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ABSTRACT
In this paper, the concepts of injective neighbourhood and in-
jective domination number in fuzzy graph G was introduced
and investigated and are denoted by Nin and γin, respec-
tively. we investigated and studied the relationship of γin
and Nin with the others parameters in fuzzy graph. Finally,
we collocated Nin and γin for some standard fuzzy graphs.
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1. INTRODUCTION
Graph theory is an important area of applied mathematics with a
broad spectrum of applications is many fields specially in emerg-
ing fields, such as network security, computer sciences and data
analysis, bio informatics, operation research, engineering and man-
ufacturing, physics and chemistry, linguistics, or social sciences. A
mathematical frame work to describe the phenomena of uncertainty
in read life situation is first suggested by L.A. Zadah in (1965) [14].
Rosenfied [11] introduced the nation of fuzzy graph and several
fuzzy analogs of graph theoretic concepts such as path, cycle and
connectedness. The study of dominating set in graph was begun by
Ore and Berge. V.R. kulli [10] work on theory of domination in
graph. A. Somasundaram and D.Somasundaram [12] presented the
concept of domination in fuzzy graphs. In (2011) A. Alwardi, N.D.
Soner and Karam Ebadi[2] introduced and studied the concept of
common neighbourhood dominating set CN − domination. Per-
haps the fastest growing area within graph and fuzzy graph is the
study of domination, the reason being its many and varied appli-
cations in such fields as social sciences, communication networks,
algorithm designs, computational complexity etc. There are sev-
eral types of domination depending upon the nature of domination.
Which motivated us to introduce the concepts of injective domi-
nating set and injective domination number of fuzzy graph which
denoted by γin using effective edges. We obtain some interesting
results for this Parameter in fuzzy graphs. The relationship of γin
with some others parameters in fuzzy graph was investigated, γin
for some standard fuzzy graph is calculated.

2. PRELIMINARIES
In this section, we review some basic definitions related injective
neighbourhood and injective domination of graphs, also basic def-
initions related to fuzzy graphs and domination in fuzzy graphs.
Let G be simple graph with vertex set V (G) = {v1, v2, ..., vn}.
For i ̸= j, the injective neighborhood (Inj − neighborhood) of
the vertices vi and vj , is the set of vertices, different from vi and
vj , which are adjacent to both vi and vj and denoted by Γ(vi, vj).
For any vertex u ∈ V (G), the open Inj − neighbourhood of
u denoted by Nin(u) is defined as Nin(u) = {v ∈ V (G) :
|Γ(u, v)| ≥ 1}. The cardinality of Nin(u) is called the injec-
tive neighbourhood degree (Inj − neighbourhood degree) of
u and denoted by din(u) in G, and Nin[u] = Nin(u) ∪ {u} is
the closed (Inj − neighbourhood) of u. The maximum and min-
imum injective degree of a graph G are denoted respectively by
∆in(G) and δin(G). That is ∆in(G) = maxu∈V {|Nin(u)|} and
δin(G) = minu∈V {|Nin(u)|}. If u and v are any two adjacent
vertices in V such that |Γ(u, v)| ≥ 1, then we say that u is injec-
tive neighbourhood (Inj − neghbourhood) of v or u is injective
dominate (Inj − dominate) v. Let G = (V,E) be a graph and
u ∈ V such that |Γ(u, v)| = 0 for all v ∈ N(u). Then u is in every
injective neighbourhood dominating set, such vertices are called
injective isolated (Inj − isolated) vertices. Let Iin denote the
set of all injective isolated vertices of G. Hence Is ⊆ Iin ⊆ D,
where Is is the set of isolated vertices and D is the minimum
Inj−dominating set of G. A subset S of V is called an injective
neighbourhood independent set (Inj−independent) set, if for ev-
ery u ∈ S, v /∈ Nin(u) for all v ∈ S−{u}. It is clear that every in-
dependent set is Inj− independent set. The Inj− independent
set S is called maximal if any vertex set properly containing S is
not Inj− independent set. The maximum fuzzy cardinality taken
over all the Inj − independent set is called injective neighbour-
hood independence number (Inj− independence number) and is
denoted by βin and the lower Inj − independence number iin is
the minimum fuzzy cardinality taken over all the Inj −maximal
independent set. Let G = (V,E) be a graph a subset D of V
is called neighbourhood dominating (Inj − dominating set) if
for every vertex v ∈ V − D, there exists a vertex u ∈ D such
that uv ∈ E(G) and |Γ(u, v)| ≥ 1, where |Γ(u, v)| is the num-
ber of Inj − neighbourhood between the vertices u and v. The
injective-domination number γin is the minimum cardinality taken
over all the injective dominating set of G. A complete fuzzy graph
is a fuzzy graph G = (µ, ρ) such that ρ(u, v) = µ(u) ∧ µ(v)
for all u, v ∈ V (G). Let G = (µ, ρ) be fuzzy graph with vertex
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set V (G) = {v1, v2, ..., vn}. For i ̸= j, the common neighbor-
hood of the vertices vi and vj , denoted by Γ(vi, vj), is the set of
vertices, different from vi and vj , which are adjacent to both vi
and vj . A fuzzy graph G = (µ, ρ) is said to be bipartite if the
vertex set V can be partitioned into two nonempty sets V1 and
V2 such that ρ(u, v) = 0 if u, v ∈ V1 or u, v ∈ V2. Further, if
ρ(u, v) = µ(u)∧µ(v) for all u ∈ V1 and v ∈ V2. Then G is called
complete bipartite fuzzy graph and is denoted by Kµ1,µ2

where
µ1 and µ2 are, respectively. Let G = (µ, ρ) be a fuzzy graph.
If 0 ≤ α ≤ t ≤ 1. Then (µt, ρt) is a subgraph of (µα, ρα).
A path P in a fuzzy graph G = (µ, ρ) is a sequence of distinct
vertices v0, v1, v2, ..., vn (except possibly v0 and vn) such that
µ(vi) > o, ρ(vi−1, vi) > 0, 0 ≤ i ≤ 1. Here n ≥ 1 is called
the length of the path P . The consecutive pairs (vi−1, vi) are called
the edges of the path. Let G = (µ, ρ) be a fuzzy graph and let u
and v are any two vertices in G such that ρ(u, v) = µ(u) ∧ µ(v)
and |Γ(u, v)| > 0. Then we say u is common neighbourhood ad-
jacent (CN − adjacent) to v or u is CN − dominate v. Let
G = (µ, ρ) be a fuzzy graph a subset D of V is called com-
mon neighbourhood dominating set (CN − dominating) if for
every vertex v ∈ V − D, there exists a vertex u ∈ D, such that
ρ(u, v) = µ(u)∧µ(v) and |Γ(u, v)| > 0, where, Γ(u, v) is the car-
dinality of common neighbourhood set between the vertices u and
v. Let G = (µ, ρ) be a fuzzy graph a common neighbourhood dom-
inating set D is said to be minimal common neighbourhood dom-
inating set if D − {u} is not common neighbourhood dominating
set of G for all v ∈ D. A minimal common neighbourhood dom-
inating set D is called minimum common neighbourhood domi-
nating set of G if |D| = γcn(G) and is denoted by γcn − set. The
common neighbourhood domination number (CN−domination)
is the minimum fuzzy cardinality taken over all minimal common
neighbourhood dominating sets of G and is denoted by γcn(G) or
γcn.

3. INJECTIVE NEIGHBOURHOOD IN FUZZY
GRAPH

DEFINITION 1. Let G = (µ, ρ) be fuzzy graph with vertex set
V (G) = {v1, v2, ..., vn}. For i ̸= j, the common neighborhood
set of the vertices vi and vj , is denoted by Γ(vi, vj), is the set of
vertices different from vi and vj , which are adjacent to both vi and
vj .

DEFINITION 2. Let G = (µ, ρ) be a fuzzy graph for any vertex
u ∈ V the Inj − neighbourhood of u denoted by Nin(u) is
defined as Nin(u) = {v ∈ V (G) : |Γ(u, v)|>0}.

DEFINITION 3. The fuzzy cardinality of Nin(u) is called the
injective neighbourhood degree of u and denoted by degin(u) =
{|Nin(u)| : v ∈ V (G)}. The maximum and minimum injective
neighbourhood degree of a vertex in G are denoted by ∆in(G) and
δin(G), respectively. That is ∆in(G) = maxu∈V {|Nin(u)|} and
δin(G) = minu∈V {|Nin(u)|}.

EXAMPLE 1. For the fuzzy graph G shown in the Figure 3.1.

Fig 3.1.
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From above Figure, we have Nin(a) = {b, d}, Nin(b) =
{a, c, d}, Nin(c) = {b, d}, Nin(d) = {a, b, c}. Then degin(a) =
0.9, degin(b) = 1.5, degin(c) = 0.9 and degin(d) = 1.1. There-
fore
∆in(G) = 1.5, and δin(G) = 0.9

4. INJECTIVE DOMINATING SET IN FUZZY
GRAPHS

DEFINITION 4. Let G = (µ, ρ) be a fuzzy graph and u, v are
any two vertices in G, if u ∈ Nin(v) : |Γ(u, v)| > 0, we say that
v is inj − dominates u.

DEFINITION 5. Let G = (µ, ρ) be a fuzzy graph, a ver-
tex subset D of V is called injective dominating set, (in short,
Inj − dominating), if for every vertex v ∈ V either v ∈ D
or there exists a vertex u ∈ D, such that |Γ(u, v)| > 0.

DEFINITION 6. Let G = (µ, ρ) be a fuzzy graph, an injective
dominating set D is said to be minimal injective dominating set if
D − {u} is not injective dominating set of G for all u ∈ D.

DEFINITION 7. The minimum fuzzy cardinality taken over all
minimal injective dominating sets in fuzzy graph G is called the
injective domination number of G and is denoted by γin(G) or
simple γin.

DEFINITION 8. Let G = (V,E) be a fuzzy graph, a subset S
of V is called injective independent set Inj − independent set if
for every u ∈ S, v /∈ Nin(u) for all v ∈ S − {u}.

DEFINITION 9. Let G = (µ, ρ) be a fuzzy graph, an injective
independent set S is said to be maximail injective independent set
if S − {u} is not injective independent set of G, for all u ∈ S.

DEFINITION 10. The maximal fuzzy cardinality taken over all
maximail injective independent sets in fuzzy graph G is called the
injective independence number of G and is denoted βin(G).

In the following Example, we explain the concept of injective dom-
inating set.

EXAMPLE 2. Consider the fuzzy graph G given in the Figure
(3.1). Din1 = {b}, Din2 = {a, c} and Din3 = {d} are minimal
injective dominating sets. Then |D1in| = |{b}| = 0.2 = γin(G).
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DEFINITION 11. Let G = (µ, ρ) be a fuzzy graph the injective
complement of G is denoted by Gin such that V (G) = V (Gin)

and any two vertices u and v in Gin are adjacent if and only if they
are not Inj − adjacent in G.

THEOREM 12. Let G = (µ, ρ) be a fuzzy graph if G = Pn or
G = Cn path or cycle with n vertices n ≥ 3

γin(G) ≤ p

2
.

PROOF. Let G be a fuzzy graph path or cycle with n vertices,
such that n ≥ 3 and let D be an injective dominating set of G.
Then every vertex v ∈ V − D there exists a vertex u ∈ D, such
that |Γ(u, v) > 0. Also the distance between u and v is at least
equal to the wight of two edge, i.e u and v are Inj-vertices. Hence,

γin(G) ≤ p

2
.

THEOREM 13. Let G be any fuzzy graph. Then the injective
dominating set Din of G, is minimal injective dominating set if
and only if one of the following conditions holds:
(i) Nin(u) ∩Din = ϕ;

(ii) There is a vertex v ∈ V −Din, such that Nin(v)∩Din = {u}.

PROOF. Let G be a fuzzy graph and let Din be a minimal injec-
tive dominating set of G. Then Din −{v} is not injective dominat-
ing set and there exists a vertex u ∈ V −Din − {v} such that u is
not injective dominated by any vertex of Din − {v} if u = v, then
N(u) ∩Din = ϕ, if u ̸= v. Then N(v) ∩Din = {u}.
Conversely, Suppose that Din is injective dominating set and for
each vertex u in Din one of the two condition holds.
Now, we want to prove that Din is minimal. Suppose Din is not
minimal. Then there exists a vertex v ∈ Din such that Din − {v}
is injective dominating set. Thus, u is an Inj − adjacent niegh-
bour to at least one vertex in Din −{v}. Hence, condition (i) does
not hold, also if Din − {v} is injective dominating set. Then every
vertex in V −Din is an Inj − adjacent to at least one vertex in
Din − {v}. That means condition (ii) does not hold. So we get
contradiction. Hence, Din is minimal injective dominating set.

DEFINITION 14. A vertex u in a fuzzy graph G, is called an
injective isolated vertex in G if |Γ(u, v)| = 0, ∀v ∈ V (G).

THEOREM 15. Let G be a fuzzy graph without injective-
isolated vertices if Din is minimal injective dominating set. Than
V −Din is an injective dominating set.

PROOF. Let Din be minimal injective dominating set of G.
Suppose that V − Din is not injective dominating set. Then there
exists a vertex u in Din such that u is not injective dominated by
any vertex in V −Din. Then u is injective dominated by at least one
vertex v in Din−{u}. Thus, Din−{u} is an injective dominating
set of G which contradicts to the minimiality of the injective domi-
nating set Din. Therefore, every vertex in Din has common neigh-
bourhood with at least one vertex in V −{Din}. Hence, V −{Din}
is an injective dominating set of G.

If u is an injective-isolated vertex. Then u is in every injective dom-
inating set.

THEOREM 16. For any fuzzy graph G.

γin(G) ≤ γcn(G).

PROOF. Since every CN − dominating set of fuzzy graph is
an injective dominating set of fuzzy graph G. Hence

γin(G) ≤ γcn(G).

THEOREM 17. Let G = (µ, ρ) be a fuzzy graph and S is maxi-
mal Inj−independent set. Then S maximal injective dominating
set.

PROOF. Let S maximal Inj − independent set and u ∈
V − S if u /∈ Nin(v) for every v ∈ S then S

⋃
{u} is an

Inj − independent set contradiction. Therefor u ∈ Nin(v) for
some v ∈ S. Hence S injective dominating set. We went prove that
S is maximal injective dominating set. Than there exist some ver-
tex in S has a common neighbors with u. Which is contradiction.
Therefore, S is maximal injective dominating set.

THEOREM 18. For any complete fuzzy graph G = Kµ. Then

γin(Kµ) = min{µ(v) : v ∈ V (Kµ)}.

PROOF. Let u and v be any two vertices in Kµ. Then
|Γ(u, v)| > 0 and every vertex of G form an injective dominating
set of G Hence

γin(Kµ) = min{µ(v) : v ∈ V (Kµ)}.

THEOREM 19. For any complete bipartite fuzzy graph G =
Kr,m, with |V1| = r and |V2| = m. Than

γin(Kr,m) = min{µ(ui);ui ∈ V1}+min{µ(vj); vj ∈ V2}.

PROOF. Let G be complete bipartite fuzzy graph. Then
ρ(u, v) = 0 and Γ(u, v) = o for all u, v ∈ V1or V2 and ρ(u, v) =
µ(u) ∧ µ(v),∀u ∈ V1 and v ∈ V2. Thus every vertex in V1 has an
Inj − neighbourhood with every vertex in V1. and every vertex
0f V2 has an Inj − neighbourhood with every vertex in V2. Then
Din contains two vertices one of V1 and the other from V2. Hence,
γin(Kr,m) = min{µ(ui);ui ∈ V1}+min{µ(vj); vj ∈ V2}.

For any star fuzzy graph G = Kt,P−t, t = µ(u), u is a root

γin(Kt,P−t) = µ(u)+min{µ(vi); ∀vi ∈ V−{u})}, u isarootvertex

.

PROOF. Let G = Kt,P−t be a star fuzzy graph. By the above
Theorem, V1 = {u} and V2 = {v1, ....., vm}. Then Din contains
root vertex and one vertex of V2. Hence, γin(Kt,P−t) = µ(u) +
min{µ(vi); vi ∈ V − {u})}.

THEOREM 20. For any wheel fuzzy graph with p vertices.

γin(Wp) = min{µ(v) : v ∈ V (Wp)}.

PROOF. Since every vertex in Wp has Inj − neighborhood.
Than every vertex form an injective dominating set of Wp .Hence

γin(Wp) = min{µ(v) : v ∈ V (Wp)}.

THEOREM 21. For any fuzzy graphG = (µ, ρ). Then

γin(G) ≤ p−∆in(G).
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PROOF. Let G = (µ, ρ) be any fuzzy graph and let v ∈ V (G),
such that din(v) = ∆in(G), for each vertex v ∈ Nin(u), v has a
common neighbor with u. Thus V − Nin(v) is an injective domi-
nating set. Therefore,
γin ≤ |V −Nin(v)| = p−∆in(G).

For any fuzzy graph G = (µ, ρ). Then

γin(G) ≤ p− δin(G).

PROOF. Since δin ≤ ∆in and by the above Theorem.. Then
γin(G) ≤ p− δin(G).

THEOREM 22. For any fuzzy graph G = (µ, ρ). Then

γin(G) ≤ βin(G).

PROOF. Let G be a fuzzy graph, and S is maximail Inj −
independent set of G, such that |S| = βin(G). Then every vertex
v ∈ V − S is an Inj − adjacent to at least one vertex of S. Thus
S is an injective dominating set. Hence,

γin(G) ≤ βin(G).

THEOREM 23. Every injective dominating set in a fuzzy graph
G = (µ, ρ) is injective dominating set in crisp graph G∗ = (V,E),
but the converse is not true.

PROOF. Let G = (µ, ρ) be a fuzzy graph, with injective domi-
nating set Din and let u ∈ Din. Then there exists v ∈ Nin(u) such
that |Γ(u, v)| > 0
Since every Inj−neighbourhood set in fuzzy graph G is an Inj−
neighbourhood set in crisp graph G∗, so v ∈ Nin(u), |Γ(u, v)| ≥
1 and u is dominates v in G∗. Thus u ∈ Din in G∗. Hence, Din is
an injective dominating set in G∗.
In the following Example, we show that the converse of the above
Theorem, is not true.

EXAMPLE 3. For the fuzzy graph G shown in Figure 3.2.

(0.2)

(0.2)(0.3)

v1(0.1)

(0.5)
v5

v2

v3v4

0.1

0.1

0.2

0.1

0.2u
u

u
uu

�
�
�
�
�

@
@

@
@

@

Fig. 3.2
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From the Figure 3.2, Din = {v1}, is minimal injective dominating
set of G∗ with minimum cardinality, but Din is not injective
dominating set of G. Also Sin = {v1, v4} is minimal injective
dominating set of G. and S is an injective dominating set of G∗.

THEOREM 24. Let G = (µ, ρ) be a fuzzy subgraph of G∗ =
(V,E) graph, with injective dominating set of (G∗).
Then γin(G) ≤ γin(G

∗). Furthermore, equality holds, if µ(v) =
1, ∀v ∈ V (G).

PROOF. By Theorem (23), every injective dominating set in
fuzzy graph G is injective dominating set in crisp graph G∗. Then
γin(G) ≤ γin(G

∗). and if µ(v) = 1, ∀v ∈ V (G) we have
γin(G) = γin(G

∗).

THEOREM 25. For any fuzzy graph G = (µ, ρ). Then

γin(G) + γin(Ḡ) ≤ 2p.

PROOF. Since γin(G) ≤ p and γin(Ḡ) ≤ p. Then

γin(G) + γin(Ḡ) ≤ 2p.

DEFINITION 26. Let G = (µ, ρ) be any fuzzy graph on a
vertex set V and Di, i = 1, 2......, n be an injective dominat-
ing sets of G .Than D = {D1,D2, ....,Dn} such that ||D|| =

max{
∑n

i=1
µ(Di)

n
, i = 1, 2, ....n} is called the Inj − domatic

of a fuzzy graph G and is dented by din(G)

EXAMPLE 4. Consider the fuzzy graph G shown in the Figure
3.3.

Fig 3.3.
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From a Figuer (3), we have
P1 = {(v1, v2), (v1, v4), (v2, v3), (v3, v4)}
P2 = {(v1, v2, v3), (v1, v2, v4), (v2, v3, v4)}
P3 = {v1, v2, v3, v4},
||P1|| = 0.3+0.2

2
+ 0.3+0.6

2
+ 0.2+0.7

2
+ 0.7+0.6

2
= 1.8

||P2|| = 0.3+0.2+0.7
3

+ 0.3+0.2+0.6
3

+ 0.2+0.7+0.6
3

= 1.4

||p3|| = 0.3+0.2+0.7+0.6
4

= 0.45

Hence din(G) = max{
∑n

i=1
µ(Di)

n
, i = 1, 2....8} = 1.8

THEOREM 27. For any fuzzy graph G = (µ, ρ). Then

din(G) ≤ δin(G) + t.

t = max{µ(v) : v ∈ V (G)}

PROOF. Let G be any fuzzy graph, such that din(G) >
δin(G) + t. Then there exist at least δin(G) + t + t̄, such that
t̄ ∈ V (G) be injective dominating set of G. Let v be any vertex in
V (G) such that degin(v) = δin(G) Then there is at least one of
the injective dominating set which has an intersection with Nin[v]
.Hence the injective dominating set can not dominate v which con-
tradiction to our assumption. Then

din(G) ≤ δin(G) + t.
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THEOREM 28. For any fuzzy graph G = (µ, ρ). Then

din(G) + γin(G) ≤ p+ t.

t = max{µ(v) : v ∈ V (G)}
PROOF. Let G be any fuzzy graph by Theorem 4.25, γin(G) ≤

p − ∆in(G). and γin(G) ≤ p − δin(G) and by Theorem 4.34,
din(G) ≤ δin(G) + t. Then

din(G) + γin(G)} ≤ p+ t.

THEOREM 29. For any fuzzy graph G = (µ, ρ) Then

din(G) + din ¯(Gin) ≤ p+ t.

t = max{µ(v) : v ∈ V (G)}.

PROOF. It is clear that din(G) + din ¯(Gin) ≤ δin(G) + t +

δinḠ+ t. Also δin( ¯(Gin)) = p− t−∆in. Hence

din(G) + din ¯(Gin) ≤ p+ t.
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