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ABSTRACT

In interval-valued fuzzy graphs, the connected perfect domi-
nating set and connected perfect domination number are intro-
duced in this paper. For standard theorems and results, as well
as some examples, we compute the connected perfect domina-
tion number %p(G) and the upper connected perfect domina-
tion number I'c,,(G). The upper and lower bounds for the con-
nected perfect domination number in interval-valued fuzzy graphs
are derived using some other known parameters. Finally, some
of the properties of connected perfect domination of interval-
valued fuzzy graphs, as well as their various results are discussed.
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1. INTRODUCTION

The interval-valued fuzzy set is a supplement to the fuzzy set
that improves the accuracy of the uncertainty. Zadeh [16] was
the first to introduce it (1975). Since a subset A of a vertex set
V' is called interval valued fuzzy set and it is denoted by A =
{u, [p1(w), pa(u)] : w € V}, where py : V. — [0,1] and
o : V' — [0, 1] are functions such that p; (u) < po(u) foru € V.
And a subset B of an edge set E is called interval valued fuzzy
relation and it is denoted by B = {(u,v), [p1(u,v), p2(u,v)] :
(u,v) € E}, where p; : E — [0,1] and p3 : E — [0, 1] are func-
tions such that p; (u,v) < pa(u,v) for (u,v) € E.If G* = (V, E)
is a crisp graph, then G = (A, B) is an interval-valued fuzzy
graph. The definition of an interval-valued fuzzy graph, which is
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a generalization of fuzzy graph, was given by Akram and Dudek
[[L], they also defined interval-valued fuzzy graph operations and
introduced several properties to them. The notion of fuzzy graph,
interval-valued fuzzy complete graphs and Some features of self
complementary graphs were addressed in previous studies, by [[10],
[7] and [6]. In a fuzzy graph, SomaSundaram [14}[15] explored the
concepts of domination, independent domination, and connected
domination. In fuzzy digraphs, sarala and Janaki [11]] established
the notion of connected domination number in (2019). Debnath
(2013) investigates the ideas of domination in interval valued fuzzy
graphs, [S)]. Sarala and Kavitha proposed the ideas of strong (weak)
dominance in interval-valued fuzzy graphs, as well as complete
and complementary domination numbers in interval-valued fuzzy
graphs, in their paper (2016) [12| [13]. Revathi et al [8| 9] looked
at the concepts of perfect domination and connected perfect domi-
nation in fuzzy graphs. The concepts of a perfect domination, con-
nected domination and total perfect domination in interval-valued
fuzzy graphs were discussed in [2} 3] 14].

In this paper, the connected perfect dominating set and connected
perfect domination number are introduced for interval-valued fuzzy
graphs. We get a lot of information about these ideas. Finally, an
interval-valued fuzzy graph is created to show the relationship be-
tween these concepts and others.

2. PRELIMINARIES

In this section, we go through some fundamental definitions for
interval-valued fuzzy graphs, domination in interval-valued fuzzy
graphs and perfect domination in interval-valued fuzzy graphs .

An interval-valued fuzzy graph (in short IV F'G) of the graph
G* = (V,E) is a pair G = (A, B) where, A = [u1, 2]
is an interval-valued fuzzy set on V and B = [p1,po] is an
interval-valued fuzzy relation on V, such that p; (wu) < pg(w) A
1 (u) and po(wu) < po(w) A po(u) for all wu € E. Let
G = (A,B) be an IVFG. Then the order p and size g are



defined as follows: p = > ., 7”“2(”1'2)7”1(“)

Y oy 2D AR TV G i said to be effective
edge if

pr(uv) = i (w) A (v)  and  pa(uv) = pa(u) A pia(v). Two
vertices x and y are said to be neighbors in IV F'G if

pi(@,y) = pa(x) Apa(y)  and  po(x,y) = po(z) A pa(y).
Let G = (A,B) of G* = (V,E) where A = [u1, 2] and
B = [p1,p2]. Then an IVFG, G is called complete IV FG if
pr(zy) = pi(x) A pa(y) and pa(zy) = pa(x) A pa(y), for all
xy € E and is denoted by K,. The complement of an IV FG, G
is IVFG, G = (A, B) where

H1 = p1; e = we for all vertices, also

pi(zy) = pa(2) Apa(y) — p1(2y) and p2(zy) = po (@) Apa(y) —
p2(zy) forallzy € E.

An IVFG, G is called bipartite if the vertex set V' of G can
be partitioned into two non empty subsets V; and V, such that
VinVv, =¢.

A bipartite IVFG, G is called complete bipartite [VEFG
it pi(viv;) = min{p(vi),pa(v;)} and pa(viv;) =
min{p2(v;), po(v;)} for all v; € Vi and v; € Vs, and it is de-
noted by K, ,.,. Given a fuzzy graph G, choose u € V(G) and
put S = w, for every u we have N(S) = V — S denoted by S?
is the complete dominating set of an /V F'GG. The minimum car-
dinality of a complete dominating set of interval-valued fuzzy is
called the complete domination number of G. Let G = (A, B),
be a Complementary I[VFG G on V and u,v € V, We say
u dominates v if pr(xy) = min{ui(z), u1(y)} and p3(zy) =
min{ua(z), p2(y)}. A subset S of V is called a dominating set in
G if for every v ¢ S, there exists u € S such that u dominates
v. The minimum cardinality of a dominating set in G is called the
domination number of G and is denoted by v(G). Let G = (A, B)
be IVFG and let S € V(G), then a vertex sub set S of G is said
to be independent set if p; (uv) < p1(u) A p1(v), and pa(uv) <
po(u) A pa(v) or pr(uv) = 0, po(uv) = 0 for all uv € S. Let
G = (A,B) be an IVFG and let u,v € V(G). Then we say
that « dominates v or v dominates u if (uv) is a effective edge, i.e
p1(uv) = min(p1 (u), p1(v)) and pa (uv) = min(uz(u), p2(v)).
A vertex sub set (D C V) of V(G) is called dominating set in
IVFG G, if for every v € V — D there exists w € D, such that
(uv) is effective edge. A dominating set D of an IVFG G, is
called minimal dominating set if D — {u} is not dominating set for
every u € D. A minimal dominating set D, with |D| = v(G) is
denoted by v — set. A dominating set D of an [V FG G is said
to be a total dominating set, if every vertex in V' is dominated by a
vertex in D. The minimum fuzzy cardinality of a total dominating
set is called the total domination number of an IV F'G G and is
denoted by v, (G). Let G = (A, B) be interval-valued fuzzy sub
graph of graph G* = (V, E) and let v;u € V. Then G is a con-
nected IV F'G, G if for every v;u € V(G). Thence is a path u — v
spanning v and v. A dominating set D in an IV F'G, G is said to
be connected dominating set if the induced interval-valued fuzzy
sub graph < D > is connected and is denoted by D.. A connected
dominating set D of an [V F'G, G is said to be minimal connected
dominating set if for every uw € D., D. — {u} is not connected
dominating set of G. The minimum fuzzy cardinality of all mini-
mal connected dominating set of IV F'G, G is called the connected
domination number of G' and denoted by ~.(G). The maximum
fuzzy cardinality of all minimal connected dominating set of an
IV FG, G is called the upper connected domination number of G
and denoted by I'.(G). If each vertex x ¢ D is dominated by ex-
actly one vertex y € D, the dominating set D of an interval-valued
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fuzzy graph G is called the perfect dominating set of G. A perfect
dominating set D, of an interval-valued fuzzy graph G is called a
minimal perfect dominating set if D,, — w is not a perfect domi-
nating set of G for every w € D,,. The perfect domination number
of interval-valued fuzzy graph G is denoted by -y, (G) and has the
smallest fuzzy cardinality among all minimal perfect dominating
sets. The minimum perfect dominating set, denoted by y,, — set, is
a perfect dominating set of interval-valued fuzzy graph G with the
smallest fuzzy cardinality, i.e. |D,| = v,(G).

3. CONNECTED PERFECT DOMINATION OF
INTERVAL-VALUED FUZZY GRAPHS

This section includes the definition of perfect connected dominat-
ing set and perfect connected domination number, theorems and
results in an interval-valued fuzzy graph G.

DEFINITION 1. Let G = (A,B) of G* = (V,E) be an
interval-valued fuzzy graph and D,, is a perfect dominating set of
G with D, C V. If the induced sub graph < D,, > is connected,
then D, is said to be a connected perfect dominating set of G and
it is denoted by D,

DEFINITION 2. If D., — {x} is not a connected perfect dom-
inating set of an interval-valued fuzzy graph G for any x € Dy,
the connected perfect dominating set D, of G is referred to as a
minimal connected perfect dominating set of G.

DEFINITION 3. The minimum fuzzy cardinality of all mini-
mal connected perfect dominating sets of an interval-valued fuzzy
graph, G is called the lower connected perfect domination number
of G and is denoted by ., (G).

DEFINITION 4. The maximum fuzzy cardinality of all mini-
mal connected perfect dominating sets of an interval-valued fuzzy
graph G is called the upper connected perfect domination number
of G and it is denoted by T ., (G).

REMARK 3.1. The smallest fuzzy cardinality of the connected
perfect dominating set in interval-valued fuzzy graph G, is called
minimum connected perfect dominating set and denoted by ., —
set.

EXAMPLE 1. For the interval-valued fuzzy graph G shown in
Figure 1, each edge of G is a strong edge.

dominating sets of G. Then S = {vs, v4} is a minimum connected

vs [0.4,0.6] vs [0.4,0.8]
v2[0.3,0.6]
[ o ®
G:
[ J [ J ®
Y1 10.2,0.9] Y4 10.1,0.1] vs [0.3,0.
Fig. 1.
From the above Figure, a subset S; = {vs,v4},S2 =
{v1,v4,v5}, 53 = {ve,vs,vs} are minimal connected perfect



perfect dominating set of G, and ~.,(G) = 1.1.
While S5 = {v2, v3,v6} is a maximum connected perfect dominat-
ing set of G, and T,,(G) = 1.95. We note that 7., — set = Si.

The following includes some of the properties of connected perfect
domination of interval-valued fuzzy graphs, as well as their various
results.

THEOREM 5. Let G = (A, B) be any connected interval-
valued fuzzy graph. If D, is a connected perfect dominating set
of G. Then
(i) D,y is a dominating set of G, but the contrary is not true.

(ii) Dy is a connected dominating set of G, but the contrary is not
true.
(iii) D.p, is a perfect dominating set of G, but the contrary is not
true.

PROOF. Let G = (A, B) be any connected interval-valued
fuzzy graph. Suppose that D, be a connected perfect dominating
setof G.

(i) We will prove that D, is a dominating set of Gi. Since D), is a
connected perfect dominating set of G, then by Definition of D,
for each vertex w ¢ D, w is adjacent to exactly one vertex of
D.,, and the induced interval-valued fuzzy subgraph < D., > is
connected. Since w ¢ D.,,. Hence w € V — D, and w dominated
by exactly one vertex in D, which is a dominating set of G, but
the converse need not is true.

(ii) We will prove that D., is a connected dominating set of G.
Since D, is a connected perfect dominating set of G, hence clear
that D, is also connected dominating set of G, but the converse
need not is true.

(iii) We will prove that D.,, is a perfect dominating set of G. We
know that, a connected perfect dominating set if for each vertex
u ¢ D¢,, v dominated by exactly one vertex of D.,,, and also the
induced interval-valued fuzzy sub graph < D, > is connected. It
is obvious that D.,, is a perfect dominating set of G, but the con-
verse is not the case. [

The following Example shows that the above Theorem is true.

EXAMPLE 2. For the interval-valued fuzzy graph G given in
the following Figure, where every edge of G is a strong edge.
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v1[0.1,0.3]

02 [0.3,0.7]

[0.2,0.4]
U3

0.5,0.9]

(%3 [017 08]
®

v6 [0.2,0.3]

Fig. 2.

According to the above Figure, a vertex subset S; =
{v1,v4,v6}, 52 = {v4,v6,v7} and S3 = {va,vg,v7} are con-
nected perfect dominating sets of an interval-valued fuzzy graph
G. As a result, S1, S5 and S3 are also dominating sets, connected
dominating sets and perfect dominating sets of G.

A vertex subset D1 = {va2,v¢} is a dominating set of an interval-
valued fuzzy graph G, but it is not a connected perfect dominating
set of G.

And Dy = {vs,v4,v6} is a connected dominating set of G, but it
is not a connected perfect dominating set of G.

And D3 = {vs,vs,vs} is a perfect dominating set of G, but it is
not a connected perfect dominating set of G.

COROLLARY 3.1. Let G = (A, B) be any connected interval-
valued fuzzy graph. Then

Y(G) <7p(G) < 7ep(G).

PROOE. Let G = (A, B) be any connected interval-valued
fuzzy graph. By Theorem [5] every connected perfect dominating
set of an interval-valued fuzzy graph G is a dominating set and it is
a perfect dominating set of G. Hence

YG) € Vep(Q) v (1),
and
Yp(G) < Vep(G)ovnn. (2).

Since every perfect dominating set of an interval-valued fuzzy
graph G is a dominating set( Theorem 3.2, [2]). Hence

Y(G) <% (G)......... (3).
From (1), (2) and (3), we get
(@) < ’YP(G) < ’YCP(G)-
[}

REMARK 3.2. Let G be a connected interval-valued fuzzy
graph. Then every connected dominating set of an interval-valued



fuzzy graph G is not a perfect dominating set of G and the converse
is true.

THEOREM 6. Let G be any connected interval-valued fuzzy
graph, with ., — set of G. Then a connected dominating set of
an interval-valued fuzzy graph is a perfect dominating set of G and
conversely if only if ., — set is a connected perfect dominating set

of G.

PROOF. Let G be any connected interval-valued fuzzy graph,
with 7., — set of G. Suppose that S is the minimal connected
dominating set of an interval-valued fuzzy graph G and S5 is the
minimal perfect dominating set of an interval-valued fuzzy graph
G. Then we have two cases:

Casel: If S; # S, which is not connected perfect dominating set
of G, it is contradicting to the Theorem.

Case2: If S; = S5, which ., — set both connected dominating set
and perfect dominating set of G. Therefore ., — set is connected
perfect dominating set of G.

Conversely: Suppose that 7., — set be the connected perfect domi-
nating set of an interval-valued fuzzy graph G. By TheoremE[, this
obvious. 0O

EXAMPLE 3. Consider the interval-valued fuzzy graph G,
given in the following Figure, where all edges of G are strong.

v, [0.7,0.7]

V2 [0.1,0.5]

vs [0.4,0.6]

Fig. 3.

From the above Figure, a vertex subset D1 = {v1,v3,v4} is con-
nected dominating set of an interval-valued fuzzy graph G, but is
not perfect dominating set of G, and Dy = {(v1,v5)} is perfect
dominating set of an interval-valued fuzzy graph G, but is not con-
nected dominating set of G. So this D3 = {v3,v4} is connected
perfect dominating set of G, thus D3 be together a connected dom-
inating set and a perfect dominating set of G.

REMARK 3.3. For any interval-valued fuzzy graph, G if V(G)
is an independent. Then

Yep(G) =0 and T.,(G)=0.

THEOREM 7. Let G be connected interval-valued fuzzy graph,
withn > 5 and Dg, be a vy, — set of G. Then V- — D, need not
be a connected perfect dominating set of G.

PROOF. Let G be a connected interval-valued fuzzy graph, n >
5 and D., be a minimum connected perfect dominating set of G.
Assume that V' — D,,, is a connected perfect dominating set of G.
Then by the Definition of Perfect dominating set, for each vertex
x ¢ V — Dy, x is dominates by exactly one vertex of V' — D,
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and the perfect dominating set is a connected perfect dominating
set if the induced sub graph < D, > is connected. Hence there is
avertex y € V — D, such that y does not adjacent to any vertex
in D, or y dominates at least one vertex in D.,,. Therefor, D, is
not the minimum connected perfect dominating set of G, which is a
contradiction. Thus V' — D, is not a connected perfect dominating
setof G. O

EXAMPLE 4. For the interval-valued fuzzy graph G given in
the following Figure, where every edge of G is a strong edge.

vy [0.2,0.6] vy [0.4,0.9]

vy [0.5,0.8
vy [0.2,0.3] s | }

G:
Vs [01705]
vg [0.3,0.7]
Fig. 4.

From the above Figure, we see that a vertex subset D1 =
{v1,v4,v6}, Do = {va,v3,v5} and D3 = {vs,vs} are mini-

mal connected perfect dominating sets of an interval-valued fuzzy
graph G. Then D3 = {v3,v4} is minimum connected perfect dom-
inating set of G. Hence V. — D3 = {v1,v2, V5, v} is not a con-
nected perfect dominating set of an interval-valued fuzzy graph G.

THEOREM 8. For any connected interval-valued fuzzy graph
G, with D, be a connected perfect dominating set of G. If each
u € Dy, is dominates by exactly one vertex of V. — D.p,. Then V —
D.,, is perfect dominating set of G. But V' — D.,, is not connected
perfect dominating set of G.

PROOF. Let G be any connected interval-valued fuzzy graph,
with D., be a connected perfect dominating set of G. Suppose that
u is any vertex in D.,. Then, if each u € D, is dominates by
exactly one vertex of V' — D,,,, because D, is a connected perfect
dominating set of G. Hence the number of vertices in V' is twice
of the number of vertices in D, i.e the number of vertices in Dy,
equal the number of vertices in D.,,. Therefor, V — D,,, is a perfect
dominating set of G. But V' — D,,, need not is a connected perfect
dominating set of G. O

COROLLARY 3.2. Let G be a connected interval-valued fuzzy
graph, such that G is not a tree or path, and D., be a connected
perfect dominating set of G. If V' has twice the number of vertices
as Dey, then V- — Dy, is a connected perfect dominating set of G.

PROOF. Let G be any connected interval-valued fuzzy graph,
such that GG is not a tree or path, and D,, be a connected perfect
dominating set of GG. Suppose that the number of vertices in V' is
twice that of the number of vertices in D.,,. Then by Theorem [§]
if each u € D, is dominates by exactly one vertex of V' — D,,,.
Since D.,, be a connected perfect dominating set of G and G is not
tree or path. Thus V' — D, is also connected. Therefore, V' — D,
is a connected perfect dominating set of G. O



EXAMPLE 5. In  Figure 4, we obtain V(G) =
{v1,v2,v3,v4,05,06}, then n = 6. Since D, = {v1,v4,v6} isa
connected perfect dominating set of an interval-valued fuzzy graph
G and ny = 3. Hence V. — D, = {vs,vs,v5} is a connected
perfect dominating set of G.

The following gives 7., and I';,, for the complete interval-valued
fuzzy graph K, and its complementary.

THEOREM 9. For any complete interval-valued fuzzy graph
G=k,,

Yep (k) = min{|v|; Vv € V(G)},
and
Lep(ky) = max{|ul; Yu € V(G)}.

PROOF. Let G be any complete interval-valued fuzzy graph.
Then all edges in K, are strong edges and each vertex in k,, dom-
inates all the other vertices in G. Hence a connected perfect domi-
nating set has exactly one vertex say v in k,,, where v has minimum
membership value in k,, or has maximum say u. Thus,

Yep (k) = min{lv]; Vv € V(G)},

and
Tep(k,) = maz{|u|;Yu € V(G)}.

O

COROLLARY 3.3. For any interval-valued fuzzy graph G =
k

rY(ku) = ’Yp(ku) = ’ch(ku)v

The proof for this corollary is simple.

and T\ k,)=Tyk,) =

REMARK 3.4. for any complete interval-valued fuzzy graph G
with D, be a connected perfect dominating set of G. Then a con-
nected dominating set of G exists in V. — D.,. But a perfect domi-
nating set of G does not existin V. — Dy,

THEOREM 10. Let G be any complete interval-valued fuzzy
graph and let G be the complementary of G. Then a connected
perfect dominating set in G does not exist.

PROOF. Let G be any complete interval-valued fuzzy graph and
let G be a complement of G. Then all edges of G are strong edges
and every vertex in G dominates all the other vertices of G. So a
connected perfect dominating set D, of G is exists and |D,,| =
Yep(G) = min{|v|;Yv € V(G)}. Since G is the complementary
of G. Then G is null interval-valued fuzzy graph. Therefore the
connected perfect dominating set of G does not exist. [

COROLLARY 3.4. For any complete interval-valued fuzzy
graph G,

V(E) > Yep (E)

PROOF. Let G = k, be a complete interval-valued fuzzy graph,
then k, is null interval-valued fuzzy graph, i.e. each vertex is iso-
lated vertex. So y(k,) = p and 7., (k, = 0. Hence, we get the
corollary. 0O

The following gives 7., and I';, for The complete bipartite
interval-valued fuzzy graph K, ,, and its complement.

Lep(R)-
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THEOREM 11. For any complete bipartite interval-valued
Sfuzzy graph, G = kq, . Then

Cep(bmn) = maz{|w| : w € Ar} + maz{|u| : v € Ao},
and
Yep(Km,n) = min{|w| : w € A1} + min{|u| : u € Ao}

PROOF. Suppose that k,,, ,, be any complete bipartite interval-
valued fuzzy graph, such that m and n are the number of vertices
A, and A; respectively. Since each edge in K, ,, is a strong edge
and each vertex in A; dominates all vertices in A, and each vertex
in A, dominates all vertices in A;. Then a connected perfect domi-
nating set of k,,, , has exactly two vertices w, u where w € A; and
u € Aj. Thus, w has the maximum membership value in A; and
u has the maximum membership value of A,. Similarly w has the
minimum membership value in A; and v has the minimum mem-
bership value of A,. Therefore,

Lep(Km,n) = maz{|w|: w € A1} + maz{|u] : u € As},
and
Yep (EKm,n) = min{|w| : w € Ay} + min{|u| : u € As}.
[}

THEOREM 12. For any complete bipartite interval-valued
fuzzy graph G = ky, ,, and Dy, be a minimal connected perfect
dominating set of k., . Then V- — Dy, is a connected dominating
set of k. p-

PROOF. Let G = k,, , be complete bipartite interval-valued
fuzzy graph and V = (A, A3). By Theorem a connected per-
fect dominating set of G contains exactly two vertices w, u, where
we A andu € Ay.SoV — D, = Ay — {w} + As — {u}isa
connected dominating set of G = k,y, ,,.

COROLLARY 3.5. Let G = k,, n be a complete bipartite
interval-valued fuzzy graph. Then

Yp(G) = Vep(G) = 71(G).
PROOE. Since, we know that y,(G) = 7.,(G). and v,(G) =

¥p(G). for G = k,y, ,,. Then, we get prove. [

The following gives ., and I';, for the star interval-valued fuzzy
graph S, = S, ., and its complementary.

THEOREM 13. Let G = S, be a strong star interval-valued
Sfuzzy graph, such that n is the number of vertices of Sy. Then
Yep(G) = |ul|, such that u is a root vertex.

PROOF. Let G be a strong star interval-valued fuzzy graph, then
the vertex set of G are {u, v;}, where u the root vertex of G and
v; = {v1,va,...,Un_1}, such that u dominates to all vertices v;,
for i = {1,2,...,n — 1}. Hence a connected perfect dominating
set of G contains {u}. Therefor, the connected perfect domination
number 7., (G) = |u| : wisaroot vertex. [

COROLLARY 3.6. For any strong star interval-valued fuzzy
graph S,,,

Yp(Sn) = Yep(Sn) = T'ep(Sn)-
PROOF. This proof for this corollary is simple. [

EXAMPLE 6. For the interval-valued fuzzy graph S, shown
in the following Figure, such that all edges of S7 are strong.



vy [0.2,0.9]

vg [0.4,0.8]

vy [0.3,0.6]
[0.3,0.9]

v [0.1,0.6]
Fig. 5.

According to Figure 5, a vertex subset D = {vs} is the
minimal connected perfect dominating set of the star interval-
valued fuzzy graph Sr;. Then a connected perfect domination
number = 7., (S7) = 0.6.

REMARK 3.5. For any a strong star interval-valued fuzzy
graph G = S, with D, be a minimal connected perfect domi-
nating set of S,,. Then
(i) V. — Dy, is a dominating set of G.

(ii) V' — Dy, is not connected dominating set of Sy,.

(iii) S, — {u} is a complete, where S,, is a complementary of S,
and u is a root vertex of S,.

The following gives 7., and I';, for the wheel interval-valued
fuzzy graph W,, = W, .

THEOREM 14. Let G = W, be a strong wheel interval-valued
fuzzy graph. Then ~y.,(W,,) = |u| : w is a root vertex, and n the
number of vertices of W,.

PROOF. This proof has the same result as Theorem[T3] O

COROLLARY 3.7. For any strong Wheel interval-valued fuzzy
graph W,

YepWn) =T ep(Wh).
PROOF. This proof for this corollary is trivial. O

EXAMPLE 7. Consider the interval-valued fuzzy graph Wy
given in the following Figure, where all edges of W are effective.

s [0.4,0.8]
U2 10.5,0.5]
s [0.0,0.6]
QWH
V3 [04,09]
V4 [01,03]
v [0.02,0.75]
Fig. 6.
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From the above Figure, we get only D., = {v1} is a connected
perfect dominating set of an interval-valued fuzzy graph W, and
vy is the root vertex of Wy. Then o, = T'cpy = 1] = 0.75.

The following gives ., and I', for The cycle interval-valued
fuzzy graph C,,.

THEOREM 15. Let G be any a strong cycle (C,,) interval-
valued fuzzy graph. Then a connected perfect dominating set of C,,
is exists, such that n the number of vertices of (Cy,).

PROOF. Let GG be a strong cycle interval-valued fuzzy graph. If
G = (1}, this indicates that the cycle has three vertices, or n = 3.
Hence, a connected perfect dominating set has one vertex u € Cj,
or Doy =n—2=3-2=1.1f G = C4, the cycle contains four
vertices, n = 4. As a result, a connected perfect dominating set has
two vertex zand yof Cy, resultingin Do, =n —2=4-2 = 2.
If G = Cj is a cycle containing five vertices, hence C., = n —
2 = 5 — 2 = 3 etc. Therefore, a connected perfect dominating
set exists for any cycle interval-valued fuzzy graph G = C,, and
Do, =n—-2. 0O

The following example shows that the connected perfect dominat-
ing set of an interval-valued fuzzy graph in the above Theorem ex-
ists for any strong cycle of G.

EXAMPLE 8. For the interval-valued fuzzy graph G = Cg in
the following Figure , where all the edges of Cg are effective.

vy [0.3,0.8] vs [0.1,0.7]
vg [0.1,0.3] vs [0.4,0.9]
Fig. 7.

From the above Figure, we see that a vertex subset

Dy = {vi,vs,v3,v4}, Dy = {vs,vs,v4,v5}, D3 =
{vs,v4, 05,06}, Da = {va4,v5,06,v1}, Ds = {vs,vs,v1,02}
and D5 = {vg,v1,v2,v3} are minimal connected perfect domi-

nating sets of an interval-valued fuzzy graph G = Cg. Therefore, a
connected perfect dominating set exists. Do, = n—2=6—-2 =4,
such that n is the number of vertices of the connected perfect
dominating set in C,.

COROLLARY 3.8. Forany cycle interval-valued fuzzy graph G
of a cycle G*,

Yep(G) = min (Z |ul> ,

=1

[0.97 0.9]
Vg



and

PROOF. Let G = C,, be any cycle interval-valued fuzzy graph,
where n the number of vertices in G, then by above Theorem T3]
D., = n — 2. Therefor,

1ep(G) = miin <Z |ui|> ,

or

', (G) = mazx <Z |u1|> .

i=1
O

The following gives ., and I'.,, for the path interval-valued fuzzy
graph P, and the bipartite K, ,,). Additionally, other results.

THEOREM 16. For any P, strong path or K, ,..) bipartite
interval-valued fuzzy graph with n > 3. Then,

n—2

n—2

1+ pa(vi) — pa(vi)

|Depl = E vs| = § 2 - )
i=1

i=1

forv; € V.

PROOF. By Theorem [T3] and Corollary [3-8] the proof of this
Theorem is trivial. [

COROLLARY 3.9. IfG be a strong path or bipartite, then 7y, =
Lep.

THEOREM 17. Let G be any strong cycle, strong path, or bi-
partite interval-valued fuzzy graph withn > 5. Then vy.,(G) > §.

PROOF. Let G be an interval-valued fuzzy graph. If G is a
strong path or bipartite, hence G has one connected perfect dom-
inating set of G. Itis D, = n — 2. Also, if G is a strong cy-
cle, then the connected perfect dominating set of G is the mini-
mum of all minimal connected perfect dominating sets. Itis D, =
min{n — 2}, where n is the number of vertices in G. Since
Yep(G) < pand n > 5. Thus, 2(7.,(G)) > p.

Hence, 7.,(G) > £. O

EXAMPLE 9. Consider the interval-valued fuzzy graph given
in the following Figure, such that all edges of G are strong.

vy [0.45,0.99] vs 0.11,0.5]
e @ @ @ [ J
vy [0.02,0.5] [0.0,0.3{* [0;50.77]
Fig. 8
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As shown in the above Figure, D, = {va,v3,v4} is a connected
perfect dominating set of interval-valued fuzzy graph G. Then,
Yep(G) = 2124, p = |V| = 3.544, and & = 351 = 1.772,
Hence, v,(G) > &.

THEOREM 18. For any connected interval-valued fuzzy graph
G.
Yep(G) < p— An(G) + 1.
PROOF. By Theorem 3.27 2], the proof of this Theorem is self-
evident. [J

COROLLARY 3.10. For any connected interval-valued fuzzy
graph G.
Yep(G) <p—Ap(G) + 1.
THEOREM 19. For any connected interval-valued fuzzy graph
G.
I
2(An +1)

PROOF. Let G be any connected interval-valued fuzzy graph,
with ., — set and let u be a vertex of G with Ay(u) =
dy (u). Firstly we prove the lower bound. (By Remark 3.98, [4]),

m < ’ch(G) or m > 'YCp(G)~ Then if m =
Yep(G), it is trivial, thus m < Yep(G) or if W 2

Yer (@) = ey < 200 (@) =

p
AT S T @ (1).

Secondly we prove the upper bound. By Theorem|[T§|
Yep(G) <p—AN(G) +1........... (2).
Therefore, from (1) and (2) we get

__r
2(AN +1)

<p(G) <p—AN(G) + 1.

<Yep(G) <p—AN(G) + 1.

O

COROLLARY 3.11. For any connected interval-valued fuzzy
graph G.

9
2(Ap +1)

4. CONCLUSION

This paper, the concepts of connected perfect dominating set
and connected perfect dominance number in interval-valued fuzzy
graphs were introduced. Also found 7., (G) and I',,(G) for some
known parameters in interval-valued fuzzy graphs G, such as path,
star, cycle, wheel, complete, and bipartite etc. Numerous conclu-
sions were drawn from the instances, and many aspects of these
notions were discussed with suitable examples.

<Yep(G) < g — Ap(G) + 1.
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