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ABSTRACT

In this paper we attempted to extend the work of study the stability
properties of conditional invariant sets for a control system in R"™.
Here necessary and sufficient conditions for relative to the given
control system are determined.

Theorems are based on the work of Ladde, an optional control prob-
lem maximising a performance inertia is proved.
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1. INTRODUCTION

Kayande and Lakshmikantham (26) introduced the notion of a con-
ditional invariant set while Leela (38) has shown that the stability
properties can be derived with the help of a single Lyapunov func-
tion. She also obtained some converse theorems showing the exis-
tence of such functions on the basis of stability properties.

In this paper it is attempted to extend the work of several authors
to study the stability properties of conditional invariant sets for a
control system in R™.

Further it contains the definition of a conditional invariant set and
some necessary and sufficient conditions for the stability behaviour
of such sets in terms of suitable Liapunov functions. Also the def-
initions of strict stability of the conditional invariant set B rela-
tive to set A are given and necessary and sufficient conditions for
these concepts to hold relative to the given control system are de-
termined.

Then, comparison techniques based on differential inequalities are
used to study the stability behaviour of conditional invariant set B
relative to set A for the control system (2.1). Also converse theo-
rems are proved.

Further it has some theorems on the asymptotic stability of condi-
tional invariant set B relative to set A for the system (2.1).

Then after, we consider the system (2.1) as a perturbed system of
the system (5.1). Using the existence of smooth Lyapunov func-
tions (proved in this para), the stability behaviour of C.I. set B rel-
ative to A, for the system (2.1) is studied. The theorems are based
on the work of Ladde, Lakshmikantam and Leela (33).

Lastly, an optimal control problem maximising a performance iner-
tia is proved. This generalises the work of Rumiantsev (56).

2. SUFFICIENCY CONDITIONS FOR STABILITY
OF A CONDITIONAL INVARIANT SET WITH
RESPECT TO A CONTROL SYSTEM

Consider the control system:

' = f(teu) (= d/d)
with Q2.1
£(£,0,00=0

where f € c(IXDXE, R™),I = [0,00) and D is a region in the
real Euclidean space R™ and E, the set of controls, is a compact set
in R™. We assume D to be invariant for the system (2.1), so that
the solutions starting in D for a fixed v € E, remain in D for all
t € I. D may be R" itself.

Whenever it is desired to ensure that through any point (tg, z¢) €
IX D, there exists a unique solution x,, (¢, to, zo) of (2.1) for each
fixed u € E, we assume the following Lipschitz condition:

[t u) = fy,0) k@l —y) + (w-v)]  22)

where | - | denotes a convenient norm in R™ and k(t) € c(I,1).
Then the solution x,, = x, (¢, to, Zo) of (2.1) is also continuous
with respect to initial conditions.

Let the sets A, B C D. We recall d(z,a) = |z —al, z,a € D and
d(z,A) = ;Ielg d(z,a).

Clearly, A C B implies d(z, A) > d(z, B),z € D.

In the sequel A and B are assumed to be compact. Slight modifica-
tions will give similar results when B is closed.

We state the following definition for conditionally invariant set B
relative to A for the system (2.1).

Definition 2.1. The set B is said to be conditionally invariant rel-
ative to set A for the control system (2.1), if u € E and xy € A
imply that x.,,(t,to,xo) € B forallt >ty >0

We write: C.I. set B to denote the conditionally invariant set B
relative to A. In this notation, set A is not mentioned explicitely.
The following are due to the above definition.

Corollary 1. If the set A is self-invariant i.e.w € E and xg € A
imply that x,,(t,to, xo) € Aforallt > ty), then any set B D Ais
conditionally invariant relative to A for the system (2.1).



Corollary 2. If the set B is self invariant, then it is conditionally
invariant relative to any set A C B for the system (2.1).

Thus our analysis will be useful even in the case where neither A
nor B is self-invariant for the system (2.1).
Definitions: The C.I. set B is said to be

Definition 2.2. Stable, if for any €> 0, however small and to > 0,
we can find ad = §(tg,€) > 0, § — 0 as €— 0, such that for all
t > to,

d(zo, A) < 6 implies d(x,(t, to, o), B) <€ (2.3)

where x,, = x,,(t,to, o), is a solution of (2.1) as explained earlier.

Definition 2.3. Uniformly stable, if § in (2.2) above is independent
Of to.

Definition 2.4. asymptotically stable, if it is stable and for each
to > 0, there exists an a(to) > 0 such that d(zo, A) < a(to)
implies

lim [d(x,, (t, to, z0), B)] =0 2.4

t—o0

Definition 2.5. Uniformly asymptotically stable, if it is uniformly
stable and o in (2.4) above is independent of to. Then for each
€> 0, there exists a T(€) > 0, such that for eacht > to + T,

d(zg, A) < « implies d(z,(t,to,x0), B) <€ (2.5)

Definition 2.6. Exponentially asymptotically stable, if there exists
constants M > 0 and o > 0 such that

d(xy(t,to, z0), B) < Md(zg, A) exp(—a(t — ty)),t > to > 0.
(2.6)

We use Lyapunov functions to determine sufficient conditions for
stability of C.I. set B.

LetV € ~,ifV € ¢p(IXD,I),V(t,z) =0x € A.  (2.7)

Definitions 2.7 & 2.8.

The function V' € +' if V' € ~ and possess continnous partial
derivatives 2V, gTV(z =1,2,...,n)in IXD.

The function V. € ~y(or € /) is said to be
positive definite with respect to  the set B, if there exists a

function @ € K such that for (¢,z) € IXD,
a(d(z,B)) < V(t,x) 2.8)

The  function V € v is said to be
decrescent with respect to the set A, if there exists a function

b € K such that for
(t,x) € IXD,V (t,z) < b(d(z, A)) 2.9)

Following are the theorems on stability of C.I. set B for the system
2.1).

Theorem 2.1. Let there exist a function V.= V (t,x) € ~ such
that for (t,x) € IXD and for eachu € E,

v v
(1) Vi(t,x) = N + %fi(um) <0 (2.10)

and
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(2) V satisfies (2.8). Then the C.I. set B is stable.
If V also satisfies (2.9), then the stability is uniform.

Proof. From (2.10)

V(t7 qu(t, tO,xO)) S V(to,l’o) (1)

Given €> 0 however small, to € I, we can finda d = d(to, €) >
0,6 — 0.as €— 0 such that

d(xg, A) < 6 implies V (tg,zo) < a(€) (i)

due to the continuity of V" and the condition that V' (to, ) = 0 for
reAasV ey
Then from (2.8), (i) and (ii) above we have for d(xo, A) < 0,

a(d(zu(t, to, zo), B)) < V(t,zu(t, to, zo))
S V(t07$0)
< a(€)
implies d(x,(t, to, o), B) <€, for t > t,. (iii)

O

Hence the stability of C.I. set B.
If V satisfies (2.9), then can be chosen independent of ¢y; with
8, = b ta(€), step (iii) above is verified.

Theorem 2.2. [f there exists a function V' € ~ such that the condi-
tion (2.10) in theorem (2.1) is replaced by

DTV (t,z) = hlir(r)1+ sup %[V(H—h7 z+hf(t,x,u))-V(t,z)] <0
@.11)

and other conditions remain unchanged, the conclusions of theorem
2.1 hold.

Proof. As V € ~,V Satisfies Lipschits condition in x so that
lim+ sup +[V(t + h,z + hf(t,z,w) — V(t,x)] = V'(t,z).
h—0 :

Thus (2.11) implies V (¢, z (¢, to, o)) < V(to, zo). The theorem
follows at once, on the lines of the proof of theorem (2.1). O

Theorem 2.3. Let there exist a function V satisfying the following
properties -

(1) V(t,x) = 0forx € A and V (¢, ) is continuous in = on HA,
the boundary of A.

(2) (2.8) holds (i.e., V € ~y and V is positive definite and

3) V(t, 2 (¢, to, o)) is non-increasing along the trajectories for
tel.

Then the C.I. set B is stable. If V' also satisfies (2.9), then the sta-
bility is uniform.

Proof. From (3) ‘/(IJ)7 CL’u(t, to, .’L’())) < ‘/(t()7 wo). 0O
The rest of the argument follows on the same lines as in the proof
of theorem (2.1).

Theorem 2.4. [f the C.1. set B is uniformly stable for the system
(2.1) satisfying (2.2), then there exists a function satisfying the con-
ditions of theorem (2.3).



Proof. As the set B is uniformly stable with respect to A, given
€> 0, however small, there exists a § = §(€) > 0 such that for
u € b, O
d(zo, A) < 6 implies d(z (¢, to, x0), B) <€, forall t > .

Let € () denote the inverse function of (€). § can be chosen to
belong to K, the class of monotonic functions (Hahn (15)).

Define for (t,z) € IXD,

V(t,xz) =supd(z,(t+T,t,x), B).

T>0
Forz € A,z,(t + T,t,z) € B so that foreach T' > 0,
d(z,(t+T,t,x),B) =0.

Hence V (t,z) = 0 forz € A.

Also V(t,z) - Oasd(xz,A) — 0.

Thus V (¢, z) is continuous on A. This verifies the hypothesis (1).
Also d(z, B) < V(t, z) follows from the definition of V. For each
T>0, dz,(t+T,t,x),B) < d(d(z, A)) by the hypothesis and
choice of 4.

Therefore V (¢,2) < §(d(z,a)),d € K.

Thus we have verified (2.8) and (2.9).

Now,

V(t1, @y (t1, 10, 0))
= Supd(xu(tl + T,tl,xul (t17t07x0))7 B)
T>0

= supd(zy(t1 + T, to, Zu, ), B)
T>0
where ., = x,, (to, t, T, (£, %0, o))
Similarly,

V(tz, Ty, (ta2, to, To))
= sup d(x,(t2 + T, to, Tu, ), B).
T>0

If tl 2 t2 then V(tl, [ (tl, to, 1'0)) S V(tg, ZL‘u(tQ, to, Z’O)) for
any u € E.

This verifies hypothesis (3). This completes the proof of the theo-
rem.

Following the standard arguments (31), we can show that V' sat-
isfies Lipschitz condition in z and is also continuous on /. That
proves the following theorem -

Theorem 2.5. If the C.I. set B is uniformly stable relative to the
set A for the control system (2.1) satisfying (2.2), then there exists
a function V' satisfying the hypotheses of theorem (2.2).

We state the following definitions of strict stability properties of
C.IL set B.
Definitions: Relative to A, the C.I. set B is said to be:

Definition 2.7. Strict-stable, if there exists functions a,,as € K*
such that for some o > 0, d(z9, A) < « implies, for all t > t,

a2(t07d(:c07B)) < d(l‘u(t7 to,l'()),B) < al(t07d(x07A))
(2.12)

Definition 2.8. Uniform-strict-stable, if there exists a1,a2 € K
satisfying (2.12) i.e., a1, as above are independent of 1.

Definition 2.9. Strict-asymptotically-stable, if there exist functions
ay,as € K*and by,by € L¥, such that
az(to, d(zo, B))b2(to, t — to) < d(zu(t,t0, z0), B)

< ay(to, d(zo, A))ba(to,t — o)
(2.13)
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Definition 2.10. Uniform-strict-asymptotic-stable, if in (2.13)
above ay, a2 € K and by,bs € L i.e., a1, as are independent of tg
while by, by belong to class L.

Remark 1. (2.7) and (2.8) rule out the possibility of asymptotic
and uniform asymptotic stability. Moreover, if 62 = d(zo, B) and
01 = d(xg,A), 01,02 > 0. Then (2.12) becomes as(tg,dz) <
d(z(t, to, o), B) < ai(to,01). Thus the solution remains in
some tube-like domain in the neighbourhood of B. The definition
thus corresponds to stability in tube-like domain (19,31). We can
write the definitions (2.7) to (2.10) in equivalent forms in terms of
€ and 6.

Remark 2. Ir is important to note that d(xq, B) on the left sides
of inequalities in the definitions (2.7) to (2.10) cannot be replaced
by d(zo, A), unless B = A, forif g € B — A, then d(xg, A) > 0
but d(z, B) = 0. Thus the inequalities cannot be satisfied even at
t = to.

The following are theorems on strict-stability:

Theorem 2.6. Let there exist functions Vi, Vy such that

(1) DV, = lim+ sup %[V(t—i—h,w—i—hf(t,:au))—V(t,x)] <0
h—0
(2.14)

@ D V= lim inf%[V(t—l—h,x—l—hf(t,x,u))—V(t,x)} >0
h—0

(2.15)
and
(3) there exist functions a1, a, € K* and a3, as € K such that

as(d(z, B)) < Vi(t,z) < as(t, d(z, A)) (2.16)
and

az(t,d(z, B)) < Va(t,z) < as(d(z,3)) 2.17)
Then the C.I. set B is strict-stable relative to the set A.
Proof. From (1) and (2) we get

‘/1(t>xu(t>t0,x0)) S Vl(t():x()) (1)
and

Va(t, zu(t, to, o)) > Va(to, o) (ii)
From (3) - (2.16) and (i)

az(d(z., B)) < Vi(t,z,) < Vi(to,zo) < a1(to, d(zg, A))
implies
d(zy, B) < az*(a1(to, d(z0, A))) (iii)
Again from (3)-(2.17) and (ii),

(l4(d(l'u,B)) 2 V2(t,$u) Z ‘/Q(to,l’o) 2 (lg(to,d(.’l]o,B))

implies

d(zy, B) > a;' (a2 (to, d(zo, B))) (iv)
(iii) and (iv) imply
a(to, d(xzo, B)) < d(xy, B) < b(to,d(xo, A))
wherea:aglag € K* andb:aglal € K*. ]

Hence the C.I. set B is strict stable relative to A.



Theorem 2.7. [f, in theorem (2.6), a1, a2 € K aswell, then the C.I.
set B is uniform strict stable relative to A.

Proof. On the same line as the proof of theorem (2.6). O

Theorem 2.8. Let V; be non-increasing and Vs, be non-decreasing
along the trajectories of the equation (2.1), satisfying the hypothe-
sis (3) theorem (2.6). Then the C.1. set B is strict stable relative to
A. If a1, a2 € K, then the strict stability is uniform.

Proof.  Vi,V, being respectively non-increasing and non-
decreasing imply the steps (i) and (ii) in the proof of the theorem
(2.6). The rest of the argument is the same as in the proof of the
theorem (2.6). O

Assuming that (2.2) is satisfied, following are the theorems on the
existence of Lyapunov functions for strict stability.

Theorem 2.9. Let the C.I. set B be uniformly strict stable relative
to set A for the system (2.1). Then there exist functions Vi and V3
satisfying the hypotheses of theorem (2.7).

Proof. For (t,x) € IX D, define, with any fixed u € B,

Vit,z) = Oinf<t d(z,(T,t,x), A) )]
and
VZ(twr) = Sup d(.Tu(T,t,Z’),B) (11)
0<T<t

The C.I. set B is uniform strict stable; hence from definition 2.8,
there exist by, b, € K such that

bg(d(l’o,B)) S d(iﬂu(t, t(),.CEQ),B) S bl(d(ZCQ,A)) for ¢ 2 to.

Thus from the step (iii), for each T' € [0, t], we have o
d(z. (T, t,x), A) > b, ' (d(z, B)) (iv)
and
d(z(T,t,z), B) < by*(d(x, B)) )
Writing z = z, (T, t,x), from the uniqueness of solutions (2.1),
we get
Vi(t,z) < d(z, A) and Vi (t,z) > by (d(x, B))
and
Va(t,z) > d(z, B) and Vi (t,z) < by (d(z, B))
Thus we get
by (d(x, B)) < Vi(t,z) < d(z, A)
and

d(z, B) < Va(t,z) < b3 (d(z, B))

These verify the hypothesis (3) of theorem(2.6). The continuity of
V1 and V5 follows from the continuous dependence of solutions of
(2.1) on initial conditions.

For Lipschitz property, we have Vi (t.x) = d(z,(11,t,z), A) for
some 71 € [0,¢], and V2 (¢, ©) = d(z (T3, t, x), B) for some T €
[0,t], due to the compactness of [0,¢]. Hence from the fact that
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|d(z, A) — d(y, A)| < K;(t)|z — y| and the standard inequalities
on the trajectories of (2.1) satisfying (2.2), we are lead to

Vit z) - Vi(t, )] < | — gl exp / Ky (s)ds, (i =1,2) (vi)

Thus V;(i = 1,2)
Now

Vi(t, @y, (t,to, 20)) = Oinf d(zy (T, t, 2y (L, 80, 20)), A)
= inf d(z.(T,t0,%u,), A)

0<T<t

due to the uniqueness of solutions of (2.1).

Also for
h#0, Vi(t+h, xy, (t+ h,to,ug))
= og%fgt d(z (T, to, Tuy ), A)
< VAi(t, @y, (¢, to, o)) (vii)
Similarly,

‘/Z(t + h7 Loy (t + ha th IO)) > V2(t7 Ly (t7 to, CKO)) (Vlll)

(vii) and (viii) show that V; and V5, are non-increasing and
non-decreasing respectively along the trajectories of (2.1). Hence
V1 and V; satisfy the hypotheses of theorem (2.8) and this implies
the hypothesis of theorem (2.6). O

This proves the converse of theorem (2.6).

3. STABILITY BEHAVIOUR OF CONDITIONAL
INVARIANT SET B WITH RESPECT TO A FOR
THE CONTROL SYSTEMS

Let V € 4/ and for all (¢,z,u) € IXDIE

V'(t,x) < g(t,V(t,x)) 3.1
where g € ¢(IX1I, R), g(t,0) > 0 and the maximal solution
r(t, to, o) of: ¥’ = g(t,r)

with r(tg) = ro (32)

exists for all ¢ € [tg, oo].

Theorem 3.1. Let there exist a function V' € ~' such that (3.1) and
(2.8) hold, with V (t,z) = 0 forxz € A. If (1)

If (1) the trivial solution of (3.2) is stable, then the C.I. set B is
stable, and if (2) V satisfies (2.9) and the trivial solution of (3.2) is
uniformly stable, then the C.1. set B is uniformly stable.

Proof. From (3.1), by standard comparison theorems (see 31) it
follows V' (to, o) < o
implies

V(t7l‘u(t7t07$0)) S T(t,to,’/’o),t 2 to (l)
For any €> 0, ty € I, there exists, due to the stability of the trivial

solution of (3.2), a 61 = d(tg, €) > 05, — 0 as €— 0 such that
for all t > tg, 19 < 0, implies

T(t, to,?"o) < al(E),al e K (i)

Due to the continuity of V' and the fact that V' (¢,z) = 0 for x €
A, there exists 62 = (t9,d1) > 0 such that d(xg, A) < d, and
V (to, zo) < 61 hold simultaneously.



With this 2, the choice of rq < V(tg, xo), d(zg, A) < §; implies

ay(d(z, B)) < V(t,x) from (2.8)
< r(t,tg,xo) from step (i)

< ai(€) from step (ii)

implies d(x, B) <&, t > to, which means that the C.I. set B is
stable.

(2) In this case d; is independent of ¢ty and as V satisfies (2.9), d2
can also be chosen independent of ¢,. 0O

A weaker version of the above theorem, which follows from the
assumption due to V' € «, (3.3) implies step (i) of the proof of the
theorem (3.1) is the following theorem -

Theorem 3.2. In theorem (3.1), the condition (3.1) can be replaced
byV € ~and

DYV(t,z) < g(t, V(t,x)) (3.3)
Following is a converse theorem.

Theorem 3.3. Suppose that
(1) f satisfies (2.2)
(2) there exists a function a € K such that

d(z,(t, to, o), B) < a(d(z, A)), t >ty > 0.

(3)
g€ c(IXI,R), g(t,0) >0
and
lg(t,m1) — g(t,72)| < ka(t)|ry — raf
for

tel,r,rs €l ke €c(l,I).
(4) the solution r(t,0,r9) of
' =g(t,r) (G4
has the property
c1(ro) < 7(t,0,70) < c2(ro) (3.5)

where ¢y, co € K.

Then there exists a function V. = V (t,x), (t,x) € IX D with the
properties—

() V en

(ii) (2.8) and (2.9) are satisfied by V, and

(iii) DTV (t,2) < g(t, V (t,)).

Proof. Choose any v € E and define

V(t,z) =r(t,0, 05{2 d(z,(T,t,x), A)).

From (2) for each
T € [0,t], d(zu(T,t,2), A) < a” ' (d(z, B)).
Therefore

inf d(z,(T,t,x),A) > a ‘d(z, B).

0<T<t
Thus from (3.5)
Vita) 2 e il d,(T,t,2), 4)) > e (0 (d(z, B)
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and

V(t,x) < CQ(Oér%fgt d(z(T,t,2), A)) < ca(d(z, A)).
Taking a; = cia™!, as = ¢y, a1,a2 € K and hence V satisfies
(2.8) and (2.9). Using standard arguments, it can be shown that
V' € ~ and satisfies (iii). O

Note: (2) verifies the uniform stability of C.I. set B relative to A.
Result (i) is equivalent to strict stability of the trivial solution of
(B4)atty =0.

The following theorem is on the lower estimates on the distance of
the trajectories from C.I. set B.

Theorem 3.4. Let there exist a function Vo € ~/, such that for
(t,z) € IXD,

ey
Vy(t, ) > p(t, Va(t,z)),p € c(IXI, R) (3.6)
and (2) there exist functions b3 € K and by € K* such that
by(t,d(z, B)) < Va(t,z) < b3(d(z, B)) 3.7

Let r(t, to, 7o) denote the minimal solution of
' =p(t,r),r(te) =10 (3.3)

existing to the right of ¢y (i.e. t > to).
Then fort > tg > 0,and 9 > o > 0,
(l) T(t, to, 7‘0) 2 (lg(to, To), asz € K* lmphes

d(l‘u(t7 t07 .’L‘())7 B) 2 bglag(t(h b4(t0, d(I(h B))),
and

(11) T(t,to,’ro) > a3(t077’0)03(t0,t — t()), as € K*, c3 € L*

implies

d(xu(ta th $0)7 B) 2 agl [a‘3(t03 b4(t03 d(l‘o, B)))Cg(to, t— to)}

Also if by (t, d(z, B)) = bs(d(z, B)), b5 € K, and

C3(to7 t— to) = C4(t — to), cq € L, then

(iii) (¢, toro) > aa(ro), as € K, implies

d(l’u(t, to, 1’0), B) 2 (b51a4b5)(d(x0, B)), and

(IV) ’f'(t, t(), To) > as (’I”o)C5(t - t()), as € K, Ccs € L, 1mphes
d(azu(t, t(), JZ()), B) Z bgl[as(b5(d($o, B)))Cg,(t — t())}

The results (i) to (iv) hold for all zo € D such that d(zo, B) >

b3' ().

Proof. From (3.6) and standard comparison theorem

VQ(t7 CL‘u(t7 t07 ‘TO)) 2 ’f’(t, t07 TO)
whenever Va(to, o) > 7o

®

Choose 79 = Va(ty, xo). Let 79 € D so that d(zo, B) > by ().
Then from (3.7) rg = b3(d(xo, B)) = Va(to, o) > « (since the
equality holds att = tg) or ro > a.

Consider

b (d(xw(t, to, o), B)) > Va(t, zu(t, to, x0))
Z T(ta th TO)
> as(to, o)

> az(to, Va(to, o))
> ag(to,b4(t0,d(I0,B))), as as € K*.



Thus

d(z(t, o, z0).B) > b3 as(to, ba(to, d(zo, B))).
Hence

d(zu(t, to, o), B) > b3 az(to, ba(to, d(zo, B)))

verifies (i).

Other results (ii) to (iv) follow on the same lines.

A weaker version of theorem (3.4), which follows from assumption
that V' € ~ implies (3.6) which in turn implies step (i) of the proof
of theorem (3.4) is the following.

Theorem 3.5. The condition (3.6) in theorem (3.4) can be replaced
by

D Va(t,z) = p(t, Va(t, x)) (3.9)

Converse theorem on the existence of V5 satisfying the assumptions
of theorem (3.5).

Theorem 3.6. Suppose that -

(1) f satisfies (2.2)
(2) there exists a funcion a € K such that for

t 2 t() 2 O,a(d(:vo,B)) S d(mu(t,to,l'o),B) (310)
B3)pe C(IXI,R),p(t,0)>0,and
Ip(t,r2) — p(t,71)| < ks(t)|ry — 72 (3.11)

and
(4) the solution r(t, 0, r¢) of

r =p(t,r), (p definedin (3)) (3.12)

has the property -
03(7‘0) S T(t7 077“0) S C4(T0) (313)

where c3,c4 € K.

Then there exists a function Vo = Va(¢, ) such that
Va2 €xy

(>ii) V5 satisfies (2.8) and (2.9) and

(iii) D~ (Va(t, z)) > p(t, Va(t, x)).

Proof. As (1) is satisfied for each fixed u € FE, the solution
Zu(t, to, o) of (2.1) through the point (o, ) € IX D, is unique
and depends continuously on initial conditions.

Let for a fixed u € E, x = x,(t, to, o). Then z¢g = x,(to,t, x)
due to uniqueness of the solution of (2.1).

Similarly the solutions of (3.12) are unique and depend continu-
ously on initial conditions.

For (t,x) € IX D, define

Va(t,z) = r(t,0, sup d(z.(T,t, ), B)).
0<T<t

From (3.13) and the properties of supremum, we get

Va(t,x) = cs(d(x, B)) (i)
and from (3.10), (3.13)
Va(t, z) < (cpa )d(z, B) (ii)

Steps (i) and (ii) above verify the conclusion (ii) of the theorem.
By standard arguments, properties (i) and (iii) are proved. O
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The strict stability properties are now verified combining some re-
sults of theorems (3.1), (3.2) with (3.4) and (3.5) respectively. We
state below the theorem corresponding to uniform strict stability of
the C.I. set B relative to A, without proof.

Theorem 3.7. Let there exist functions Vy and Vy such that

(1) V4 and V5 satisfy the conditions (2.8) and (2.9) (with the mono-
tonic functions of class K)

(2) V7 satisfies (3.3) and condition (2) of theorem (3.1), and

(3) V5 satisfies (3.9) and condition (3) of theorem (3.4).

Then the C.I. set B is uniform strict stable relative to A.
Theorems (3.3) and (3.6) show the existence of functions V; and
V5 in case the C.I. set B is uniform strict stable relative to A.

4. THEOREMS ON ASYMPTOTIC STABILITY OF
CONDITIONAL INVARIANT SET B RELATIVE
TO A FOR THE SYSTEM (2.1)

Theorem 4.1. Let there exist a function V = V (t,x) such that

(1) V(t,z) = 0 forz € A and V (¢,x) is continuous in = on the
boundary 0A of A.
(2) (2.8) holds, and
(3) V(t, z) decreases monotonically in ¢ along the trajectories of
(2.1) for each u € E, and tlLr?O V(t,zy(t, to,z0)) = 0, for some

Xo € S(A, 5), 6 = 5(t0)
Then the C.I. set B is asymptotically stable relative to A. If is in-
dependent of ¢y then the asymptotic stability is uniform.

Proof. Hypotheses (1), (2) and (3) show, by theorem (2.3) that the
C.I set B is stable relative to A. Now from (2.8) and the hypothesis
(3) we have for

zo € S(4,9) tILm a(d(zy(t,to, o), B)) < lim V (¢, z,(t, to, o)) = 0.

t—00
Hence

}LITOIO d(z(t,tg, o), B) = 0.
Hence the C.I. set B is asymptotically stable relative to A. O

Theorem 4.2. [f there exists a function V. € ~' such that for
(t,z) € IXD,

(M n(t)a(d(x, B)) < V(t,x), where n increases monotonically to
infinity, n(0) = 1,a € K.

) V(t,z) =0,z € A, and

3) V'(t,z) < 0.

Then the C.I set B is asymptotically stable relative to A.

Proof. If n(t) = 1, hypotheses (1), (2) and (3) show, by theorem
(3.1), that the C.I. set B is stable. From (3) and (1) follows that for
xo € S(A, (5),

ﬂ(t)a(d(l’u(t: t07 LE()), B)) S V(t7 xu(tz t07 1‘0)) S V(t07 'TO)'

The R.H.S. is constant while n(¢) — oo as t — oo.
Therefore

lim a(d(z,(t,t0,20), B)) = 0.

t—00
Since a € K,
tILH; d(zy(t,to, o), B) = 0.
Hence the C.1. set B is asymptotically stable relative to A. O



Theorem 4.3. If there exists a function V- € ~' such that

(D V'(t,z) < —c(d(z, A)), c € K, and
(2) (2.8) and (2.9) hold.
Then the C.I. set B is asymptotically stable.

Proof. From hypotheses (1) and (2), it follows that the C.I. set B is
uniformly stable. Let €> 0 be given and § = §(€) be the function
determined from uniform stability. Let o > 0, tg > 0 be given.

Choose T' = %.
We claim that

d(zo, A) < o implies, there exists ¢; € [to, to + 1] such that
d(xy(t1, to, To), A) < 4.
If not, for all
t € [to,to + T, d(xy (¢, toxg), A) > 4.
This shows that
0 < a(d) (to + T,z (to + T, to, o))
(to, zo) — c(d(zw(s,t0,x0), A))ds (i)
(d(xo, A)) — c(6)(T + to — to)
(a) =c()T =0

i.e., 0 < 0 which is absurd. Hence the claim.
Thus there exists a t1 € [to, to + 77 such that

d(mu(tlath wO)a A) S 0.

<V
<V
<

b
b

Thus from uniform stability of C.I. set B relative to A
d(xy(t,to,z0), B) <€ forall t > t;.
Hence fort > to + T, d(zo, A) < « implies that
d(zy (¢, to, zo), B) <€ .

As T is independent of £y, the asymptotic stability is uniform. O

Theorem 4.4. If a function V' € ~' exists such that

(1) (2.8) adn (2.9) are satisfied,

2)V(t,z) >0, and

(3) V(t,z) — 0 uniformly as V'(¢t,z) — 0

i.e., for any €> 0, we can find a §(€) > 0 such that V (¢, z) <€
implies V' (¢, z) < 6.

Then the C.I. set B is uniformly asymptotically stable relative to
A.

Proof. 1If to > 0 and d(z0,4) < 6,8 = b la(a), then
d(zy (¢, to, o), B) < afort > tq. For any €> 0, €< a, we can
determine a 6;(€) such that V' (¢,z) < b(d) implies V'(¢,z) <
51(6).
LetT(€) = ?;((Z)) Suppose that for ¢ € [to,to + 1] V (¢, z) > 01,
d(xg, A) < 6, then we have
0 S V(to + 117 .’L'u(to + T, to.ﬂCO))

= V(t07 3:0) + V,(S7 ﬂiu(S, tOv 3:0)) ds

< b(d(xg, A)) — 0T

=b(bta(a)) — 6T = a(a) — 2a(a) = —a(a) < 0.
Thus there exists a t; € [to,to + 1] such that V(¢,z) < §1(€).
Hence V' (1, z.(t1, to, o)) < a(€). But by (2) and (2.8),

a(d(zy(t,to,x0), B)) < V(t, x4 (t, to, o))
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Thus for all ¢ > ¢, hence ¢ > to + T, d(zy (¢, t0, 7o), B) <€,
provided that d(zo, A) < a.
This completes the proof of the theorem. O

Theorem 4.5. If there exists a function V' such that
(1) V(t,xz) = 0 for z € A, V continuous on 9A, the boundary of

(2; V satisfies (2.8), and
3)

1
lim sup 7[V(t + h’a xu(t + h'7 to, .’170)) - V(t7 xu(t7 to, .’170))]
h—0t h

< —c(V(t, 2. (t,to, xg))) for each v € E and ¢ > tg, where
ce K.

Then the C.I set B is asymptotically stable relative to A.

Proof. Due to the hypotheses (1), (2) and (3) we have stability of
the C.I. set B relative to A from theorem (2.3).

Letd(zg, A) < 4, § being chosen from the stability criterion, given
e> 0.

Now (3) shows that tlim V(t,xy(t, t0,20)) = V, exists for zg €

—00

S(A, ). Now suppose that V' < 0; then V (¢, z, (¢, to, o)) < V
for all t > to. However this shows from (3) that

0< a(V) < V(t, {L‘u(t,to,.iﬂo)) < V(to,l’o) - C(V)(t — to)

which is impossible for sufficiently large ¢.
Thus V' > 0. Then from (2.8) we have

tlirn d(xy(t,to, z0), B) =0 for g € S(A, ).
—00

Hence the proof. O

Theorem 4.6. Let a function V' satisfying the hypotheses (1) and
(2) of theorem (4.5) and (2.9) exist.

Moreover, let (2)
1
lim sup—[V(t + h,z,(t + h,to,x0)) — V(to, (¢, to, T0))]
h—0t h

< —c(d(zu(t, to, w0), A)),

foreachu € F and t > tg, where c € K.
Then the C.I. set B is uniformly asymptotically stable relative to
A.

Proof. Parallel to the proof of theorem (4.3). The hypothesis (3)
guarantees that step (i) in the proof of theorem (4.3) is satisfied. O

Theorem 4.7. The theorems (4.5) and (4.6) hold if there exists a
function V' € ~ and the L.H.S. of (3) in the theorems are replaced
by DYV (t, x), other conditions remaining the same.

Proof. As V € ~, V satisfies Lipschitz condition in x; the
inequalities (3) follow from the above replacements. Hence the
result. =

Note: The function V" in theorems (4.3), (4.4) can also be replaced
by DTV (t,z),ifV € ~.
We prove the following converse theorem.

Theorem 4.8. [f the C.1. set B is uniformly asymptotically stable
relative to A, then there exists a function V satisfying the hypothe-

=V (t1, 2y (t1,t0,0)) < a(€), forall t > ¢ty. ses of theorem (4.1).



Proof. For (t,x) € IXD, define
V(t,z) = inf supd(z,(t+T,t,x), B)

uel T>0
Then from theorem (2.4) hypotheses of theorem (4.1) are verified
except the part tlim V(t,zu(t, to,z0)) = 0.

—00
From the definition,
V(t, 2. (¢, to, o)) < inf supd(x,(t + T, to, zo(t, to, x0)), B)
uel T>0
< inf supd(z,(t + T, to, o), B).

ueE T>0
Ast — 00, d(xy(t + T, to,20), B) — 0.
Hence V' (t, 2, (¢, to, o)) — 0, This completes the proof. O

Assume that the system is autonomous, so that f is independent of
t and (2.2) is also satisfied.

Theorem 4.9. Let there exist a function V- = V (x) such that

(D) a(d(z,B)) < V(z),V(z) =0ifz € A, and

) V'(z)<Oforz e M,V'(z) >0forx ¢ M

where M is the set of points not containing the entire trajectories
of (2.1).

Then the C.I. set B is asymptotically stable relative to A.

Proof. Hypotheses (1) and (2) show that the set B is uniformly sta-
ble. Thus given €> 0, there exists §(€) > 0 such that d(zg, A) <
¢ implies d(z,, (¢, to, o), B) <€, fort > to.

We show that

d(zo, A) < ¢ implies tlim V(zy(t,to,x0)) = 0.
—00

Assume that this is not true. Then due to (2)
V(azu(t, to, JZ())) —V >0.
As x,(t, to, zo) is bounded, (B is compact), x,,(t,to, o) has a
limit point z. By continuity of V, V(z) = V.
Since the solution does not lie entirely in the set M, for some 7' >
to we have
V(z(T,to,z)) >V 6]

As z,,(t, tg,x0) — x, there exists a sequence: t, = to + k7, T
fixed, such that x,, (tx, to, To) — .

The continuous dependence on initial conditions and continuity of
V' shows that there exists a number 1" > t5 > 0 and N > 0 such
that

V(zw (T, to, Ty (to + ki, to, o)) >V (ii)
From the uniqueness property and the group property of au-
tonomous differential equations, we have,
2o (T, to, T (to + kT, to, o))
= &(T + ki, to + ki, w4 (to + ki, to, T0))
= Iu(T+ kiT, to,.’I}o) (lll)
Substituting from (iii) in (i) we get V(x(T + k;T,to,x0)) > V
for k; > N, which contradicts the hypothesis V'(z) < 0, unless

V =0.
Therefore

lim V(.Tu(t, to, .130)) =0.

t—o0

Hence the proof. O

We state the following comparison theorem for asymptotic stability
of C.I. set B, without proof.
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Theorem 4.10. If there exists a function V' € =, such that (3.3)
holds with g having properties as in (3.1), then the trivial solution
of (3.2) is asymptotically stable, implies the C.1. set B is asymptoti-
cally stable relative to A provided that (2.8) holds and V (t,x) = 0
forz € A

Theorem 4.11. Let there exist a function V' € ~, such that (1) (3.3)
holds with g having the properties as in (3.1), (2) (2.8) and (2.9)
holds, and (3) the trivial solution of the equation (3.2) is uniformly
asymptotically stable. Then the C.1. set B is uniformly asymptoti-
cally stable.

The following theorem gives necessary and sufficient conditions
for exponential asymptotic stability of the C.I. set B relative to A
for the system (2.1) satisfying (2.2).

Theorem 4.12. The C.1. set B relative to A is exponentially asymp-
totically stable if and only if there exists a function V' € ~y such that

(1) (2.8) and (2.9) hold, with a(r) = r and

|b(r) —b(r1)| < Llr —r1|,L >0
2

DTV(t,z) < —aV(t,x).
Proof. (Sufficiency): From hypothesis (2) we have
V(t, @y (8, to, z0)) < V(to, zo) exp[—a(t — to)]
From (2.8) and (2.9), we know that
a(d(zy(t,to, x0), B)) < b(d(xo, A)) exp[—a(t — to)]
Therefore
d(z(t, to, o), B) < b(d(zg, A)) exp[—a(t — to)] (i)

since a(r) = r itself.
(Necessary): Define for (¢,z) € IXD,

Vt,z) = O%r%fgt b(d(z(T,t.z), A)) exp[—a(t — T)]
From step (i) above, we have V(¢,z) > d(x,B) and V(t,z) <
b(d(x, A)) verifying (1). Standard arguments show that V' is con-

tinuous and as b satisfies Lipschitz condition in 7, it can be shown
that

t
V(t.) = V(t.)] < Lo ylexp [ k(s)ds.expl-at ~ t2)
0
(ii)
where ¢, € [0, 1], so that

t
V(t.) = V(t.w)] < Lo - ylexp [ k(s)ds.
0
Thus V' € ~. Now using usual arguments, we can prove the
hypothesis (2). O

Note: If, in (2.2), k is constant and such that k¥ > « then the Lips-
chitz constant in step (ii) is independent of ¢.



5. CONTROL SYSTEM AS A PERTURBED
SYSTEM
Here the system (2.1) is considered as a perturbation of the system

defined below, by letting f (¢, z,u) = g(t,z) + R(t,x,u). Con-
sider the system —

' = g(t,z) (5.1)
and
o' =g(t,x) + R(t,z,u) = f(t,z,u) @1
Letg € C(IXD,R™), g(¢t,0) = 0, and g satisfies the Lipschitz
condition:
lg(t, ) = g(t, y)| < k(t)|z -yl (5.2)
R(t,o,u) =0,u € E,t€ I;Re C(IXDXE, R") and for
(t,z,u) € IXDXE, R(t,z,u) = n(t)8(d(z, B))  (53)
where n € L'[0,00] and 8 € K.
In order that we study the preservation of stability properties of the
C.L set B relative to A for the system (2.1), assuming these for the

system (5.1), it is necessary that the Lyapunov function V' should
be determined, satisfying, for z,y € S(B, «)

where L depends on « only. In the converse results proved in sec-
tions 2.3 and 2.4 it is not possible to do so. Assuming some more
conditions, we obtain, in the next two theorems a function that sat-
isfies (5.4). We then use this function to derive some stability results
for the system (2.1). The theorem (5.2) is a special case of theorem
in (33).

Theorem 5.1. Assume that trajectories x(t,to, o) of (5.1) satisfy
the estimate below —

‘d(x(t’ t07x0)7 B) - d(:):(t,to, y0)7 B)| < M(a)|d(x07A) - d(y()’A)‘

for zg,yo € S(B, a). (5.5)
Then there exists a function V' € + such that
(@) for
(t,z), (t,y) € IXS(B,a)

V(t,z) = V(t,y)| < M(a)|z -yl
(i)

d(z,B) <V(t,z) < M(a)d(z, A),
and
(iii)

DTV(t,x) < % + %g(t,x) <0,(t,x) € IXS(B,a).

Proof. For (t,z) € IXS(B,a), define
V(t,x) =supd(z(t+T,t,x), B).
T>0
The continuity of V' follows from standard arguments (31). If
Yo € A and B is C.L set relative to A, we have, d(yp, 4) = 0

and d(z(t, to,yo), B) = 0.
Thus from (5.5) we get

d(m(t,to,xo),B) S M(a)d(%»A) (1)

whenever d(z, B)
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Hence from the definition of V, for x € S(B,«a) d(z,B) <
V(t,z) < M(a)d(x, A), verifying (ii).

Letz,y € S(B, o).

Then

V(t,z) = V(t,y)| < supld(z(t+ T, ), B) —d(z(t + T't,y), B)|
T>0

< sup M(a)|d(z, A) — d(y, A)|, from (5.5)
T>0
< M(a)|z — y| verifying (i)
The property follows since V' is non-increasing along the trajecto-
ries of (5.1) and V satisfies Lipschitz’s condition. O

Definition 5.1. If the trajectories of system (5.1) satisfy (5.5), then
the C.1. set B relative to A is said to be extremely uniformly stable
for the system (5.1).

Extreme uniform stability of the C.I. set B relative to A for the
system (5.1) implies uniform stability of the C.I. set B relative to
A for the system (5.1).

Definition 5.2. The C.I. set B is said to be strongly uniformly
asymptotically stable, for the system (5.1) if (5.5) is satisfied and
for each o« > 0, there exists numbers M («) > 0 and a function
¢ € L such that

d(z(t,to, o), B) < M(a)d(zq, A)c(t — to) (5.6)
whenever d(zo, B) < a and t; > 0 independent of (to, o) €
IXS(B, ) such that

d(x’(to +t1,t07I0),B) > d(CL‘(),A) (57)

It is easily seen that (5.6) implies uniform asymptotic stability of
the C.I set B relative to A for the system (5.1).

Theorem 5.2. If the trajectories of (5.1) satisfy (5.5), (5.6) and
(5.7), then for (t,x) € IXD, there exists a function V such that
Jor (t,z) € S(B, )

0) [V(t,2) = V(t,y)| < Mi(a)|z -y
(i) d(z, B) < V(t,z) < M;(a)d(z, A), and
(i) DTV (t,x) < —3d(z, A)

Proof. Define
Vi =supd(z(t+T.,t,x), B).

T>0
Let
t+t1+T
Va(t,z) = d(z(s,t,z), B)ds.

t+tq

From definition of V5, V5 (¢, z) > 0.
Due to (5.6),

4ty +T
Va(t,x) < M(a)d(z, A)ds = M (a)d(z, A)T.
41
Thus
0 < Va(t,z) < M(a)d(z, A)T @



Now
tt1+T
Va(t,z) — Va(t,y)| = d(z(s,t,z), B) — d(z(s,t,y), B) ds
t4t;
tt T
< [ M@l ) - dw. ) ds
t+tq
< M(a)|d(z, A) —d(y, A)|T

< M(a)lz —y|T (i)

Lt T
d(z(s,t, z(t, to, z(t, to,0))), B)ds

VQ(t, Lﬂ(t, to, fo))
tty
t+t1+T

= / d(z(s,tg,x0), B)ds

ttq

t4htti+T
Va(t + h,x(t + h,to,x0)) = d(z(s,to,x0), B)ds
tfhtty

due to the uniqueness of the trajectories of (5.1).
Hence

. 1
lim sup - [Va(t + h,z(t + h, to, z0)) — Va(t, z(t, to, z0))]
h—0+ h

t+h+t+T t+t1+T
= 1im+ sup% |: d(z(s,to,z0), B)ds — / d(z(s,to,zo),B)ds:|
h=0 t+httg t+4tq
t+h+t1+T t+t1+h
= 1im+ sup% |: d(xz(s,tg,z0), B)ds — d(w(s,to,xo),B)ds:|
h=0 tt+T t+ty
< d(l‘(t +t+ T7 to, mO)? B) - d(l’(t +t1, to, 1'0), B)
<d(z(t+t; +T,t,z),B) —d(z(t + t1,t,x), B)
<d(z, A)M(e)c(ty +T) — d(z, A),

due to (5.6) and (5.7).
Using Lipschitz condition for Vo

DV, (t,x) < M(a)d(x, A)e(ty + T) — d(x, A)

Now choose T such that c(t; + T) < m; T is independent of
to, o € S(B, ) as t; is also independent of ¢y, o € S(B, a).

Then
1
D™ Va(t, ) < f§d(x,A) (iii)
Define V (t,z) = Vi (t,z) + Va(t, z).
From the properties of V; in theorem (5.1), steps (i), (ii) and (iii)

with M1 (d) = (1 + T)M («), it is seen that the properties (i), (ii)
and (iii) are satisfied by V. O

Theorem 5.3. Let the C.1. set B relative to A for the system (5.1)
be extremely uniformly stable and

R(t,xz,u) = a(t)a(d(z, B)),a € K (5.8)
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whenever z € S(B, a), u € E and a € C(I, I) is integrable.
Then the set B is also conditionally invariant relative to A for the
system (2.1) and it is uniformly stable, provided that

o0

/i # OO,tO > 0.
a(r)

to

Proof. From theorem (5.1) there exists a function V' satisfying the
hypotheses of theorem (5.1) due to the extreme uniform stability of
the C.I. set B relative to A for the system (5.1).

Then for sufficiently small A,

lim_ sup = [V (t + h,z + h(t,z) + hR(t, z,u)) - V(t, )]
h—0t h

— lim sup < [{V(t + b2 + hg(t, 2)) — V(£ 2)} +
h—0t h

{V(t+h,z+ hg(t,z) + hR(t,z,u)) — V(t + h,z + hg(t,x))}]
LhR(t,xz,u)

h
<0+ LR(t,z,u) < La(t)a(d(z, B)) < La(t)a(V (t,x)),

< lim sup 1 [V(t+ h,x+ hg(t,z)) — V(t,x)] +
h—0t h

from the property of V, a € K and d(z, B) < V (¢, z).
The trivial solution of the scalar equation ' = La(t)a(r), is

‘z:) # oo. Then by

a

[o¢)
uniformly stable due to the assumption [
to

comparison theorem (3.2), it follows that set B is uniformly stable
relative to A for the system (2.1). The fact that B is also C.I
relative to A, for the system (2.1) now follows from the uniform
stability of the set B relative to A. o

Theorem 5.4. Let the C.1. set B relative to A for the system (5.1)
to+t
be strongly uniformly stable. Then tlig}) —t+L [ n(s)ds = —0
0= to

ast — oo, L > 0, implies that C.I. set B is uniformly asymptoti-
cally stable relative to the system (2.1).

Proof. From (5.4), under the hypothesis of strong uniform asymp-
totic stability of the C.I. set B relative to A for the system (5.1),
we have the existence of a function V' satisfying conditions (i), (ii)
and (iii) of theorem (5.2). Then proceeding as in theorem (5.3), we
show that

1
hlirél‘*' E[V(t + h,iU + hf(twrvu)) - V(tv JJ)]

= m[lfﬂl(ﬂ — 1]V (t,x), where Ly = 2LM; ().

The trivial solution of the corresponding scalar equation:

" = iy O - U

is uniformly asymptotically stable, due to the hypothesis on 7(t).
Thus from the theorem (4.12), the uniform asymptotic stability of
C.IL set B relative to A for the system (2.1) follows. O
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6. OPTIMISATION PROBLEM

In the system (2.1) let us assume that the controls v = u(t,z) €
C(IXD, E). We study an optimisation problem where

J= /W(t,x(t)),u(t,x(t))dt,

measures the performance of u along the trajectories z(t) of (2.1),
for a fixed u € C(IXD, E). W(t,z,u) is an integrable function
from X DXU into E where U is the space of continuous func-
tions from /X D into E.

We consider the optimal control problem that generalises the
corresponding problem discussed in (56).

To determine a function u = (¢, z) € U such that the C.I. set B is
asymptotically stable for (2.1) and for any other © € v and ¢, > 0,

/W(t,xo(t),uo(t,a;o(t)))dt > /W(t,x(t)m(t,m(t)))dt

6.1)
We have

Theorem 6.1. Suppose that

(1) There exists a function V' = V(¢,z) € + such that (2.8) and
(2.9) are satisfied,
2) V'(t,z) + W(t,z,u) = 0,W(t,z,u) > c(d(z,A)) for
(t,z,u) € IXDXU, where c € K.
(3) there exists a control u° € U such that

T () + W2 u0(1,2)) =0

Then the function u° is such that for the system (2.1), with this u°,
C.I set B is asymptotically stable relative to A and (6.1) is satisfied
with

/W(t,xo(t),uo(t,xo(t)))dt:max/W(t,m(t),u(t,x(t)))dt
= V(to,z°(t)) (6.2)

Proof. With u®(¢, z) in (2.1), hypothesis (2) shows that
Vl(t7x) = _W(t7m7u(t7$)) < —C(d(ﬂ,’,A)) (1)

With hypothesis (1) and step (i) above, we have the uniform asymp-
totic stability of C.I. set B relative to A by theorem (4.11). Integrat-
ing (i) along the trajectories of (2.1) with u = u°(¢, x),

V(t,z%(t)) — V(te, z0) = — / W (s, z(s),u’(s,z(s)))ds

As t — 00, we have
V(t,z%(t, to,20)) = 0.

Hence

o0

V(to, o) :/W(s,x(s),uo(s,x(s)))ds (i)

to
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Now for any other control v € U, we have from (i), with trajectory
Z,, through the same point (¢g, zo),

o]

V(t, 2 (t, to, o)) —V (to, zo) = f/W(s,mu(s),u(s,xu(s)))ds
So that

V(to, 20) > /W(s,xu(s),u(s,mu(s)))ds (i)

Hence (ii) and (iii) verify - (6.2). O

7. REFERENCES

[1] H.A. Antosiewicz: A survey of Lyapunov’s second method.
Ann. Math. Studies 41 (1958) pp.141-166, MR Vol.21 # 1432
(1960).

[2] E.A. Barbashin: v¢’ en zap M.G.V. no.135 pp.110-133 (1949)
Russian.

[3] R.Bellman: Vector Lyapunov functions. J. SIAM Centro Ser.
A1 (1962) pp.32-34, MR, Vol.26 (1963).

[4] N.P. Bhatia: Stability and Lyapunov functions in Dynamical
Systems, Contributions to Differential equations, 3 (1964),
pp-175-188, MR Vol.29 (1965).

[5S] N.P. Bhatia and O. Hajek: Local semi-dynamical systems,
Lecture notes in Mathematics (1969), Springer-verlag.

[6] N.P. Bhatia and G.P. Szego: Stability theory of Dynomical
systems, Springer-Verlag, (1970).

[7]1 G.D. Birkhoft: Dynamical systems - American Mathematical
Society Colloquium, Vol.IX, Providence R.I. (1927).

[8] L. Cesari: Asymptotic behaviour and stability problems in or-
dinary differential equations - Springer - Verlag, Heidelberg
(1959), MR Vol.29 # 1973 (1961).

[9] A.S.N. Charlu, A.A. Kayande and V. Lakshmikantham: Sta-
bility in tube-like domains (See 31).

[10] C. Corduneanu: Symp. Math. 6. Meccanica nonlineare Stabil-
ity, Feb. (1970), L1. New York, Acad. Press (1971).

[11] C. Corduneanu: Applications of differential inequalities to
stability theory (Russian) (1960).

[12] W.J. Cunningham: Introduction to nonlinear Analysis, Mc-
Graw Hill, New York, (1958).

[13] S.G. Deo: Boll. della Unione. Mate Italiana 6, (1972).

[14] S.G. Deo: On vector Lyapunov functions: Proc. Amer. Math.
Soc. 29, (1971), pp. 575-580, MR Vol. 43 # 7725 (1972).

[15] W. Hahn: Stability of Motion, Springer-Verlag (1967) Trans-
lated by Arne P. Baartsz, MR Vol.36 # 6716 (1968).

[16] W. Hahn: Theory and applications of Lyapunov’s direct
method, MR Vol.26, (1962).

[17] A. Halany: For and against the Lyapunov function, Symposia
Mathematica, Vol. VI (INDAM, Rome, 1970), pp.167-175,
Acad. Press, London (1971). MR Vol.44 # 1889 (1972)

[18] A. Halany: Diff. eqn., stability, oscillations and time lag,
Acad. Press, Maths on Science and Engg. Vol.23, (1966).

[19] P. Habets and K. Peiffer: Classification of stability like con-
cepts and their study using vector Lyapunov functions. Inst.
Math. Pure et Appl. Univ. Catholique di Liouvain. Rapport
No.43 Nov. (1971); J. Math. Anal. Appl. 43 (1973) pp.537-
570, MR Vol. 48 # 11696 (1974).

11



[20]

(21]

(22]

(23]

[24]

[25]

[26]

(27]

(28]

[29]

(30]

(31]

(32]

(33]

[34]

(35]

(36]

(37]

(38]

[39]

(40]

O. Hajek: Dynamical systems in the Plane, Acad. Press
(1968), MR Vol. 39, (1970).

R.E. Kalman: Algebraic aspects of the theory of dynamical
systems; Differential equations and dynamical systems, Acad.
Press, (1967).

R.E. Kalman: Mathematical discription of Linear Dynamical
Systems, J. STAM Control, (1963).

R.E. Kalman and J.E. Bertram: Control system Analysis and
design via the second method of Lyapunov, A.S.M.E.J. of Ba-
sic Engineering (1960).

A.A. Kayande and V. Lakshmikantam; General Dynamical
systems and conditional stability, Proc. Cambridge Philos,
Soc. 63 (1967), pp. 199-207, MR Vol. 34 # 6258 (1967).

A.A. Kayande and V. Lakshmikantham: Conditional invariant
sets and vector Lyapunov functions - J. Math. Anal. Appl. 14
(1966), pp.285-293, MR Vol. 32 # 7880 (1966).

A.A. Kayande and V. Lakshmikantham: Complex differential
systems and extensions of Lyapunov’s method. J. Math. Anal.
Appl. 13 (1966), pp.337-347, MR Vol.32 # 2682 (1966).

A.A. Kayande and V. Lakshmikantham: General dynamical
systems and differential inequalities. Technical report, U.R.L
No.2 (1968).

V. Lakshmikantham: Conditional stability and vector Lya-
punov functions, J. Math. Anal. Appl. 10 (1965), pp. 368-377,
MR Vol. 32 # 257 (1966).

G.S. Ladde and V. Lakshmikantham: On flow-invariant sets
Pacific J. Math. 51 (1974), pp. 215-220, MR Vol. 49 # 10972
(1975).

V. Lakshmikantham and S. Leela; Asymptotically self-
invariant sets and conditional stability - Dynamical systems
- An International Symposium, Vol.2, Edited by L. Cesari,
Jack. Hale, and J.P. Lasalle, Acad. Press, pp.363-373, (1967),
MR Vol. 36 #2910 (1968).

V. Lakshmikantham and S. Leela: Differential and Integral In-
equalities, Acad. press, Vol.55-1, Math. in Sc. & Engg. (1969).

V. Lakshmikantham and S. Leela: Rev. Roun. de-Math-Pure
et. appl. 12 (1967) pp.969-976.

V. Lakshmikantham, S. Leela and G.S. Ladde: Conditionally
asymptotically Invariant sets and perturbed systems, Annali
Di Mate Pure et appl. Bolgona.

V. Lakshmikantham, S. Leela and T. Sastry: Converse theo-
rems for conditional stability, J. Math. Anal. Appl.19(1967),
pp.444-456, MR Vol.(35) (1968)

G.S. Ladde and S. Leela: Analysis of Invariant sets, Ann. Mat.
Pura. Appl. (4) 94 (1972) pp.283-289, MR Vol.(47) # 3777
(1974).

J.P. Lasalle: Stability and Control, J.SIAM Control Ser. Al
(1962) pp.3-15; MR Vol.26 (1963).

J.P. Lasalle and S. Lefschets: Stability by Lyapunov’s di-
rect method with applications, Acad, Press, New York, Vol.4,
Maths in Sc. & Engg. (1961), MR Vol.23 (1962).

S. Leela: Analele Stii Univ. “API Cuza” (1971)

S. Lefschetz: Differential equations-geometric theory, Inter-
science, New York, 1957, MR Vol.22 # 12257 (1961).

H. Leiphols: Stability theory, Acad. Press, New York (1970)
(Translation from German edition - Stuttgar, 1968).

International Journal of Computer Applications (0975 - 8887)
Volume 184 - No.40, December 2022

[41] A.M. Liapunov: Probleme general de stabilite de mouvement.
Ann. Fac. Sci. Toulouse (1907), French translation of the
original paper published in 1893 in Comm. Math. Kharkow;
reprinted as Vol. 17 in Ann. Math. Studies, Princeton (1949).

[42] A.M. Liapunov: Stability of Motion (English translation),
New York, (1966).

[43] A.A. Markov: On a general property of minimal sets (Rus-
sian) Rusk. Astron. Zn. (1932).

[44] G. Malkin: Theorie der stabilitat einer Bewegung Verlag R.
olden beurg Munchen (1959), German.

[45] A.S. Oziraner: Vest Mosk Gos. Univ. Mat. Mekh. No.l
(1971), Mekh No; 1. (1972).

[46] A.S. Oziraner: Vest Mosk Gos. Univ. Mat. Mekh No.3 (1971).

[47] A.S. Oziraner: PMM 36 (1972), pp.396-404, English transla-
tion in J. Appl. Math. Mech. Oct. (1972).

[48] A.S. Oziraner and V.V. Rumiantsev: PMM 36 (1972). pp.341-
362, English translation J. Appl. Math. Mech.

[49] B.G. Pachpatte: Strict stability in dynamical systems, J. Diff.
eqns. 11 (1972), pp.494-473, MR Vol.45 # 7219 (1973).

[50] K. Peiffer and N. Rouche: Liapunov’s Second method applied
to partial stability (French summary), J. Mechanique (1969),
pp-323-324, MR Vol.40(1970).

[51] C. Risoto: Anali di Math Pure et Appl. Sect. 6 Vol.84 (1970).

[52] V.V. Rumiantsev: Symp. Math. 6. Meccanica non-lineare et
stabilita Feb (1970) L.1. New York, Acad. Press (1971),
pp-243-265.

[53] V.V. Rumiantsev: PMM 35 (1971), pp.138-143 (English
translation J. Appl. Math. Mech).

[54] V.V. Rumiantsev: Method of Liapunov Functions in the sta-
bility theory of Motion - Fifty years of Mechanics in USSR
Vol.1 Nauka, Moscow (1968).

[55] V.V. Rumiantsev: Vest Moskov. Ges. Univ. No.4 (1957).

[56] V.V. Rumiantsev: PMM 34, No.4 (1970).

[57] E.O.Roxin: Stability in general control systems, J. Diff. equa-
tions. Vol.1 (1965), pp.115-150.

[58] N. Rouche, P. Habets and M. Laloy: Stability by Liapunov’s
Direct method, Appl. Maths. Sciences, 22, Springer-Verlag
(1977), MR Vol.56 # 9008 (1978).

[59] G. Sansone and R. Conti: Equazion Differensiali Non-Linear,
Roma (1956), Chap.IX.

[60] P. Seibert: Liapunov Functions and Comparison Principles;
Dynamical systems - An International Symposium, Vol.2,
Edited by L. Cesari; J. Hale, J.P. Lasalle, Acad. Press (1976),
pp-181-185.

[61] G.R. Sell: Topological dynamics and Ord. Diff. equns. Van
Nostrand Reinhold Coy. Lond. (1971).

[62] G.R. Sell: On the fundamental theory of ord. diff. eqns., J.
Diff. eqns. July (1965), vol.1, No.3.

[63] H. Whitney: Proc. Nat. Acad. Sci. USA 18/1932 pp.275-278
and 340-342.

[64] T. Yoshizawa: Funkcialaj Ekvacioj, 5 (1963), pp.1-11.

[65] T. Yoshizawa: Funkcialaj Ekvacioj, 6 (1964).

[66] T. Yoshizawa: Stability theory and the existence of periodic
solutions and almost periodic solutions. Appl. Math. Sci-
ences, Springer-Verlag (1975).

[67] T. Yoshizawa: Asymptotic behaviour of solutions of a system
of differential equations, Contrib. Diff. eqns. 1(1963), pp.371-
387.

12



[68] T. Yoshizawa: Stability theory of Liapunov’s second method
Publication No.9, The Math, Soc. of Japan, Tokyo, (1966).

[69] V.I. Zubov: Mathematical Methods for Investigation of Au-
tomatic control systems, Leningrad Supromgiz (1959), MR
Vol.21 # 5791 (1960).

[70] V.I. Zubov: The methods of A.M. Lyapunov and their appli-
cations (English translation) Noordhoff, (1964).

International Journal of Computer Applications (0975 - 8887)
Volume 184 - No.40, December 2022

13



	Introduction
	Sufficiency Conditions for Stability of a Conditional Invariant Set with Respect to a Control System
	Stability Behaviour of Conditional Invariant Set B with Respect to a for the Control Systems
	Theorems on Asymptotic Stability of Conditional Invariant Set B Relative to a for the System (2.1)
	Control System as a Perturbed System
	Optimisation Problem
	References

