the set X = {1,2,3} with 7 = {0, X,{2,3}} and G = P(X) —
{0} then A = {1,2} and B = {1, 3} are G>—open sets in grill
topological space (X, 7,G), but AN B = {1} is not a G —open
set in a grill topological space (X, 7, G).

THEOREM 3.16. Let A be any open set in topological space
(X,7) and B be any G2 —open set in a grill topological space
(X, 7,G) then AN B is G¥—open set in a grill topological space
(X,7,9).

PROOF. Since B is G&—open set then B C Int(V(Int,(B))).
By Theorem(2.1)

ANB C AnInt(¥(Int,(B))) = Int(A) N Int(¥(Int,(B)))
= Int(ANn¥(Int,(B))) C Int(Y(AN Int,(B)))

Hens A N B is GS—open set in a grill topological space
(X,7,6). O
4. G5—OPERATORS

DEFINITION 4.1. Let (X, T, G) be a grill topological space and
A C X The G —interior operator of A denoted by ga Int(A) and
defined by

geInt(A)=U{BC X:BCAand B € G5O(X,7)}.

Int(V(Int,(A) N Int,(B))) = Int(¥(Int,(AN B))).



That is, ga Int(A) is the union of all G5 —open sets contained in A.
The G —closure operator of A denoted by go Cl(A) and defined by

ggCl(A) = ﬂ{B CX:ACBand B ¢ gSC(X,T)}

That is, go CI(A) is the intersection of all G —closed sets contain-
ing A.

THEOREM 4.2. Let (X, 7,G) be a grill topological space and
A C X. Then gaInt(A) = Aif and only if A is GZ —open set.

PROOF. Let ga Int(A) = A. Then from definition of ga Int(A)

and by Theorem, goInt(A) is G5 —open set. Hence A is
G& —open set.
Conversely, let A be GX—open set. Then from definition of
GS—open set we have ga Int(A) C A. Since A is G —open set,
then from definition of g Int(A), we get that A C gaInt(A).
Hence ga Int(A) = A. O

THEOREM 4.3. Let (X, 7,G) be a grill topological space and
A C X.Then z € gaInt(A) if and only if there G —open set U
such thatx € U C A.

PROOF. Let x € go Int(A) take U =ga Int(A). Then by def-
inition ga Int(A) and Theorem(3.14), we get that U is G —open
setand x € U C ga Int(A).

Conversely, let there is G —open set U such that z € U C A. Then
by definition of ga Int(A) we get that x € go Int(A). O

THEOREM 4.4. Let (X, 7,G) be a grill topological space and
A C X.Then x € go Cl(A) if and only if for all G —open set U
containing x such that U N A # ().

PROOF. Let x € gaCI(A) and U be G —open set containing
z. IfUNA=0then A C X — A. Since A is G&—open set then
X — Ais GZ—closed set. So ga Cl(A) € X — A, and

z €ga CI(A) C X — A

This is contradiction, because x € U. Hence U N A # ().
Conversely, let ¢ gaCI(A). Then X — gaCI(A) is GS—open
set containing x. Hence by hypothesis X —ga Cl1(A) # 0. his is
contradiction, because X —ga CI(A) C X — A. O

THEOREM 4.5. Let (X, 7,G) be a grill topological space and
A C X then go Cl(A) = A if and only if A is G —closed set.

PROOF. Let ga Cl(A) = A. Then from definition of ga CI(A)
and by Theorem, gaCl(A) is G —closed set. Hence A is
G2 —closed set.

Conversely, let A be G2 —closed set. Then from definition of
G& —closed set, we have A Cga Int(A). Since A is G —open
set, then from definition of ga Int(A), we get that g CI(A) C A.
Hence go Cl(A) = A. O

THEOREM 4.6. Let (X, 7,G) be a grill topological space and
A, B C X. Then the following hold:

(1) If A C B then ga Cl(A) C g2 CIl(B).
(2) gaCIl(A)UgaCl(B) C gaCl(AU B).
(4) gaCl(A) C CI(A).

PROOF. 1. Let x €ga CI(A). Then by Theorem, for all
G&—open set U containing z, U N A # (. Since A C B, then
UNnB 75 (. Hence x Ego Cl(B) That is, ggCl(A) - ggCl(B)
2. It is clear from the Part (1).

3. It is clear from the Part (1).
4. By the fact, every open set U is G¥-open set. [
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In the last theorem ga CI(A U B) # ga Cl(A) U ga Cl(B).

EXAMPLE 4.7. In Example(3.15), take A = {2} and B =
{3}. Then

gﬁCl(A) U gijl(B) =AUB={2,3}
and
ggCl(A UB) = gsCl({Q,Bﬁ}) = X.

THEOREM 4.8. Let (X, 7,G) be a grill topological space and
A, B C X. Then the following hold:

(1) If A C B then ga Int(A) C ga Int(B).
(2) gaInt(A)UgeInt(B) C galnt(AU B).
(3) gaInt(AN B) C galnt(A) Ngalnt(B).
4) Int(A) C galnt(A).

PROOF. Similar for the proof of Theorem@) O
In the last theorem go Int(A N B) # ga Int(A) N gaInt(B).

EXAMPLE 4.9. In Example(3.13), take A = {1,2} and B =
{1,3}. Then

gSI’I’Lt(A) n gg]nt(B) =ANB= {1}
and
go [nt(A n B) = go ]nt({l}) = 0.

THEOREM 4.10. Let (X, 7,G) be a grill topological space and
A C X.Then the following hold:

(1) galnt(X — A) = X —G5CI(A).
(2) g Cl(X - A) =X - gg[’nt(A).

PROOF. 1. Since A C gaCl(A), then X — o Cl(A) € X — A.
Since X — ga Cl(A) is G —open set in a grill topological space
(X, 7,G) then

63 Int[X — (55 CI(A))] = X — g5 CU(A) € g5 Int(X — Aj1)

Now let € gaInt(X — A). Then there is G —open set U such
thatx € U C X — A. Since X — U is G2 —closed set containing A
andz ¢ (X —U), thenz ¢ gaCl(A), thatis z € X — ga Cl(A).
Then

From (1) and (2), we get ga Int(X — A) = X — ga CI(A).
2. Since ga Int(A) C A, then X —A C X —ga Int(A). Since X —
gaInt(A) is G —closed set in a grill topological space (X, 7, G)
then

g CU(X — A) C gaCl[X — gaInt(A)] = X — gaInt(A)(3)

For the other side, let z € X — gaInt(A) = X — galnt(X —
(X — A)). This implies

X —[X —gaCl(X = A)] =gaCl(X - A).
Then z € g CI(X — A). Hence
X = gaInt(A) C gaCl(X — A). @
From (3) and (4) we get that ga CI(X — A) = X —gaInt(A). O



5. REFERENCES

(1]

(2]
(3]

[4]

(5]
(6]
(7]

(8]

(9]

A. Saif, M. Al-Hawmi and B. Al-refaei, On G“-open sets in
grill topological spaces, n6 Journal of Advance in Mathemat-
ics and Computer Science, 35(6), (2020), 132-143.

H. Z. Hdeib, w—closed mappings, Revista Colombiana de
Matematicas, 16 (1982), 65-78.

F. Helen, 1968, Introduction to General Topology, Boston:
University of Massachusetts.

T. Noiri, A. Al-omari and M. Noorani, Weak forms of
w—open sets and decompositions of continuity, European
Journal of Pure and Applied Mathematics 1, (2009), 73-84.
0. Njastad, On some classes of nearly open sets, Pacific J.
Math., 15 (1965), 961-970.

G. Choquet; Sur les notions de filtre et grille, Comptes Rendus
Acad. Sci. Paris, 224 (1947), 171-173.

B. Roy and M. N. Mukherjee; On a typical topology induced
by a grill, Soochow J. Math., 33 (2007), 771-786.

A. Al-Omari and T. Noiri, Characterizations of strongly com-
pact spaces, Int. J. Math. and Math. Sciences, ID 573038
(2009), 1-9.

O. Ravi, I. Rajasekaran, S. Kanna and M. Paranjothi, New
Generalized Classes ofr,,. European Journal of Pure and Ap-
plied Mathematics. Vol. 9, No. 2, (2016), 152-164.

International Journal of Computer Applications (0975 - 8887)
Volume 183 - No.13, July 2021



	Introduction
	Preliminaries 
	G-open sets.
	G-Operators 
	References

