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ABSTRACT

The maximum order of partition of the vertex set V(G) into ver-
tex hop hub sets is called hop hubtic number of G' and denoted
by he (G). In this paper the hop hubtic number of some standard
graphs was determined. Also bounds for he(G) were obtained.
The hop hub polynomial of a connected graph GG was introduced.
The hop hub polynomial of a connected graph G of order 7 is the
polynomial

V(&)

Hy(G,x)= > ha(G, i),
i=hn(G)

where hy, (G, i) denotes the number of hop hub sets of G of car-
dinality ¢ and hj,(G) is the hop hub number of G. Finally, the
hop hub polynomial of some special classes of graphs was studied.
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1. INTRODUCTION

By a graph G = (V, E') we mean a finite and undirected graph
without loops and multiple edges. A graph G with n vertices and
m edges is called a (n, m) graph, the number n is referred to as the
order of a graph G and m is referred to as the size of a graph G. In
general, the degree of a vertex v in a graph G denoted by deg(v) is
the number of edges of G incident with v. Also §(G) denotes the
minimum degree among the vertices of G [5]]. In a tree, a leaf is
a vertex of degree one. See [S] for terminology and notations not
defined here.

A set D of vertices in a graph G is called dominating set of G if
every vertex in V' — D is adjacent to some vertex in D , the mini-
mum cardinality of a dominating set in G is called the domination
number v(G) of a graph G [6]. In 1977, E. J. Cockayne and S.
T. Hedetniemi have introduced the concept of domatic number of
graph G and defined by, a D-partition of G is a partition of V(G)
into dominating sets, the domatic number of G denoted by d(G) is
the maximum order of a D-partition of G [3].
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Introduced by Walsh [14], a hub set in a graph G is a set H of ver-
tices in GG such that any two vertices outside H are connected by
a path whose all internal vertices lie in /. The hub number of G,
denoted by h(G), is the minimum size of a hub set in G. Shadi,
Veena, and Sultan [7] have introduce the maximum order of parti-
tion of the vertex set V(&) into hub sets is called hubtic number
of G, and denoted by £(G). A H-partition of a graph G is a par-
tition of V() into hub sets. There are many polynomials associ-
ated with graphs. For example, domination polynomial, chromatic
polynomial, clique polynomial, characteristic polynomial and Tutte
polynomial, see [1}12, 14} 10} [12]]. In 2020, R. P. Veettil and T. V. Ra-
makrishnan [13] introduce hub polynomial of a connected graph
G. The hub polynomial of a connected graph G of order n is the
polynomial

V(G

He(z) = Z h(G, i)z

i=h(G)

where h(G, i) denotes the number of hub sets of G of cardinality i
and h is the hub number of G. In 2020, Sultan and Veena [§]] de-
fined hub-integrity polynomial of graphs and obtained some of its
properties. Also in 2021, S. S. Mahde and A. S. Sand have intro-
duced the concept of hop hub integrity [9].

In 2021, A. S. Sand and S. S. Mahde [11], have introduced the
concept of hop hub set of a graph which is defined as follows. A
hub set .S is a hop hub set of G if for every v € V' — S, there exists
u € S such that d(u,v) = 2. The minimum cardinality of a hop
hub set of G is called the hop hub number and is denoted by hy (G).
Using the concept of hop hub set of a graph G and the definition
of the hubtic number of a graph GG, motivated by this, we introduce
the concept of hop hubtic number of a graph G as a new parameter
of a graph.

The following results will be useful in the proof of our results.

PROPOSITION 1. ( [3]]) For any graph G, daim(G) < §(G)+
1.

LEMMA 1. ( [II1)]) Let T be a tree with n vertices and l leaves
and p internal vertices, then hy,(T) = h(T) = n — I such that
p=>3.

PROPOSITION 2. ( [l11]) The hop hub numbers of some specific
classes of graphs are as below:



(1) For any path P,,

2, ifn=2,
hn(Pn) =4 3, ifn =3,
n—2, ifn>4.

(2) For any complete graph K, hj,(K,,) = n.
(3) For the wheel graph W1 ,,_1,
_f4 ifn=4,
hn(Wino1) = { 3, ifn>5,
(4) For the complete bipartite graph K, 1, hp(Kp m) = 2.
(5) For the double star Sy, 1, hp(Sn,m) = 2.
(6) For any cycle C,,
2, ifn=4
hh(c’n) = 3, l‘f'f'l/:?)7
n—3, ifn>0>5.

2. HOP HUBTIC NUMBER OF GRAPHS

DEFINITION 2. The maximum order of partition of the vertex
set V(G) into hop hub sets is called hop hubtic number of G, and
denoted by he(G). A Hy,-partition of a graph G is a partition of
V(G) into hop hub sets.

EXAMPLE 1. The Figure |Z] shows a hop hubtic partition of a
graph. The hop hub sets S1 = {va,v3}, and So = {v1,v4,v5, 06},
are hop hub sets of G, so he(G) = 2.

U1 V2 U3 V4

Us Ve

Fig. 1: Graph (G)
THEOREM 3. For any connected graph G, 1 < he(Q)
I-hh,T(LG)J'
PROOF. Let H = {Hl,HQ,H3,...7Hh€(G>} be the hop hubtic
partition of graph G. Clearly, |Hi| > hy,(G) for all ¢

1,2,...,he(G), so he(G)|Hi| > he(G)hp(G) for all ¢ =
1,2, ..., he(G), then

n = S|Hi| > he(G)hn(G).

INA

Hence the assertion follows. O
By Theorem 3] we get the next result.
PROPOSITION 3. (I) For any complete graph K, h¢(K,,) =

1.

(2) Forany path P, withn > 5, he(P,) = 1.

(3) For the wheel graph Wy ,_1, he (W1 _1) = L.

(4) For the complete bipartite graph K, ., he(Knm) =
min{n, m}.

(5) For the double star Sy, ,, he(Sn,m) = 2.

International Journal of Computer Applications (0975 - 8887)
Volume 183 - No.52, February 2022

(6) For any cycle C,,

[ 2, ifn=4,5,6.
e ={ 3 st

PROOF. 1- By Theorem[3] and Proposition[2] we have

n

hh(Kn)
=]

L
L1
1

he(Kn) < | ]

he(K,) < 1.

And for any graph G, he(K,,) > 1, then he (K,,) = 1.
2- By Theorem 3] and Proposition 2]

he(Pr) < lates)

= l7%]

hE(Pn) <

And for any graph G, he(P,) > 1, then he(P,) = 1if n > 5.
3-Ifn =4, W; 5= K4 and he(K4) = 1 form Proposition part
1.

If n > 5 let VIWin1) = {v,v1,v2,-++,0,1} and
hy(Wi,,-1) = 3, since v is center of Wi ,_; adjacent any
vertex in Wy ,,_1, then he (W7 1) = 1.

4- Let V(Kpm) = {v1,v2,...,0p,U1,Us,...,Upn,}. Consider
Hj, = {vy,u;} is a hop hub set of K, ,,, such that |H,| = 2,
therefore any hop hub set H, must contain {v;,u;} such that
i € n,J € m, therefore, the number of hop hub set depended on
the minimum vertex ¢ or j.

5- Let V(Spm) = {v,v1,02,...,0n,u, U1, U2,y ..., U}
There are two H),-partition of V (S, ,,) are S; = {v,u} and
SQ = {’Ul7 V2,...yUp, U, U,y ... ,Um}, then hg(Sn,m) = 2.

6- Consider V(C},) = {v1,va, ...,v,} be the vertex of cycle, the
following cases are discussed :

Case 1: When n = 4, there only two H) sets of cardinality
two, namely, S; = {vi,v2} and So = {v3,v4}. Therefore,
he(Cy) = 2.

Case 2: When n = 5, there only one H}, set of cardinality two,
namely, S1 = {v1,v2} and one set of cardinality three, namely,
SQ = {’1137 V4, ’1)5}‘ Then, h{(C5) =2.

Case 3: When n = 6, there only two H), sets of cardinality
three, namely, S; = {v1,v2,v3} and S2 = {vy4,vs,v6}. So,
he(Co) = 2.

Case 4: When n > 7. By Theorem [3] and Proposition2] we
have



1
he(Ch) <1

And for any graph G, he(C,,) > 1,50 he(Cp,) = 1.
O

THEOREM 4. Let G be a tree with at least 3 non-leaf vertices.
Then he(G) = 1.

PROOF. Suppose that G is a tree with at least 3 non-leaf ver-
tices. We discuss the following cases:
Case 1. Let H be a set of all non-leaf vertices. Clearly, any path
between two leaves does not pass through another leaf. So, H is a
hop hub set of G, and by Lammal[l} it is a minimum hop hub set.
Now, suppose that D C V(G) — H is a hop hub set of G. Since G
is a tree with at least 3 non-leaf vertices, take any two non-adjacent
vertices u,v € H. Since all vertices in D are leaves, then there is
no path between v and v with all internal vertices in D. This is a
contradiction. Hence h¢ (G) = 1.
Case 2. Suppose that H is a hop hub set of GG but not contain-
ing all non-leaf vertices. Since GG has at least three non-leaf ver-
tices, let {vy,v2,v3} be non-leaf vertices and vivs ¢ E(G),
let I1,l3 be leaves adjacent to v; and ws, respectively. Clearly,
G[{l1,v1,v2,v3,l3}] is a path Ps. Since hj,(Ps) = 3, then H con-
tains at least three vertices from Ps. Then any other hop hub set of
G must intersects H since | Ps| = 5, therefore he (G) =1. O

THEOREM 5. For any graph G, he(G) < §(G) + 1.

PROOF. Suppose he(G) > §(G) + 1, We have the following
cases :
Casel: If G =2 K,

he(K,) > 6(K,)+1

1 >6K,)+1
1-1 >(K,)
0 >0(Ky,).

impossible
Case 2: If G is tree, hop hubtic of tree is 1 or 2 by Theorem 4]}
If hop hubtic of tree is 1 and since §(7T") = 1, then

he(T) >1+1
he(T) >2
1 >2

impossible.
If hop hubtic of tree is 2, then

2>14+1
2 >2

this is impossible.
Case 3: Now If G is not tree, then there exist some graph such that
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he(G) = 6(G), so the relation he(G) > 6(G) + 1 is not true.
Therefore, he(G) < 6(G)+1. O
LEMMA 6. Forany graph G, he(G)+daim(G) < 26(G)+2.
PROOF. By Proposition[T] daim(G) < §(G) + 1 and Theorem
he(G) < 8(G) + 1, then he (G) + daim(G) < 26(G) +2. O
3. HOP HUB POLYNOMIAL OF GRAPHS

DEFINITION 7. The hop hub polynomial of a connected graph
G of order n is the polynomial

V(G)]

Hy(Gy2) = > (G,

i=hp(G)

where hy, (G, 1) denotes the number of hop hub sets of G of cardi-
nality i and hy, (G) is the hop hub number of G.

To show this polynomial, we discuss this example.

EXAMPLE 2. Let G be a graph as shown in Figure|2|

Uz us Uy

Fig. 2: Graph (G)

We have h,(G) = 3 such that S; = {uy,us,us}, So =
{u1,u2,us}, S3 = {ur,uz,us} and Sy = {uy,uz,us, us}, are
Hj,-sets of G.

Then, Hy, (G, z) = 323 + 2*.

THEOREM 8. Let G be a path P,. Then

22 ifn=2
222 4 23 ifn=3,
Hy, (P, x) = { 4¢° 4 42° +a* ifn =4,
Tx3 + 5zt + 2° ifn=>5,

" +nz" Tl + ((g) —2)2" 2 ifn > 6.

PROOF. We have the following cases:
Case 1: When n = 2. Let S = {vy,v2} is Hy, set of P, hence
hp,(Py) = 2. By definition of hop hub polynomial,

2
Hy,(Py,z) = Z hi(Py,i)at = 22,
1=2

Case 2: When n = 3. Let Consider V(P3) = {v1,va,v3} and
hy(P3) = 2. Also every subset S of vertex set of Ps consisting
of 2 elements, let it be S; = {v1,v2} and S; = {va,v3}, clearly,
the number of sets that contain tow elements are two sets. Also the



number of sets that contain three elements is only one set. Then by
definition of hop hub polynomial, we have

3
= Zhh(Pg,i)mi =222 + 2.

1=2

Hh(P37x)

Case 3: When n = 4, Consider V(P) {v1,v2,v3,v4}
and h;(P;) = 2. Every subset S of vertex set of P, consist-
ing of 2 elements, let it be S {vi,v2}, S = {vs,vs},

= {vy,v4} and Sy = {va,v3}, note that the number of
sets that contain tow elements are four sets. We also note that
the number of sets that contain three elements is only four

4

set (3) = 4. Note that the number of sets that contain four

elements are one set. Then by definition of hop hub polynomial
Hy(Py,z) = 2;2 hi(G, i)zt = 42? + 423 + 2.

Case 4: When n = 5 Let Consider V(Ps) = {v1, v2,v3,v4, 05}
and hy, (Ps) = 3. Also every subset S of vertex set of Ps consisting

of 3 elements is (i) = 10 but the sets S1 = {va,v4,v5}, S2 =
{v1,v2,v4} and S5 = {v1,v3,v5} are not hop hub set, then every
subset S of vertex set of Ps consisting of 3 elements is 7. We note
that the number of sets that contain four elements are five sets such

that (‘Z) = 5. Note that the number of sets that contain five elements
are one set. Then by definition of hop hub polynomial Hy, (Ps, z) =
Zf:2 hi(Gyi)xt = T2 + 5a* + 25.

Case 5: When n > 6. Let P,, = {v1,v3...,v,} be a path. Then
we have hy,(P,) = n — 2. Also every subset of vertex set of P,
consisting of n — 2 elements and all its super sets form a hop hub
set for the path P,. Hence

2= (3) -2

hn(Poyn—2) = (") —

(P = 1) = (1) = (3) =7
hh(Pn,TL) =1. 0O

THEOREM 9. Let G be a cycle C,,. Then

3 ifn=23,
4x? + 423 + z* ifn=4
Hy(Cn @) = 0 1805 + 150 + 625 + 2 ifn =6,

D DN (RN E e N

PROOF. Case 1: When n = 3. Suppose that V(C3) =
{v1,v2,v3} and h;,(C3) = 3. It is clear that, the number of sets
that contain three element is only one set. So by definition of hop
hub polynomial, Hy (Cs, ) = z3.

Case 2: When n = 4. Consider V(Cy) = {v1,v2,v3,v4} and
hy, (C4) = 2. Also every hop hub subset .S of vertex set of C4y con-
sisting of 2 elements. let it be S; = {v1, va}, So = {v2,v3}, S3 =
{vs,vs4} and Sy = {v1, v4}. Also every hop hub sub set S of ver-
tex set of Cy consisting of 3 elements. let it be S; = {v1, va, v3},
Sy = {va,v3,v4}, S3 = {v3,v4,v1} and Sy = {v4, v1,v2}, sO
the number of sets that contain three element are four sets. Also the
number of sets that contain four element is only one set. Then by
definition of hop hub polynomial Hy, (P, x) = 422 + 423 + 4.
Case 3: When n = 6. Consider V(Cs) = {v1, va, v3,v4,v5, 06}
and hy, (Cs) = 3. Also every subset of vertex set of Cs consisting
of 3 elements except subset S; and S5 as in the following Figure3]
and all its super sets form a hop hub set for the cycle C,,. Hence
hin(Ce,3) = (§) —2=20-2=18.

hh(Cﬁ,4) = (2) = 15.
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S1 = {v1,v3,v5} Sy = {va,v4,v6}

Fig. 3: Graph (Cj)

Case 4:Whenn = 5andn > 7. Let C,, = {v1,v2,...,v,} be a
cycle. Then we have hy, (C,,) = n — 3. Also every subset of vertex
set of C,, consisting of n — 3 elements and all its super sets form a
hop hub set for the cycle C',. Hence

hp(Cryn —3) = (n"3) —n.
ha(Cpyn = 2) = (n 2)
hh(Cn,n 1) ( )

hh Cn,n ( )

THEOREM 10. For the complete graph K, Hy (K,,,x) = ™.

PROOE. Since hy(K,) = n, and hy(K,,n) = 1. We have
Hp(Kp,z)=z". O

PROPOSITION 4. Let G = K,,. Then Hy,(K,, ) = ™.

THEOREM 11. For the star graph Ky ,,_1,

Ha (K 1,) = Z [(7;) B (nZ 1)] e

PROOF. Let V(K1 1) = {v,v1,01,...,0,_1} is the vertices
of K;,-1 and v is the central vertex of K ,_1, since H; =
{v,v;}, 1 <4 < n — 1, then every hop hub set of cardinality i
must include the vertex v. The number of hop hub sets of cardinal-

ity 2 is (;) — (";1) The number of hop hub sets of cardinality 3
is (g) — ("71) So the number of hop hub sets of cardinality 7 is

(T.L) — (" 1) i < n — 1. Therefore,
n—1

Hh(Kl,n—l,x) = Z |:<7ZL> _ (n ; 1):| xi +an
1=1

O
4. CONCLUSION

In this paper, we have computed the concept of hop hubtic number
of some standard graphs. Also, hop hub polynomial of some graph
is obtained. h¢(G) and Hp (G, z) of several other families of
graphs are an open problem.
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