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ABSTRACT

In this paper comparison techniques are used to obtain sufficient
condition for stability of an invariant set. Here sufficient conditions
involving the stability of scalar differential equations and converse
theorems for a reversible dynamical system proved and Two con-
verse theorems for existence of a vector Lyapunov function in re-
versible dynamical system are proved.

Concept of conditional invariancy is introduced. Sufficient condi-
tion for stability of conditional invariant are proved. Here intro-
duced notion of conditional stability of a compact set.

Keywords

Lyapunov function, Equistrict stability, Equistrict asymtotic stable,
Reversible Dynamical System

1. INTRODUCTION

In this paper the author considers a general dynamical system
(henceforth abbreviated as g.d.s.) in a locally compact seperable
metric space E as a two-parameter family of transformations F'
(t,to,.) of E into A(E), the set of all subsets of F and obtains
the existence of a V-function defined over [0, 00) X A(E), if re-
versibility is assumed. For this purpose the concepts of strict and
asymptotic stability of an invariant set with respect to a g.d.s. are
introduced and sufficient conditions in terms of V' -function are ob-
tained. It is to be noted that, eventhough such a definition of a
V -function is most natural in view of the fact that a g.d.s. is de-
fined in F into A(B), in the literature (1,5,7,9,10) it is defined on
[0,00) X E. Then a V-function in its natural setting is got.

In section (2), preliminaries are dealt with. Defining a g.d.s., con-
cepts of reversibility of a g.d.s., stability of an invariant set A with
respect to a g.d.s. and strict and asymptotic stability of sets with
respect to a g.d.s. are introduced, in terms of Hausdorff metric on
A(E). Certain classes of monotonic functions introduced by W.
Hahn (6) are recalled for future use.

In section (3), comparison techniques are used to obtain sufficient
conditions for stability of an invariant set A with respect to a g.d.s.
in terms of V'-functions defined on [0, 00) X A(E).

Section (4), contains sufficient conditions, involving the stability of
scalar differential equations and the existence of a V' -function, for
the stability of set A with respect to a g.d.s.

Section (5), present converse theorems (on the existence of V-
functions) for a reversible dynamical system.

In section (6), concept of conditional invariancy (8) of a set B with
respect to a set A in a g.d.s. and definitions of stability of a condi-
tionally invariant set B with respect to a set A are introduced. Suf-
ficient conditions for stability of conditional invariant set B with
respect to a set A in a g.d.s. in terms of V-functions are proved
and converse of some theorems in some form or the other for a re-
versible system are attempted and their relations to some theorems
of section (5) are traced.

Section (7), introduces to the notion of conditional stability (7) of
a compact set A with respect to a g.d.s. and a general comparison
technique involving a vector Lyapunov function and the notion of
quasi-monotonicity (which is developed in this section) is used to
prove the sufficiency condition for conditional stability of set A for
set M.

Section (8) contains two converse theorems for the existence of a
vector Lyapunov function in a reversible dynamical system.

2. PRELIMINARIES
General Dynamical System (GDS)

Let I denote the half-line: 0 < ¢ < oo and Ry = [0,00). Let
E be a locally compact seperable metric space. Consider a two-
parameter family of transformations F'(¢, ¢, p) of E into A(E),
the set of all subsets of E satisfying the following properties -

(i) Foreach py € E and ¢y € I, there is defined a set F'(¢,to,po) €
A(E) forall t > to.

(i) F(to,to,po) = {po} and

(iii) For any p; € F'(t1,to, po), there is defined a set F'(¢,t1,p1)
such that

UF(t,t1,p1) = F(t,to,po), for all t > & > to, p1 €
F(tl7t07p0)

For a fixed pg € E, F(t,t0,po) is called a motion, while the set
defined in (i) above is called the trajectory of the motion.

Definition 2.1. The family of transformations F(t,t, .) described
thro’ the properties (i), (ii) and (iii) above, is called a General Dy-
namical System (GDS) in E.

The metric in A(E): Let d(p, q) denote the metric in F, p, q € E.

Let d(A, B) where A, B € A(B) denote the Hausdorff distance
between two sets A and B.




Then d(A, B) is defined by

d(A, B) = max{d*(4, B),d" (B, A)}
where d*(A, B) = sup{d(a, B),a € A}
and d(a, B) = inf{d(a,b),b € B}

It is to be noted that in general d*(A, B) # d*(B, A).

For any set A € A(E), the neighbourhoods S(A, €) and S(A, €)
are defined by

S(A,e) ={XA(E):d(X,A) <€}
S(A,€) = {XA(E) : d(X, A) <€},
respectively.

In what follows, we shall assume that the flow F'(¢, to, Xo), Xo €
A(FE) is Hausdorff continuous in the triplet (¢,to, Xo) where for
any X, € A(E), we denote

F(t7t07XO) - U F(t7t07X0)

Po€Xo

In these notations the properties (ii) and (iii) of a g.d.s. in E take
the following form: (ii)* F'(to, to, Xo) = Xo,t0 € I

(lll)* F(t,tl, F(tl,to, Xo)) = F(t,to, XO) forall ¢ 2 tl 2 tQ.

Definition 2.2. A G.D.S. in E in which X = F(t,to, Xo) iff
Xo = F(to,t,X), for Xo,X € A(FE) and t,ty € 1, is called
a reversible dynamical system (r.d.s.).

Consequently,

F(to,t1, F(t1,t0, X0)) = F(to, to, Xo) = Xo.

Thus for ar.d.s.
F(to,t,F(t, to,Xo)) = XO for all ¢ Z to.

In what follows X is compact in E.

Definition 2.3. A set X € A(E) is called (Positively) invariant
with respect to a g.d.s in E if

F(t, to,X) C X forall t > tg.
Notation: Let C'(D, R) denote the class of all continuous functions
f:D—R.
Monotonic functions (due to W.Hahn (6))
Definition 2.4.

(i) a(r) is said to belong to the class K (whence we write a €
K)ifa € C(I,Ry), a(0) = 0 and a is strictly monotonic
increasing in r with lim a(r) = co.

T—00

(i) a(t,r) is said to belong to the class K*(i.e.a € K*) ifa €
C(IXR,,R;)anda € K foreacht € I.

(iii) b(s) is said to belong to the class L (ie. b € L) if
b € C(I,R4), bis strictly monotonic decreasing in s and
lim b(s) = 0.
8§—00

(iv) b(t, s) is said to belong to the class L* (i.e. b € L*) if b €
CIXRy,Ry)andb € Lforeacht € I.
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The following results on monotonic functions will be useful in the
sequel:
(i) fa=a(r) € K,thena ! existsanda™! € K.

(i) If a1 = a1(t,r) € K*, az = az(t,r) € K*, then ag =
ay(t,as(t,r)) € K*.

(iii) Ifa € K*and b € K, the b~ 'a € K*.
(iv) Ifa € Kandb € L,thena b€ L.
(v) Ifa€ Kandb € L*, thena™'b € L*.
(vi) Ifa,b € K,thenab € K.
In the following, F'(¢,t,, X,) is assumed to be H— continuous in
the triplet (¢, t,, X,) and the set A is compact in E.
Stability Definitions — 2.5: With respect to a g.d.s, the set A is
said to be

S; : Equi-stable, if there exists a € K* such that

d(F(t, Ty, X,), A) < alte, d(X,, A)) 2.1)

S, : Equi-strict stable, if there exists a1, ax € K* such that

a1(to, d(Xo, A)) < d(F(t,t0, Xo), A) < as(to,d(X,, A))
(22)

S3 : Uniform stable, if there exists ¢ € K such that
d(F(t,te, X,), A) < a(d(X,, A)) 2.3)

S4 : Uniform strict stable, if there exists a;,a> € K such that
a1(d(X,, A)) < d(F(t,t,, Xo),A) < az(d(X,,A)) (2.4)

Ss : Equi-asymptotic stable, if there exists a € K* and b € L*
such that

A(F(t,te, X,), A) < alte, d(Xo, A))b(te,t —to)  (2.5)

S¢ : Equi-strict asymptotic stable, if
there exists ai,as S K and
by, by € L* such that

a1 (to, d(Ko, A))b1(to,t —to) < d(F(t,to, Xo), A)

<asz (tm d(Xov A))bQ (t07 t— tO)
(2.6)

Sz : Uniform asymptotic stable, if there exists a € K and b € L
such that

d(F(tv tm Xo)7 A) < a(d(Xm A))b(t - to) (27)

Ss : Uniform strict asymptotic stable, if there exists a;,as € K
and by, by € L such that

a1(d(X,, A))b1(t — t,) < d(F(t,t0, X,), A)
S a2(d(X07 A))bZ(t - to) (28)

Note:

(1) It is assumed that the inequalities (2.1) to (2.8) hold for all
t >t t, € Iand X, C S(A,r) for some r > 0.

(2) (i) Ssimplies S; and S, implies S5.



(i) Ss implies S; and S7 implies S3.

However, strict stability which corresponds to stability in some
tube-like domain (9, 31) denies asymptotic stability.

3. COMPARISON THEOREMS

Theorem 3.1. Let V(t,X) € C(I X A(E), Ry) be an auxiliary
function (called a LYAPUNOV FUNCTION) and X = X (t) =
F(t, ty, X,) € A(E) and X, € A(E).

Let

D*V(1,X) = lim sup H (V(t+ b, X(t+ h)) — V(t, X)}

h—0
3.1)
exist. Let r(¢, t, ro) be the maximal solution of the scalar differ-
ential equation —

"=g(t,r)(=d/dt
r=yg(t,r)(=d/ )} 32)
T(to) =T0
and
DTV (t,X) < g(t,V(t, X)) (3.3)
forallt > tg,to € ITandg € C(I X Ry, Ry).
Then
V(tg, Xo) <
Vi Xo)<ro (3.4)
implies V(t,X) <r(tto,m0)

for all t > tg.

The theorem asserts that the Lyapunov function V' can be majorised
by the maximal solution of the scalar differential equation (3.2).

Corollary 3.1. If, in (3.2), g = 0, then we get
V(t, X) < V(to, Xo) (3.5)

Theorem 3.2. With the notation as in theorem (3.1), let V exist
and let

DV({#X)= hlir& inf H{V(t +h, X(t+h)-V(tX)}
(3.6)

Let u(t,to,uo) be the minimal solution of the scalar differential
equation—

u = h(t,u)(=d/dt
and
D™V (t,X) > h(t,V(t, X)) (3.8)
forallt > ¢g,tp € Tandh € C(I X Ry, Ry).
Then
>
implies VS?;‘,)E?; ; Z(Et, to,uo)} (39
for all t > tg.
Corollary 3.2. If, in (3.7), h = 0, then we get
V(t,X) > V(tg, Xo). (3.10)
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Theorems on the stability of a set A with respect to a g.d.s.
Theorem 3.3. Let V(t,X) € C(I X A(E), Ry) exist such that
1. forall (t,X) € IX A(E),
b(d(X,A)) <V(t,X) <a(td(X,A)) (3.11)
where a € K* and b € K, and
2. the inequality (3.3) hold with g = 0.
Then the set A is equistable with respect to the g.d.s.
Proof. By (3.5) and due to (2)
V(to, Xo) > V(t, X) = V(t, F(t,to, Xo)) > b(F(t,t0, Xo), A)
Hence by (3.11),
b(d(F (¢, t0, Xo), A)) < V(to, Xo) < alto, d(Xo, A))
or d(F(t,to, Xo), A) < b "a(to, d(Xo, A))
= ¢(to,d(Xo, A))
where c=bltae K*, forallt> t,.

Hence A is equistable with respect to the g.d.s. O

Theorem 3.4. Let there exist functions
Vi,Voe C(I X A(E),Ry) for (t,X) e I X A(E).

Further let V; satisty the hypotheses of theorem (3.3) while V5
satisfies—

ey
by (t,d(X,A)) < Va(t, X) < ai(d(S, A)) (3.12)
where a; € K and b; € K* and
(2) (3.8) hold with A = 0 and V5 replacing V.
Then the set A is equi-strict stable with respect to a g.d.s.

Proof. As the conditions of theorems (3.1) and (3.2) hold with both
g and h identically vanishing, (3.5) and (3.10) with V' replaced by
V41 and V5 respectively hold.

By (3.11),

Vl (t07 XO)
and  Vi(t, F(t,to, X))

so that

(to, d(Xo, A))

<a
> b(d(F(t,to, Xo), A))

b(d(F(t,to, Xo0), A)) < Vi(t, F(t,t0, Xo))

<
< Vi(to, Xo)
< a(to,d(Xo, A))
Thus
d(F(t,to, Xo), A) < b 'a(to,d(Xo, A)) = c(to, d(Xo, A)) (i)
where ¢ = b~la € K*.
Again, by (3.12)
Va(to, Xo) > b1(to, d(Xo, A))
and  Vo(t, F(t, to, Xo)) < ar(d(F(t, to, Xo), A)).
But Va(t, F(t,to, Xo)) > Va(to, Xo), because of hypothesis (2).



Hence
a1 (d(F(t,to, Xo), A)) > Va(t, F(t,to, Xo))
> Va(to, Xo)
> by (to, d(Xo, A))
or d(F(t,to, Xo), A) > a; by (to, d(Xo, A))
= ¢1(to, d(Xo, 4)) (ii)
where ¢; € K*. ]

Steps (i) and (ii) together imply equi-strict stability of A with re-
spect to g.d.s.

Theorem 3.5. Let the hypotheses of theorem (3.3) hold with
bd(X, A) < V(t, X) <a(d(X,4)  (.13)

in place of (3.11), where a,b € K. Then the set A is uniformly
stable with respect to the g.d.s.

Proof. The proof follows on the same lines as the proof of theorem
(3.3) except that a € K. O

Theorem 3.6. Let there exist functions Vi,Vs IS
CUIXA(E),Ry) forall (t,X) € IXA(E), and

b,(d(X, A)) < Vi(tvx) < ai(d(X7 A)) (3.14)

a;,b; € X, (i = 1,2), V; satisfying the conditions (3.3) with g = 0
and (3.8) with = 0 respectively.

Then A is uniformly strictly stable with respect to the g.d.s.

Proof. Similar to that for theorem (3.4). O

4. SUFFICIENCY CONDITIONS FOR STABILITY

Results of asymptotic stability of sets can be obtained by using
comparison techniques. For this purpose, we state the following
definitions for the stability of solution and the properities of the
solution of the comparison equations (3.2) and (3.7) respectively.

Definition 4.1. The trivial solution of (3.2) is said to be
S;: Equistable, if exists a function @ € K* such that
T(t,to,?”o) S a(to,’r‘o) (41)

for all t > tg,7(t,t9,70) being any solution of (3.2) and the
inequality (4.1) holding for ro < p,p > 0.

S5: Uniformly stable, if there exists a function a € K such that
r(t,to,r0) < a(ro) 4.2)

for all t > ¢g, 7(¢,t0,70) being any solution of (3.2), the in-
equality (4.2) holding for ro < p, p > 0.

S:: Equi-asymptotic stable, if there exist functions a € K* and
b € L* and a number p > 0 such that

T'(t, to,’f’o) S a(to,To)b(to,tfto) (43)

for all t > ¢g, 7(¢,t0,70) being any solution of (3.2), the in-
equality (4.3) holding for ro < p.

S3: Uniform asymptotic stable, if there exist functions a € K
and b € L and a number p > 0 such that

r(t, to,70) < a(ro)b(t — to) 4.4)
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for all t > ¢g, 7(¢,t0,70) being any solution of (3.2), the in-
equality (4.4) holding for ry < p.
Note:

These definitions correspond to Si, S3, S5 and S; of definitions
(2.5). To prove strict results we require the following properties of
the solution of the equation (3.7).

Properties 4.1.

S5 : There exists a function a € K" such that for any solution

u(t, to, uo) of (3.7) with
ug < q,q > 0,u(t, to,up) > a(to,u), forallt >tq (4.5)

S}, ¢ There exists a function a € K such that for any solution

u(t, to, uo) of (3.7) with
uo < q,9 > 0,u(t, to,uo) > alug) forallt >ty (4.6

Sg : There exists a functions a € K* and b € L* such that for any

solution u(t, to, ug) of (3.7) with

ug < q,q > 0,u(t, to,uo) > a(to,uo),b(to,t —to) forallt > tg
4.7)

S5 . There exists a functions a € K and b € L such that for any

solution u(t, to, ug) of (3.7) with

ug < q,q > 0,u(t, to,ug) > a(ug)b(t —to) forall t >ty
(4.8)

Note: S, S;, S and S§ do not reflect the properties corresponding

to Sy, S4, Se and Sy of definitions (2.5).
Theorem 4.1. Assume the existence of a function V €
C(IXA(E), Ry) satisfying—
(1) the hypothesis (1) of theorem (3.3) and
(2) the inequality (3.3).

Then the equistability of the trivial solution of (3.2) implies the
equistability of the set A with respect to the g.d.s.

Proof. Giventy € I, since the trivial solution of (3.2) is equistable,
there exists a; € K* and a positive number p such that

o < p (@)
implies r(t,to,r0) < a(to, o) forall £ > ¢, (ii)
a; € K*, where r(t,tg,r9) is any solution of (3.2) through
(to, 7’0).
Due to the properties of the function a in the inequality (3.11)
(viz.,b(d(X, A)) <V (t,X) < a(t,d(X,A)),a € K*andb € K)

there exists a number p; = pi(tg,p) > 0 such
that d(Xo,4) < p; and a(to,d(Xo,4) < »p
(iii), hold  simultaneously. ~Choosing  V(¢o, Xo) <
a(to,d(Xo,A)) = ro and letting d(Xo,A) < pi, step (iii)
above implies the verification of step (i) so that step (ii) holds.

The choice of g and the theorem (3.1) show that

V(t, F’(t7 t07X0)) S T’max(t7 to/f‘o)
S rmax(ty t07 CL(to, d(X(): A)))



so that

b(d(F (t,to, Xo), A)) < V (¢, F(t, to, Xo))
S Tmax(ty tO: a(t07 d(X07 A)))
< ay (to, a(to, d(Xo, A)))
implying d(F(t,tg, Xo),A) < b lay(te,a(to,d(Xg, A)))
putting as = b71a1 S K*, d(F(t,to,Xo),A) S
az(to, a(to, d(Xo, A))) = as(to, d(Xo,a)) where a3 € K*.

Hence A is equistable with respect to the g.d.s. O

Theorem 4.2. Assuming the hypotheses of theorem (4.1) with
(3.13) replacing (3.11), the uniform stability of the trivial solution
of (3.2) implies the uniform stability of the set A with respect to the
g.d.s.

Proof. The trivial solution of (3.2) being uniformly stable, there
exists a; € K and a positive number p > 0 such that ro < p

(i) implies that 7 (¢, tg,70) < a1(ro)
(ii) for all t > to, r(t,to, 7o) being any solution of (3.2) through
(to,m0)-
Due to the properties of function a in (3.13)
(viz., b(d(X,A)) < V(t,X) < a(d(X,A)),a,b € K)

there exists a number p; = pi(p) > 0 such that (X, A) <
p1 and a(d(X,A)) < p (iii) hold simultaneously. Choosing
V(to, Xo) < a(d(Xo,A)) = ro and letting d(Xy.A) < p;. (iii)
implies the verification of (i) so that (ii) holds.

The choice of ry and the theorem (3.1) show that

V(t, F(t,to, X0)) < Tmax(t, to,70)
< ai(a(d(Xo, A))), so that
b(d(F(b,t0, Xo), A)) <V (t, F(t,to, Xo))
< ai(a(d(Xo, 4)))
= as(d(Xo, A)) where as = a1a € K

implying  d(F(t,to, Xo), A)b  az(d(Xo, A)) = as(d(Xo, A))
where as = b ta, K.

Hence A is uniformly stable with respect to the g.d.s. O

Theorem 4.3. Assume that the conditions of theorem (4.1) are sat-
isfied. Also let there exist a function Vo € C(IXA(E), Ry) sat-
isfying the theorem (3.2) and the condition (3.12) of theorem (3.4).
Then S5 (Equistability of the trivial solution of the equation (3.2))
together with S} imply the equistrict stability of the set A with re-
spect to the g.d.s.

Proof. As the conditions of theorem (4.1) hold with S}, for
d(Xo,A) < p1, p1 > 0 implies the conclusion of the theorem
(41) that d(F(t, to, Xo), A) < a3(t0, d(X(), A)) (1) for all ¢ > to,
where a3z € K*. O

As S5 holds, there exists a number ¢ > 0 such that for ug <
q, u(t,to,uo) > aq(to,up) (ii) where ay € K* and t >
to, u(t,to,up) being any solution of the equation (3.7). From
(3.12) and the properties of the function b; € K*, there ex-
ists a number ¢; = qi(to,q) > O such that d(Xo,4) < ¢

International Journal of Computer Applications (0975 - 8887)
Volume 184 - No.44, January 2023

and by (to,d(Xo,A)) < ¢ hold simultaneously. Define ¢ =
min(p1, q1)-

Then (i) above holds for all X, such that d(Xo, A) < ga. Choose
ug so that Va(tg, Xo) > b1 (to,d(Xo, A)) = wuo. Then from the
theorem (3.2)
Va(t, F(t, to, X0)) > Umin(t, to, uo)
= umin(t7 to, bl (t07 d(X07 A))) (111)

It follows from (3.12), (iii) and (ii) above, that

al(d(F(t,to,Xo),A)) Z ‘/Q(t, F’('L‘7 to, Xo))
> aq(to, bi(to, d(Xo, A)))

= a5(t0, d(X[), A)) (IV)

Therefore
d(F(tv t07 X0)7 A) 2 CLil? a5(t07 d(X07 A)) = aﬁ(th d(X07 A))
v)

forall t > to, where ag € K*.

(i) and (iv) together imply the equistrict stability of A with respect
to the g.d.s.

Theorem 4.4. Let the assumptions of theorems (4.2) and (4.3) hold
with the condition (3.12) replaced by

b3(d(X,A)) < Va(t,X) < asz(d(X, A)) (4.9

where a3 and bs € K. Then S; (uniform stability of the trivial
solution of the equation (3.2)) together with S} imply the uniform
strict stability of the set A with respect to the g.d.s.

Proof. As the conditions of theorem (4.2) are valied with S5, for
d(Xo, A) < p1, p1 > 0, the conclusion of theorem (4.2) is imme-
diate:

viz., d(F(t,to0, Xo), A) < az(d(Xo, A)) @)
forall t < tg, where a3z € K.
As S} holds, there exists a number ¢ > 0 such that for
ug < g, u(t, to.ug) > ag(to,uo) (ii)

where a4 € K and t > to, u(t,to,uo) being any solution of
the equation (3.7). From (4.9) and the properties of b3 K, there
exists a number ¢; = ¢1(¢) > 0 such that d(Xy, A) < ¢; and
b3 (d(Xo, A)) < q hold simultaneously.

Define g2 = min(ps, q1). Then (i) above holds for all X such that
d(X07 A) S q2.

Then from theorem (3.2)
VQ(t7 F(ta t07 XO)) Z umin(t> tO> U()) = umin(t7 t07 b3 (d(XO7 A)))

(iii)
It follows from (4.9), (iii) and (ii) above that
a’3(d(F(t7 t07 X0)7 A)) > VQ(t7 F(t7 th XU))
= as(uo) = as(bs(d(Xo, A)))
= Cbs(d(XQ, A)) (IV)

Therefore

d(F(t,to, Xo), A) > a3 as(d(Xo, A)) = as(d(Xo,A)) (V)



for all t > tg, where ag € K.

(i) and (v) together imply the uniform strict stability of the set A
with respect to the g.d.s. O

Theorem 4.5. Let the assumptions of theorem (4.1) hold. Then the
equiasymptotic stability of the trivial solution of the equation (3.2)
implies the equiasymptotic stability of the set A with respect to the
g.d.s.

Proof. Lett, € I be given. As the trivial solution of the equation
(3.2) is equiasymptotically stable, there exist functions a; € K*
and b; € L* and a number p > 0 such that

To < p ()
T(t, to,m0) < a1(to,70)b1(to, t — to) (ii)

for all t < to, where r(t,to,r0) is a solution of the equation
(3.2). As in the proofs of earlier theorems we can determine a
number p; = pi(to,p) > 0 such that d(Xo, A) < p; and
a(to,d(Xo, A)) < p hold simultaneously.

Let X be such that d(Xo, A) < p; and choose
V(to,Xo) S CL(to,Cl()(o7 A)) =70

implies that

The choice of rq verifies (i); thus (ii) holds. From theorem (3.1).
(ii) and the inequality (3.11) it follows

b(d(F(t,t0, Xo0), A)) < V(t, F(t,t9, Xo))
< r(t, to, alto, d(Xo, A)))
< ay(to, a(to, d(Xo, A)))b1 (to, t — to)
S ag(to, Cl()(o7 A))bl (to, t— to)
Hence

d(F(t, to, Xo), A) S bil(ag (to, d(Xo, A))bl (to, t— to)) (lll)

Now b; € L*; hence by (to,t — t9) < b1 (to,0).
Then from (iii) above,
d(F(tr t07 X0)7 A) < b_l(a’Q (t07 d(X07 A))bl (tov 0))
S bilag(to, d()(o7 A))
< ay(ty,d(Xo, A)) where aq k*  (iv)

Also from (iii) above and the fact d( X, A) < p;
d(F(t,to, Xo), A) < b~ (az(to, p1)bi (to,t — to))
< b (ba(to, t — to))
< bs(tg,t — to) where bz € L*.  (v)

Combining (iv) and (v)

d(F(t7 t07X0)7A) S [CL4(t0,d(X0,A)b3(t0,t - to))]1/2
or d(F(t7t07X0), A) S a5(t07 d(Xo,A)b4(to,t — to)) (Vl)

where a5 € K* and by, € L*. This means that A is equiasymptoti-
cally stable with respect to the g.d.s. O

Theorem 4.6. Let the assumptions of theorem (4.3) hold. Them S}
(i.e., equi-asymptotic stability of the trivial solution of the equation
(3.2)) together with S§ imply equistrict asymptotic stability of the
set A with respect to the g.d.s.
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Proof. The assumptions of theorem (4.3) include those of theo-
rem (4.1). Thus the theorem (4.5) holds. Hence for d(Xy, A) <
p1,p1 > 0, the conclusion (vi) of the previous theorem holds.

Since S is given, there exists a number p, > 0 such that
U S D2 imples u(t, to, UO) Z C(t(), uO)d(to, t— t()) (1)

for all t > tg, where ¢ € K* and d € L*, u(t,to,uqg) being a
solution of the equation (3.7).

As before from the inequality (3.12) and the properties of b;, we
determine a number p3 = p3(p2,to) > 0 such that d(Xy, A) < p3
and b, (to, d(Xo, A)) < ps hold simultaneously.

Let p, = min(py, p3).

Thus for d(Xo, A) < pg4, the conclusion (vi) of the previous theo-
rem (4.5) and the step (i) (in this theorem) are both satisfied.

Now choose uq such that

Va(to, Xo) > bi(to, d(Xo, A)) = ug.

Them from the inequality (3.12), theorem (3.2), (i) above and (vi)
of the previous theorem (4.5), it follows that
al(d(F(ta to, X0)7 A)) > V2 (t7 F(tv to, XO))
> u(t, to, b1 (to, d(Xo, A)))
Z C(t07 bl (t07 d(X07 A)))d(t07t - tO)
implying
d(F(t7 t07 X0)7 A) > a’Il [c(t(l? bl (th d(XOv A)d(tﬂvt - to)))]
> c1(to, d(Xo, A)di(to,t —t1)) (i)
where ¢; € K* and d, € L*.

The conclusion (vi) of the previous theorem (which has already
been seen to hold) and (ii) above, imply that the set A is equistrict
asymptotic stable with respect to the g.d.s. O

Theorem 4.7. Let the assumptions of theorem (4.2) hold. Then the
uniform asymptotic stability of the trivial solution of the equation
(3.2) implies the uniform asymptotic stability of the set A with re-
spect to the g.d.s.

Proof. The trivial solution of the equation (3.2) is uniform asymp-
totic stable. Therefore, there exists a number p > 0 such that

o <p ®
T(t, to,T’o) S al(T’o)bl(t—to) (11)

where a; € K and by € L, for all t > to, r(¢,t9,70) being a
solution of the equation (3.2).

implies

As in the proofs of earlier theorems (See theorem (4.5)) we can
determine p; = pi(p) > 0 such that d(Xo,A) < p; and
a(d(Xo, A)) < p, a € K hold simultaneously.

Let X, be such that d(Xo, A)p; and choose 7o such that
V(to, Xo) < a(d(Xo, A)) = ro. The choice of rq verifies (i) from
which (ii) is implied. From theorem (3.1), (ii) above and the in-



equality (3.15) it follows that
b(d(F'(t,t0, Xo), A)) < V (¢, F(t,to, Xo))
< r(t,to,70)
r(t, to, a(d(Xo, A)))
al(ad(Xo, A))bl (t — to)
az(d(Xo, A)b1(t —to)),
where as = a1a € K.

IAIN A

Therefore,
d(F(t,to, Xo), A) < b~ (ag(d(Xo, A))bi(t — to)) (iii)
< b7 (a2(d(Xo, A)b1(0)))
since by (t — to) < b1(0), so that
d(F(t,tg, Xo0),A) < a3(d(Xo,A)),a3 € K (iv)

Also from (iii) above, and d(Xy, A) < p1, az € K,
d(F(t7 t07 XO): A) S bil(a2(p1)b1(t — tO)) = bil(bz(t — to))
< bs(t — to) where b3 = b by € L. W)
(iv) and (v) together imply

d(F(t,to, Xo), A) < [as(d(Xo, A))bs(t — to)]"/>
< ay (d(X(), A))b4(t — t()) (Vl)
where ay, € K and by € L. ]

Thus the set A is uniform asymptotic stable with respect to the
g.d.s.

Theorem 4.8. Let the assumptions of theorem (4.4) hold. Then S5
(the uniform asymptotic stability of the trivial solution of the equa-
tion (3.2)) together with S implies the uniform strict asymptotic
stability of the set A with respect to the g.d.s.

Proof. The assumptions of the theorem (4.4) include those of theo-
rems (4.2) and (4.3) with the inequality (4.9) (viz., b3(d(X, A)) <
Va(t, X) < az(d(X, A))) replacing (3.12). Theorem (4.7) holds.

Hence, for d(Xg, A) < p, the conclusion (vi) of the previous the-
orem (4.7) holds.

Because of S, for any solution (%, to, u) of the equation (3.7),
there exists pa > 0 such that ug < po implies

u(t, to, ug) > a(ug)b(t — tg), forall t > to, (i)
wherea € K and b € L.
From (4.9) and the properties of b3, we define p3 = p3(p2) > 0

such that d(Xo, A) < ps and b3(d(Xo, A)) < ps hold simultane-
ously.

Let ps = min(py,p3). Thus d(Xo, A) < p4, (4.9) and (i) above
are satisfied.

Now choose wug such that V(tg, Xo) > b3(d(Xo, A)) = uo. Then
from theorem (3.2), (i) above and the inequality (4.9).
az(d(F(t, to, Xo), A)) > Val(t, F(t,t0, Xo))
> u(t, to, b3 (d(Xo, A)))
> a(bs(d(Xo, A))b(t — to))
> a1 (d(Xo, A)b(t — to)),a1 € K.
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Therefore

d(F(t, to, Xo), A) Z Cl,gl((ll(d()(o7 A)b(t — to))) (ll)

The conclusion (vi) of the previous theorem (4.7) together with (ii)
above implies the uniform strict asymptotic stability of the set A
with respect to the g.d.s. O

5. CONVERSE THEOREMS(ON THE EXISTENCE
OF LYAPUNOYV FUNCTIONS IN A REVERSIBLE
DYNAMICAL SYSTEM)

From the definition (2.2) it follows that a g.d.s. in which X =
F(t,to, Xo) iff Xo = F(to,t, X) is called a Reversible Dynami-
cal System in E, which we henceforth denote by r.d.s.

In theorems that follow, the converse theorems in which the exis-
tence of V —function is sought are proved in r.d.s.

Theorem 5.1. Ifa set A is equistrict stable with respect to a r.d.s. in
E, then there exists a V —function satisfying all the assumptions of
theorem (3.4) (i.e., the V —function satisfies (1) and (2) of theorem
(3.3) as well as the inequality (3.12) in which V5 is replaced by V).

Proof. Let us define V(t,X) = d(F(to,t, X),A), to € I.V €
C(IXA(E), R, ) follows from the continuity of the flow F. By
the reversibility condition we have X = F'(t, to, F'(to,t, X)).
Equivalently X = F(t, to, Xo) iff Xo = F(to, t, X).

By the equistrict stability of the set A with respect to the r.d.s., there
exist a;, as € K, satisfying

a1 (to,d(Xo,A)) < d(F(t, to, Xo), A) < az(to, d(Xo, A))
ie,  ai(to,d(F(to,t, X),A)) <d(F(t, to, F(to,t, X)), A)
< az(to,d(F(to,t,X),A)) (O]
With what we have defined as V/,
al(t07 V(tv X)) < d(Xa A) < aQ(t(N V(t7 X))

Equivalently,
a1 (to, d(Xo, A)) < d(X, A) < az(to, d(Xo, A))
lmplylng (X07 A) S a (t07 (X ))
and d(Xo, A) < ay*(to,d(X, A))
or 5 (to, d(X, A)) < d(Xo, A) < a;'(to, d(X, A)).

The inequality (3.12) is thus verified, since a; !, a;' € K*.
Now for h > 0,

d(F (to, t+h, F(t+h,t,, Xo)), A)

V(t+h, F(t+h,te, Xo)) =
= d(Xo, A)

so that

V(t + h, F(t + h, to,Xo)) - V(t7F(t,t0,X0)) = 0

Thus

DYV(t,X)=0
and D V(T,X)=0



which verifies the inequalities (3.3) and (3.8) with the functions of
g and h identically vanishing. O

Theorem 5.2. If the set A is uniform strict stable for the r.d.s. in
E, then there exists a V —function satisfying the assumptions of
theorem (3.6).

Proof. Define V(t,X) = d(F(O,T,X),A). Equivalently,
V(t, X) = d(Xo, A). Clearly V € d(IXA(E), Ry).

t,
A).C
((X07 ))S ( (t,O,XU), )SGQ( (X07 ))
or a1 (V(t, X)) < d(X, A) < ax(V (¢, X)),

since X = F(t,0, Xo).

This implies
2 (d(X, A) SV(t,X) < ay'(d(X, A)),

where a; ', a;! € K.

Thus (3.14) of theorem (3.6) is verified.

Now for h > 0,

V(it+h,F(t+h,0,Xo)) =d(F(O,t+ h,X), A)
=d(F(O,t+ h,F(t+ h,0, Xy)), A)
= d(Xy, A).

Also V (¢, F(t,0, Xy)) = d(Xo, A).

Hence DTV (t,X) = 0 = D~ V(t,X), which satisfy (3.3) and
(3.8), with the functions g and h identically vanishing. i.e., V'
satisfies (3.5) and (3.10) simultaneously. O

Theorem 5.3. Assume that —

(1) the set A is uniformly strict stable, so that for some p > 0,
d(Xo, A) < pimplies

al(d(Xo,A)) S d(F(t, O,X(]),A) S LLQ(d(Xo,A)) (51)
where aq, as € K.

(2) Let g € C(IXR4,Ry), g(t,0) = 0 and that the trivial so-
lution of v' = ¢(t,r) is uniformly strictly stable, so that for
u <pp>0

b1 (uo) < u(t,O,up) < ba(ug) (5.2)
where by,by € K and u(t, O, ug) is any solution of
r’ = g(t,v) with u(O) = ug (5.3)

Then there exists a function V.=V (t, X') such that
@) V =V(tX)eC(X S(A,3),R:)
(i) b(d(X,A)) < V(t,X) < a(dX

I X S(Ad)anda,be K.
(i) DTV (t,X) = DV (t, X) = g(t,V(t, X)), for all t > to,
for which X S(A,9).

A)) for (t,X) €

Proof. Due to the reversibility of the system
Xo=F(O,t,X)iff X = F(¢,0, Xy).

Choose any function u € C'(S(A4,d),
e (d(X, 4)) < p(X) < e2(d(X, 4)) (5.4)

R ) such that
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where ¢1,co € K.
Define
V(t,X)=u(t,O,u(F(O,t, X))) (5.5)

where u(t, 0, ug) is a solution of the eq.(5.4)
Due to the continuity of 11, (i) follows.
Also for (¢t,X) € I X S(A,¢), we have

V(t,X)=u(t,O,u(F(O,t, X)))

< ba(W(F (0, t, X))
< baco(d(F(O,t,X), A)) = bacad(Xo, A)

and  d(Xo,A) <a;'d(F(t,0,Xo),A) = a;*(d(X, A))
Hence

V(t, X) < bacaa; ' (d(X, A)) = a(d(X, A)),
where a = bQCQCLIl e K.
Again,
V(t, X) = u(t,0, u(F(O, t, X)))

= bipu(F(0,t, X))

> bierd(F(O,t, X), A)

> bicray td(X, A) = b(d(X, A)) where b = bicray’ € K.
Thus, b(d(X, A)) < V(t,X) < a(d(X, A)), which proves (ii).
Finally, so long as F'(t,to, Xo) € S(A,J), we have

V(t, F(t,to, Xo)) = u(t, O, u(F (O, t, F(t, to, Xo0))))

Hence

V(t+h,F(t+h,ty,Xo)) =u(t+h,0,u(F(O,t+h, F(t+h,to, X0))))
=u(t+h, O, u(F(O,t, F(t, to, X0))))

Consequently,
DYV (¢, F(t, tg, Xg)) = D™V (¢, F(t,tg, X0))
= Jim [ {u(t+h O, u(F(O,t, F(t, tg, X0)))

7'u.(t,O,;l,(F(O,t,F(t‘tO,XO))))}}

=u/(t,0,u(0,t, F(t,tg, Xq)))
=g(t,V(t, F(t,tg, Xq)))

due to the differentiability of . Thus (iii) is proved. This estab-
lishes the throrem showing the existence of a V' —function in place
of Vi, V5 of theorem (4.4). O

Theorem 5.4. Suppose that

(1) The set A is strict uniform asymptotic stable with respect to the
rds.on E.ie, forallt € I and Xo € S(A,9),

a1(d(Xo, A))b1(t) < d(F(¢,0, Xo), A) < az(d(Xo, A))b2(¢)
(5.6)
where a; € K andb; € L, i = (1,2).

2) g € C(I X Ry,Ry), g(t,0) = 0 ensures the existence,
uniqueness and continuous dependance of solutions of v’ =
g(t, r) on initial conditions and the trivial solution of the equa-
tion is strict uniform asymptotic stable. i.e., there exists func-
tions as, ay € K and bs, by € L such that

ag(uO)bg(t) S ’LL(t, O,Uo) S a4(u0)b4(t) (57)



Jorallt € I, u(t,O,uqg) being a solution of ' = g(t,r)
through (O, ug).

(3) as is differentiable and as(r) < X\ > 0 forallr € R..
(4) b3(t) = Aiba(t), Ay > O forallt € I.
Then there exists a V —function satisfying—
) V=V(EX)ecI X S(A,01),R:), 01 =a1()bi(0)
(ii) for (¢t,X) eI X S(A, o)

b(d(X,A) <V(t,X) <a(td(X,A)), forallt €
(5.8)
where a € K* and b € L are defined on [O, §]

Gii) DTV(t,X) = D V(t, X) = g(t,V(t, X)) forall t > t,
for which X = F(t,to, Xo) € S(A, 7).

Proof. Let X € S(A,6;) and Xo = F(O,t,X) so that X =
F(t,0,Xy), by the reversibility condition.

By (5.6), Xo € S(A, ) implies X € S(A, ).
Choose any function i € ¢(S(A, 1), Ry ) such that
az(d(X, A)) < p(X) < as(d(X, A)) 0]
where as is defined in (5.6) and a5 € k
Define the Lyapunov function by
V(t,X) =u(t,0,u(F(0,t,X))) (i)
As in theorem (5.3) V satisfies (i) and (iii) of the conclusions of the

theorem and to complete the proof of the theorem the verification
of (ii) alone is required.

F(O,t,X) = Xo. Hence from (5.6)
aq (d(Xo,A))bl (t) S d(X, A) S ag(d(Xo,A))bg(t),
so that

Using (5.7), step (i) and step (iii) together with the assumptions (3)
and (4) we have, since V (¢, X) = u(t, O(F (O, t, X))), by (ii)
V(t, X) > az(n(F(O,t, X)))bs(t)

> az(a2(d(F(O,t,X),A)))bs(t)

> az(az2(d(Xo, A)))bs(t)

o o (50 Y

— d(X’ A) _ _
=as ( b2 (D) > b3 (t) = Aras(d(X, A)) = b(d(X, A))

Thus V' (¢, X) > b(d(X, A)) when b € K.

Similarly
V(t,X)=u(t,O,u(F(0,t, X)))
< ag(u(F(O, T, X)))ba(t)
<ay (asafl (d(bi((;;l) ) ba(2)
<a(t,d(X,A)) wherea € K.
Thus the conclusion (ii) is verified. O
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Remarks:

(1) While proving the sufficiency criteria in theorems (3.4), (3.6)
and (4.4), two V —functions were used, because of the nature
of inequalities (3.4) and (3.9). However, in theorems of this
section (i.e., theorems (5.1) through (5.4)), a stronger result, in
the form of a single Lyapunov function satisfying both condi-
tions satisfied by individual functions of theorems (3.4), (3.6)
and (4.4) is proved.

(2) Theorems (5.1), (5.2) and (5.3) are converse theorems for a
r.d.s. on E¥ wherein, the existance of a single Lyapunov func-
tion is established. But, theorem (5.4) is not a converse of theo-
rem (4.6) or theorem (4.8), for, assuming uniform strict asymp-
totic stability for the set A, we have got a Lyapunov function
that yields only equi-strict-asymptotic stability. Thus a weaker
result is obtained.

6. CONDITIONAL INVARIANCY OF SET B WITH
RESPECT TO SET AFOR AG.DS.IN E

Definition 6.1. A set B is said to be conditionally invariant with
respect to the set A for a g.d.s. in E, if F(t,to, A) C B for all
t > 1.

Note: 1. If B is conditionally invariant with respect to A for a g.d.s.
in E and B C C, then C'is also conditionally invariant with respect
to A. i.e., any super set to B is also conditionally invariant with
respect to A. This is evident since F'(¢,ty,A) C Band B C C
implies F'(t,tq, A) C C.

Note: 2. An invariant set A for a g.d.s. in F is self invariant. (i.e.,
F(t,tg,A) C Aforall t > tg). If A is self invariant, then A is
conditionally invariant with respect to any subset of A.

In the following, B is conditionally invariant with respect to A for
the g.d.s. in E.

Definition 6.2. With respect to A, for the g.d.s. in E, B is said to
be

(1) Equistable, if
d(F(t,to, X0), B) < a(to, d(Xo, A)) 6.1)
forallt > tg, where a € K*.
(2) Equistrict stable, if

ai (t07 d(XOa B)) < d(F(ta to, X0)7 B) < a2(t07 d(X07 A))
(6.2)
where ay1,ao € K*, forallt > tg.

(3) Uniform stable, if
d(F(t,to, Xo0), B) < a(d(Xo,A)) 6.3)
where a € K, forallt > t,.
(4) Uniform strict stable, if
a1(d(Xo, B)) < d(F(,t0, Xo), B) < az(d(Xo, A)), (6.4)

where a1,as € K, forallt > tg.

(5) Equiasymptotic stable, if
d(F(t7 t07 X0)7 B) S a(t(h d(XO> A))b(t0>t - t0)7 (65)
where a € K* andb € L, forallt > t,.




(6) Uniform asymptotic stable, if
d(F(tv tOv XO)? B) < a‘(d(X07 B))b(t - tO)v
where a € K and b € L, forallt > t,.

(6.6)

(7) Equistrict asymptotic stable, if

ay (to, d(Xo, B))bl(t(), t— to) S d(F(t, to, .T()), B)

S a2(t07 d(X07 A))b2(t07 t— tO)
(6.7)

where a1,a2 € K* and by,by € L, forallt > tg.
(8) Uniform strict asymptotic stable, if

a1(d(Xo, B))b1(t — to) < d(F(t,to, Xo), B)
< ag(d(Xo, A)ba(t —to)), (6.8)

where ay,as € K and by,by € L, forall t > t.

Remark:

In the above definitions, we use d*, where d*(A,B) =
sup{d(a,B),a € A}, d(a,B) = inf{d(a,b),b € B}
instead of the Hausdorff distance d defined as d(A,B) =
max{d*(4, B),d*(B, A)}. In order to see the reason for this, let
us suppose, that the Hausdorff distance d is used in the definition
of, say, equistability of B with respect to A.

Then Xy = A implies d(F(t,to, A), B) = 0, since a € K* and
d(Xo,A) = 0. In particular at ¢ = t¢, this means d(A, B) =
0 implying A = B. Thus the equistability condition (6.1) with
Hausdorff distance d implies equality of sets A and B.

Moreover the definition for conditional invariancy is in terms of
‘subset of” relation. However, in the Hausdorff distance, there is no
way of inferring subset relation between the two sets. On the other
hand d*(A, B) = 0 implies A C B.

We shall henceforth abbreviate Conditionally Invariant Set B¢ by
‘C.L set B’

Theorem 6.1. Let the assumptions of theorem (3.3) be satisfied
except that (3.11) is replaced by
b(d*(X,B)) <V(t,X) <a(t,d(X,A)), forallt >ty (6.9)

where a € K*, b € K and d* is the distance as explained in the
remark above. Then the C.I. set B is equistable with respect to A
for the g.d.s. in E.

Proof. Due to the condition (2) of
V(t, F(t, t(), X(])) S ‘/(to7 Xo) From (69)

b(d*(F(t>t07X0)7B)) < V(t7F(t7t0aX0))
< V(to, Xo) < a(to, d"(Xo, A))

theorem (3.3)

implying
d*(F(t,to,Xo),B) S bila(to,d*(Xo,B))
= c(tg,d"(Xo, B)) where c = b 'a € K*.

Hence the equistability of the C.I. set B with respect to A for the
g.d.s.in E. O
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Theorem 6.2. Let the assumptions of theorem (3.4) hold except
that the conditions (3.11) and (3.12) are replaced by
b1(d"(X,B)) < Vi(t, X < ay(t,d (X, A))) (6.10)
ba(t,d" (X, B)) < Va(t, X) < a2(d" (X, B)) (6.11)
for all t > to, where by,as € K and ay1,by € K*, d* being as

explained under the remark. Then the C.Lset B is equistrict stable
with respect to A for the g.d.s. in E.

and

Proof. As in theorems (3.3) and (3.4)
bi(d"(F(t, 1o, Xo0), B)) < Vi(t, F(t, 1o, X0))
< Vi(to, Xo)
<ay (t07 d*(XDv A))

so that
d*(F(t,to, Xo), B) < by 'aq(to, d"(Xo, A)) ()
Again
ba(to, d*(Xo, B)) < Va(to, Xo)
S ‘/2(t7 F(t7t07X0))
S O/Q(d*(F(t, t(),X()),B))
so that

az'ba(to, d*(Xo, B)) < d*(F(t, to, x0), B) (i)

putting a5 by = c and by'a; = c; where ¢1,cy € K*, we get
from (i) and (ii) above
Cg(t(),d*()(o7 B)) S d*(F(t7t07X0)7B) S Cl(t07d*(X0,A))

which means the equistrict stability of the C.I.set B with respect to
A for the g.d.s. in E. a

Theorem 6.3. Let the assumptions of theorem (6.1) be satisfied
except that (6.9) is replaced by

b(d"(X,B)) <V(t,X) <a(d*(X, A)) (6.12)
forallt > to, where a,b € K. Then the C.Lset B is uniform stable
with respect to A, for the g.d.s. in E.

Proof. By the assumptions, as in theorem (6.1)
b(d* (F(t,to, Xo0),B)) < V(t, F(t,to, Xo))
< V(to, Xo)
< a(d’(Xo, 4))
implying
d*(F(t,to, Xo), B) < b "a(d"(Xo, A)) = c(d"(Xo, A))

where ¢ € K. Hence the uniform stability of the C.L.set B with
respect to A for the g.d.s. in E. O

Theorem 6.4. Let the assumptions of theorem (6.2) be satisfied
with the conditions (6.10) and (6.11) replaced by

b1(d"(X,B)) < Vi(t, X) < a1(d" (X, A)) (6.13)
bo(d' (X, B) < Va(t, X) < an(d"(X, B))  (6.14)

Sorallt > to, where a1,b1 € K, (i = 1,2). Then the C.Lset B is
uniform strict stable with respect to A for the g.d.s. in E.

and
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Proof. As in the proof of the theorem (6.2),

Vi(t, F(t,to, Xo)) < Vi(to, Xo) ()
and Va(t, F(t,to, Xo)) < Va(to, Xo) (i)

for all ¢ > t,. Consequently, by (6.15) and (i) above
bl (dx(F(t tOv XO)? B)) < Vl (t7 F(ta to, XO)

implying d*(F(t,to, Xo), B) < b7lai(d*(Xo,A)) (i)
Likewise, by (6.16) and (ii) above

G,Q(d*(F(t,to,Xo),B)) 2 V (t F(t to,Xo))
2 V (t07X0)
> by(d*(Xo, B))
implying d*(F(t, to, Xo), B) > a3 ba(d*(x0, B)) (iv)

Putting b;'a; = ¢; € K and a;'by = c; € K in (iii) and (iv)
above respectively

Cg(d*(Xo,B)) S d*(F(t, t07X0)7B) S Cl(d*(Xo,A)).

Thus, the C.I. set B is uniform strict stable with respect to A for
the g.d.s. in E. O

Theorem 6.5. Let the assumptions (1) and (2) of theorem (4.1)
hold except that the inequalilty of (1) is replaced by (6.9) of theorem
(6.1).

Then (i) equistability of the trivial solution of the equation (3.2)
implies the equistability of the C.I. set B with respect to A and (ii)
equi-asymptotic stability of the trivial solution of the equation (3.2)
implies the equi-asymptotic stability of the C.I. set B with respect
to A, for the g.d.s. in E.

Proof.

(i) The proof is the same as in theorem (4.1) except that
d* replaces d. Moreover the conditional invariancy of the
set B with respect to A implies d*(F(t,t0,Xo),B) <
d*(F(t,to, Xo), A). This consideration leads to the required
conclusion.

(ii) The proof of this part is the same as in theorem (4.5) where
d* replaces d.

Note: d* < d. O

Theorem 6.6. Assume the conditions (1) and (2) of theorem (4.1)
with the inequality of (1) replaced by (6.12). Then (i) uniform sta-
bility of the trivial solution of the equation (3.2) implies the uniform
stability of the C.I. set B with respect to A and (ii) uniform asymp-
totic stability of the trivial solution of the equation (6.2) implies the
uniform asymptotic stability of the C.1. set B with respect to A for
the g.d.s. in E.

Proof.

(i) The proof of uniform stability of the C.I. set B with respect to
A is parallel to that given in theorem (4.2) with d* in place of
d. Further the conditional invariance of the set B with respect
to A implies d*(F(t,To, Xo), B) < d*(F(t,t0,X0),A).
These considerations lead to the required conclusion.

)
< Vl(t(),Xo) < al(d*(X07A))
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(ii) The proof of uniform asymptotic stability of the C.I. set B
with respect to A runs parallel to that of theorem (4.7) with
d* in place of d.

]

Theorem 6.7. Let the assumptions of theorem (4.3) hold except
that (3.11) and (3.12) are replaced by (6.10) and (6.11) of theorem
(6.2) respectively. Then (i) S5 and S} imply equistrict stability and
(ii) S¢ and S§ imply equistrict asymptotic stability of the C.I. set B
with respect to A for the g.d.s. in E.

Proof. In view of the assumptions of theorem (4.3), the condition
(6.10) and S7, which means the equistability of the C.I. set B with
respect to A is implied by the theorem (6.5) — (i).

Again, since S; means equiasymptotic stability of the trivial solu-
tion of the equation (3.2), equiasymptotic stability of the C.I. set B
with respect to A is implied by the theorem (6.5) — (ii)

We now prove the ‘STRICT’ results —
(1) By the equistability of the C.I. set B with respect to A we have
d*(F(t7t07X0)7B) < Cl(to,d*(Xo,A)) (1)
forall t > tq, where c € K*.
By S5 there exists p > 0, such that ug < p, u(t,to,ug) >
cs(to, up), c3 € K* and t > ¢, for any solution u(t, to, ug) of
the equation (3.7).
By the property of by in (6.11)
viz: by (t,d" (X, B)) < Va(t, X) < az(d*(z, B))

there exists p; = p1(to, p) > 0 such that d*(X,, B) < p; and
ba(t,d*(Xo, B)) < p hold simultaneously.

Let ¢ = min(ps,p). Then (6.11) holds for all X,
such that d(Xo,B) < g¢. Choose ug so that Va(tg, Xo)
ba(to, d*(Xo, B)) = up. As all the conditions of theorem (3.2)
are satisfied

Va(t, F(t, to, Xo)) > ’u(t,to,Xo) = u(t,to, bz(to,d*(Xo, B)))
> c3(to, b2(to, d"(Xo, B)))

> c4(to, d" (Xo, B))

But

asx(d*(F(t,tg, Xo), B)) > Va(t, F(t, o, Xo)),
sothat aq(d*(F(t,to, Xo), B)) > ca(to,d" (Xo, B))
or d*(F(t, to, Xo), B) > aycs(to, d*(Xo, B))
ie., d*(F(t,to, Xo), B) > ca(to,d*(Xo, B))

(ii)
where ¢y = a;'cy € K*, forallt > to.

The steps (i) and (ii) above imply equistrict stability of the C.I.
set B, with respect to A for the g.d.s. in E.

(2) Because of equiasymptotic stability of the C.I. set B with re-
spect to A we have

d*(F(t,to, Xo), B) < c1(to, d"(Xo, A))da(to,t —to) (iii)
forallt > tg, c; € K*,dy € L*.
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By S there exists a number p > 0 with ug < p such that, for
any solution (¢, tg, ug) of the equation (3.7) u(t,tg,ug) >
Cg((to, Uo))dg,(to,t - to), for all ¢ > to, where c3 € K* and
ds € L*.
By the property of by in (6.11), there exists p; = p1(to,p) >
0, such that d*(Xo,B) < p; and ba(t,d*(Xo,B)) < p
hold simultaneously. Let ¢ = min(p, p;). Then (6.11) holds
for all X, such that d*(Xo, B) < g¢. Choose ug such that
Va(to, Xo) > ba(to,d*(Xo, B)) = ug. As all the conditions
of theorem (3.2) are satisfied,

Va(t, F(t,to,uo)) > u(t,to,uo) = u(t, to, b2(to,d" (Xo, B)))

> c3(to, b2(to, d"(Xo, B)))ds(to,t —to)

But

az(d”(F(t,to, Xo), B)) > Va(t, F (¢, t0, Xo))
> c3(to, b2(to, d"(Xo, B)))da(to,t — to)
> ca(to,d"(Xo, B))ds(to,t — to)

implying
d*(F(t,t(],Xg),B) Z a;l [C4(t0,d*(X0,B))d3(t0,t - t(])]
ie, d'(F(t to,Xo), B) > ca(to,d"(Xo, B))dz2(to,t — to) (iv)

for all t > tg, where co € K* and dy € L*.

The steps (iii) and (iv) above imply equistrict asymptotic stability
of the C.I. set B with respect to A for the g.d.s. in E. O

Theorem 6.8. Assume that the conditions of theorem (4.3) hold,
with conditions (3.11) and (3.12) replaced by (6.13) and (6.14) re-
spectively.

Then (i) s3 and S} imply uniform strict stability of the C.I. set B
with respect to A and (ii) S5 and S§ imply uniform strict asymp-
totic stability of the C.I. set B with respect to A, for the g.d.s. in
E.

Proof. All the conditions of theorem (6.6) — (1) and (2) are satisfied,
since S; and S mean the uniform and uniform asymptotic stability
of the trivial solution of the equation (3.2).

Accordingly, the C.I. set B is uniform stable/uniform asymptotic
stable with respect to A.

Considering S} : u(t, to, ug) > cz(ug), forall t > tg with ug < p,
p > 0 and S§ : u(t,to,UQ) Cg(Uo)dg(to,t — t()) with Ug < D,
p > 0, the ‘strict’ results of the stability of the C.I. set B with
respect to A for the g.d.s. in E can be proved on the same lines as
in theorem (6.7). O

Note:

Theorems (6.5) — (1) and (2)
(6.6) — (1) and (2)

(6.7) - (1) and (2)

and (6.8) — (1) and (2)

correspond, in order, to theorems (4.1) — (4.5); (4.2) — (4.7); (4.3) —
(4.6) and (4.4) — (4.8).

Converse theorems on the existence of Lyapunov functions for the
stability properties of the C.I. set B with respect to A for a r.d.s.
can be proved on similar lines of theorems in section 5.

We state and prove a theorem corresponding to theorem (5.2).
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Theorem 6.9. If the set B is uniform strict stable with respect to
A for ard.s. in E, there exist a pair of Lyapunov functions V; (i =
1, 2) satisfying the hypotheses of theorem (6.4).

Proof. Define the functions V; and V5 as follows —
Vit X) = Jinf d'(F(T,t,X), )
and Va(t,X) = sup d(F(T,t,X),B).
o<T<t

Since the C.I. set B is uniform strict stable with respect to A,

as(d*(Xo, B)) < d*(F(t, to, Xo), B) < a1 (d* (X0, A)), t > tg,a; (i =1,2) € K.
Then for T' < t, by the reversibility condition, X =
F(t,T,X(T)), we have
az(d"(X(T), B)) < d"(X, B) < ar(d"(X(T), 4)) ()
where X (1) = F(T,t, X). Hence for each T" such that
O<T<t,d(X(T),A)>a;*(d(X,B))

(i)
sothat Vi(¢,X) = oig%“fgz d'(X(T),A) > a;*(d" (X, B))
(iii)
Also trivially
Vi(t,X) < d*(X, A) (@iv)
(iii) and (iv) together give
a7 (d'(X,B)) < Vi(t,X) < d"(X,A),0<T <t
This verifies (6.13) of theorem (6.4).
Va(t, X) > d"(X, B) )
Also from (i)
d'(X(T), B) < a;*(d'(X, B))
sothat  Vi(t,X) = sup d"(X(T),B) < a3 (d(X,B))
O<T<t
(vi)

(v) and (vi) together give
d*(Xa B) < VQ(ta X) < a;l(d*(X, B))
which verifies (6.14) of theorem (6.4).

V (¢, X) and V,(t, X) satisfy the inequality (3.3) with g = 0 and
the inequality (3.8) with h = 0.

To see this,

‘/l(ta F(tv tOu XO))

it d'(F(T,t,X), )

inf d"(X(T), A)

O<T<t

Also for h > 0,

Vi(t+h, F(t+ h,to, Xo)) = _inf (d'(X(T),A))

O<T<t+h
clearly, Vl(t + h, F(t + h, to, Xo)) < ‘/1(75, F‘(IJ)7 to, X()))
so that DTVi(t,X) <0
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which is (3.3) with g = 0.

Va(t + hy F(t + h,to, Xo)) = sup  d"(X(T),B)
Om<T<t+h
sup d*(X(T),B) = Va(t, F(t,to, X0))
O<T<t

Thus D~ V5 (¢, X) > 0 which is (3.8) with h = 0.
Thus V; and V5 satisfy all the conditions of the theorem (6.4). O

Remarks:

(1) The function V; shows that this is a Lyapunov function of the-
orem (6.3).

(2) One can easily see that theorem (6.9) with B = A and d* re-
placed by d, is a converse for theorem (4.4) giving two different
functions V; and V5 unlike theorem (5.2).

7. CONDITIONAL (OR RELATIVE) STABILITY
OF A COMPACT SET A WITH RESPECT TO A
G.DS.INE

Let the set A € A(F) be compact in E and M be a subset of
E such that A € M C E. We state the definitions of conditional
stability of the set A with respect to a g.d.s. in . Lyapunov (vector)
function defined on I X A(FE) is used to determine the sufficient
conditions for conditional stability of A with respect to a g.d.s. in
E. This concept (i.e., conditional stability of . ..) is identical with
the concept of relative stability (5).

Definition 7.1. The set A is daid to be

(1) Conditionally equistable for the set M with respect to a g.d.s.
in I if there exists a function a € K™ such that

d(F(t7t07X0)7 A) S a(to,d(X07 A)) (71)

(2) Conditionally uniformly stable for the set M with respect to a
g.d.s. in E if there exists a function a € K such that

d(F(t7t07X0)7 A) < a’(d(X07 A)) (72)

(3) Conditionally equiasymptotically stable for the set M with re-
spectto a g.d.s. in F if there exist functions a € K* andb € L*
such that

d(F‘(t7 to7 )(0)7 A) S a(to, d(X(), A))b(to, t— to) (73)

(4) Conditionally uniformly asymptotically stable for the set M
with respect to a g.d.s. in I if there exist functions a € K
and b € L such that

d(F(t,t0, Xo), A) < a(d(Xo, A))b(t —to) 7.4

WHENEVER (IN THE DEFINITIONS (1) TO (4) ABOVE)
Xo C M N S(A, P), for some p > 0 and for all t > to.
Note:

(1) If M = E, the above definitions reduce to S, S3, S5 and S
(of section 2).

(2) These definitions are similar to the ones given in (7). They are
expressed here in terms of monotonic functions belonging to
the classes: K, K*, L and L*.
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(3) If M is a neighbourhood of A, then also note (1) above holds.

To obtain sufficient conditions for the conditional stability proper-
ties of the set A, we use the comparison techniques based on Vector
Lyapunov function.

Let W = W (¢,r) be a continuous vector function with compo-
nents wi, Wa, W3, ..., Wy, inr = (r1,7a,...,7r,) so that we write

W eC(I X R",R").

W is said to possess quasi-monotone property in r for each fixed
t € I, if foreach i = 1,2,...,n, the i—th component w (¢, r) is
monotonic non-decreasing in 7}, j # ¢ for each j.

If W has the quasi-monotone property in 7, then the differential
system:

r=W(t,r),(=d/dt) (7.5)
has the maximal (in the sense of component-wise majorisation) so-

lution existing to the right of t.

W is assumed to be smooth enough that the maximal solution exists
forallt € [to, oo} .

Let V be an—vectorand V € C(I X A(E), R), where RY the
set of n—tuples with all components non-negative. Interpreting the
vector inequality as being satisfied component-wise,

let V(£ X (8) [%{V(t-ﬁ-h,X(t-{—h)) - V(t,X(t))}}

(7.6)

= lim
h—0t
for (¢, X(t)) € I X A(E).

Theorem 7.1. Let there exist a vector function V defined above so
that VT defined above in (7.6) satisfy the vector inequality:

VI X)) <W(EV(EX®)), t>t (1.7
where W' is a smooth function having the quasi-monotone property.

Let 7(¢,t0,70) be the maximal solution of the differential system
(7.5), existing to the right of ¢y. Then

V(to,X((to)) ST(to,to,To) =170 (1)
implies V(t, X (t) < r(t, to,m0) (ii)
(7.8)

We will henceforth (unless otherwise stated) use V' and W in two-
dimensions only. Thys V' = (V;,V2), W = (W, Ws) and the
quasi-monotone property of W is now equivalent to W; being non-
decreasing in r and W5 being non-decreasing in 7.

Let (r1,72)R3.
Define |V| = Vi + Vo and |r| = 71 + ra.

These make sense since Vi, Vs, 1, ro are all non-negative, by def-
inition.
Let

To = (7’1, 0) (79)

Then
Irol =71
Let r(t, to, o) be the maximal solution of (7.5) with ro defined in

(7.9). Corresponding to the definitions (7.1) (1) to (4) we state the
following properties —
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Properties 7.1.

(1) —s: There exists a € K*, for a given p > 0 such that |ro| < p
implies

|T‘(t, to, 7‘0)‘ S a(to, |T0|)t 2 to (710)
(2) —s: There exists a function a € K for a given p > 0 such that
8 p
|ro| < pimplies
|’f‘(t,t(),’f'0)| Sa(‘To‘),tZto (71])
(3) —s: There exist functions a € K* and b € L* for a givenp > 0
such that |ro| < p implies
|T(t, t(), 7’0)| S a(t, |T0|)b(t0,t — to), t 2 to (712)
(4) —s: There exist functions a € K and b € L for a given p > 0
such that |ro| < p implies
|T’(t,t0,7’0)| S a(|r0|)b(t7t0),t Zto (713)

Theorem 7.2. Let

M={X€AE): Va(t,X) =0} (7.14)
and V' (where (V1, Va)) satisfy —
bA(X, A)) < V(5 X) < a(t,d(X, 4))  (1.15)

forall (t,X) € I X A(E). Further, let the conditions of theorem
(7.1) be satisfied.

Then (i) property (7.1): (1) — s implies the conditional equistability
of A, and

(ii) property (7.1): (3) — s implies the conditional equiasymptotic
stability of A, for the set M with respect to the g.d.s. in E (where
M is given by (7.14)).

Proof.
(i) By the property of a in (7.15), there exists p; = p1 (to,p) >
0 such that d(Xy, A) < p; and a(to, d(Xo, A)) < p hold
simultaneously.

Vi(to, Xo).

Let XO € M. Then ‘/Q(to,il‘o) =0 by (714) If XO €
S(A,p1), then d(Xp, A) < p; and the choice of p; and rg

Choose 1o = (r1,0) withry =

show that
ro < a(to,d(Xo,A)) <p,a € K~ ®
Thus (7.8)—(i) of theorem (7.1) is satisfied so that
V(t, F(t,to, Xo)) < 7(t, to,70),t € to (ii)

for Xo € M NS(A,py).

This inequality, component-wise would mean

Vi(t, F(t,to, Xo)) < ri(t,to,70) (iii)
and ‘/2(t7 F(t7 t07 Xo)) S ’I"Q(t7 to, 7‘0) (IV)

From these two and the definition of the norm, we have

|V(t7F(t7t07X0))| < ‘T(t,to,ro)‘ (V)
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Now

b(d(F(t,to, Xo), A)) < [V (L, F(t,to, Xo))|

|7 (¢, to, Xo)]

ai (to, o)

ay (to,a(ty, d(Xo, A)))
as(tg, d(Xo, A))

IN A INIA

sothat  d(F(t,t0, X0), A) < b 1"as(tg,d(Xo, A)) = as(tg,d(Xo, A))

where az € K*, t>tg.
Therefore A is conditionally equistable for the set M with
respect to a g.d.s. in E.

(i) Proceeding on the same lines, as above, because of property
(7.1):(3)-s, we get

b(d(F(t, to, Xo), A))

v
r
a ( 05 |T0|b1(to7t— to))
a1 (to, a(to, d(Xo, A)))b1(to, t — to)
CLQ(to,d(AXfO7 ))bl(to,t—to)
implying

d(F(t, tQ,XQ),A) S bil(ag(to, d(Xo,A))bl (tQ,t — to))

S ag(to,d(Xo,A)bg(to,t — to))

(Here p1 = pi(to,p) is such that d(Xo,A) < p; and
a(to,d(Xo, A)) < p hold simultaneously).

Thus A is conditionally equiasymptotic stable for M with respect
to the g.d.s. in E. O

Theorem 7.3. Let M be the set defined in (7.14) and V satisfy —
b(d(X,A)) <V(t,X) <a(d(X, A)),t >t (7.16)

forall (t,X) eI X A(E)wherebc K anda € K.

Let the conditions of theorem (7.1) be satisfied.

(i) Property (7.1): (2)—s implies the conditional uniform stability
of A, for the set M with respect to the g.d.s. in F and

(ii) Property (7.1): (4)—s implies the conditional uniform asymp-
totic stability of A, for the set M with respect to the g.d.s. in
E.

Proof. The properties of a in (7.16) imply that there exists p; > 0,
p1 = p1(p) such that d(Xy, A) < p1, and a(d(Xo, A)) < p hold
simultaneously. Choose rq = (71, 0) withr; = V (¢o, Xo). Let Xo
M so that Va(tg, Xo) = 0.

If Xo € S(A,p1) then d(Xy, A) < p; and the choice of p; and 7
show that

ro < a(d(Xo,A4)) <p )

Thus (7.8) — (i) of theorem (7.1) is satisfied so that
V(t,F(t,t07X0)) S T‘(t,to,’f‘o),t Z to (11)
for Xo € M N S(A,py).
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Component-wise, this implies

Vi(t, F(t, to, Xo)) < 71(t,L0,70) (iii)
and VQ(t,F(t, to,Xo)) S Tg(t, to,?"o) (IV)
| <

which means |V (t, F(t,to, X0)) |7 (t,to, 70)| W)

Therefore
b(d(F(t, to, Xo), A)) <[V (¢, F(t, to, Xo))]
<|r(t, to, 7o)l
< ax(|rol)
< ax(a(d(Xo, A))) = az(d(Xo, A))
where ay = a;a € K implying,
d(F(t,to, Xo), A) < b 'ag(d(Xo, A)) = as(d(Xo, A))

where as = b lay € K.

Hence the conditional uniform stability of A for M with respect to
the g.d.s.in E.

(i1) The proof of this part is just the same as above, but for the
following deviation —

b(d(F(t, Lo, Xo), A)) < ar(a(d(Xo, A)))b1(t — to)
so that d(F(t,to, Xo), A) < b (a1 (a(d(Xo, A))bi(t —t0)))
< az(d(Xo, A))bs(t — to)
Here p1 = pi(p) > 0. Such that d(Xo,A) < p; and

a(d(Xo,A)) < p hold simultaneously. Further a3 € K and
by €L

Hence the conditional uniform asymptotic stability of A for M
with respect to the g.d.s. in E. O

8. CONVERSE THEOREMS FOR THE
EXISTENCE OF VECTOR LYAPUNOV
FUNCTIONS FOR CONDITIONAL STABILITY.

Let g = g(t,u), u = (u1,usz) so that g = g(t,u1, us) be defined
and continuous on I X R? into R? and satisfy the quasimonotone
decreasing condition in w. g is assumed to be smooth enough to
ensure the existence, uniqueness and continuous dependence of the
solution on the initial conditions of the equation.

u' = g(t,u), forallt € [0,00],t € I. (8.1)
Let
g(tau) = (91(t7 u)792(tau))
= (g1(t, u1, u2), ga(t, ur, uz)).

Define g*(t,u) = (g1 (¢, u1, u2), g2(t, 0, uz)).
As uy,us > 0, by the quasi-monotone property, it follows that

g (t,u) < g(t,u) (8.2)

Suppose u*(t,0, uo) and u(t, 0, ug) are solutions of
v = g* (¢, u) (8.3)

and (8.1) respectively through the same point (0, ug), uo € R3.
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Then we have

u*(t,0,u0) < u(t,0,ug),t €1 8.4)

Suppose p1 = (u10,0) € R3 and py = (u10,u20) € R3.

Then let the solutions of (8.3) through (0, p1) and (0, p2), be de-
noted uj (¢, 0, p1) and uwi(¢, 0, p2) respectively.

Writing these equation component-wise -

u;(t’07p1) = (uil(t707pl)7u12(t7 O,pl))
and us(t,0,p2) = (£35(t,0,p2), uss(¢,0,p2)).

Then we have
U;(ta Oapl) U;(tv Oap2)
i'e" u;l(ta Oapl) U;l (t7 07p2) (85)
ujo(t,0,p1) uhs(t,0,p2)

Theorem 8.1.

(1) Let the g.d.s. be r.d.s. and the flow F(t,t9, Xo), Xo € A(E),
be Hausdorff continuous in the triplet of its arguments.

(2) Let there exist functions a,b € K such that
b(d(Xo, A)) < d(F(t,t0, Xo), A) < a(d(Xo, A))  (8.6)
for Xo e M
(3) Let g € C(I X R2,R?), g(t,0) = 0 and g has the proper-

ties mentioned earlier (viz., existence, uniqueness and continu-
ous depenbdence of solutions (on the initial conditions) of the
equation (8.1))

(4) The solution u(t,0,ug) of (8.1) satisfy
u(t,0,u0) < r2(|uol) 8.7
(u107U20)~

(5) The component u}(t, 0, ug) of the solution u*(t, 0, uo) of (8.3)
has the property:

Ug(t, 0, Uo) 2 7‘1(‘U0|) = 7'1(’&20) (88)

where ug satisfies the definition given in (4) above.

where ug = ugq as uip = 0, when ug =

Then there exists function V' = V¢, X) with the following proper-
ties:

) VeC(IX A(E),’r’i)

(i) VT(t, X) < g(t,V(t, X)) for the flows X of r.d.s.
(i) If X € M, then Vi (t, X) = 0

(iv) b1 (bd(X, A)) < |V (¢, X)| < a1(d(X, A))
where a1,b; € K and (¢, X) € I X A(E).

Proof. The g.d.s. is r.d.s. Therefore X = F(¢,0,X,) implies
Xo = F(0,t, X)

Choosing a function 1 € C(A(E), R%) such that

a1 (d(X, A)) < pu(X) < az(d(X, A)) @
and p(X)=0if X € M (ii)
w(X) = (p(X), p2(X)).
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Let uj (¢,0, (11 (X),0)) and uwh (¢, 0(u1 (X), p2(X))) be the solu-
tions of the equation (8.2).

Define
(F(0,t,X),0)))
(Xo)vo))
and Vot X) = uy(t0, (11 (0,4, X)), pa(F(0,8, X))
= U3, (2, 0, (111 (Xo), 12(Xo)))

where uj; and u, are first and second components of uj and u}
respectively. The continuity of V4 and V5, follow from the conti-
nuity of uj, and u}, with respect to the initial conditions together
with the continuity properties of 1 and F' with respect to their ar-
guments.

Let X(t) = F(t to,X(to)), so that X(¢ + h) = F(t +
hyto, X (to)).

Also F(0,t + h,X(t + h)) = F(0,t,z(t)) = Xy, by the re-
versibility property. Hence

Vi X(0) = tim w4 5,0, (01 (X0), 0)) = w3 (10, (41.(X0),0))]

=) (£,0, (11(X0),0))
= g1 (6, u11 (4,0, (11(X0),0)), w}n (£, 0, (11 (X0),0)))

Similarly,

U;(tv X(t)) = g;(t, 0, ug2- (¢, 0, (NI(XO)? M2(X0))))'

With the definitions of V; and V5
V(6 X(0) = 636 V(1 X(0), 0.0, (X0). )
iii
and V57 (t, X () = g5(t,0, Va(t, X (1)) (iv)

Now from the inequalities (8.5)
u12(t, 0, (11(X0),0)) < uia(t,0, (11(Xo), p2(Xo)))
< Va(t, X(t)) )

also trivially, 0<Vi(t, X(t)) (vi)

Hence by the quasimonotonicity of g; and g we have
V(6 X () < (6,0 (6 X (1), Va(t, X (1))
< g1t Va(t, X (1)), Va(t, X (1)) (vii)

and

Vo' (8, X (1) < ga(t,0, Va(t, X (1))
S gQ(ta 07 ‘/2(757 X(t)))
< gz(t,‘/l(t,X(t)),VQ(t7X(t))) (viii)
(v) and (vi) verify property (ii).

Property (iii) follows from the proepety (8.7) and the fact that
Vi(t, X) = 0if yu (X) = 0.
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Now
[V (t, X)|=Vi(t, X) + Va(t, X)
=u]1(t,0,(11(X0),0)) +udo(t,0, (k1(Xo), n2(X0)))
< wu21(t, 0, (u1(Xo), w2(X0))) +u22(t, 0, (11(X0), #2(X0)))
r2(|1(X0)|), by hupothesis (4) and p(X )
= 0 implies Xg € M.
=ra(az(d(Xo, A))) = ra2(agb 1 (d(X, A)))
=a1(d(X,A)),a1 € K (ix)

V(t,X)=Vi(t,X)+ Va(t, X)
> Va(t, X)
= u22(t,0), (k1(Xo), k2(Xo))
> r1(p(Xo)) by hypothesis (5) and p(Xo) = 0 implies Xo € M.
Z 11 (a1 (d(Xo, A)))
>ri(arat(d(X, A))) = b1 (d(X, A)) where b; € K. (x)

(ix) and (x) together verity the property (iv). Hence the theorem. O

Note:

(1) It is to be noted that the theorem just proved is not strictly a
converse for either of the theorems (7.1) and (7.2). We find that
the hypothesis (2) on the estimates for d(F'(¢, 0, Xo), A) imply
strict conditional stability for the set A with respect to the set
M. Similarly the condition (4) corresponds to property (7.1)
- (2) -s for (8.1), but we also require condition (5), which is
compatible with the property (7.1)-(2)-s. Similar remarks hold
for the theorem (8.2) stated below.

(2) Using the notion of mini-max solutions for a system, we can
obtain theorems that will give strict conditional stability for the
set A.

(3) Theorem (8.1) can be considered as the extension of theorem
4.5.1 of (32) on conditional stability of ordinary differential
system to reversible dynamical system. The results are special
cases fo theorems (4.5.2), (4.5.3) and (4.5.4) from the refer-

ence.

we can also prove the following extension of theorem (4.5.2)
to reversible dynamical system and a simply state the theorem
without proof.

Theorem 8.2. Let the assumptions (1) and (3) of theorem (8.1)
hold. Assume further that

(a) there exist functions by,by € K, c1,co € L such that, for
Xoe M

by (d(Xo, A))er (1) < d(F(t,0, Xo), A) < ba(d(Xo, A))ez(t) fort > 0

(b) the solution u(t,0,uq) of (8.1) satisfy the condition
u(t,0,u9) < ra(|uol)s2(t),t > 0,75 € K,s0 € L
where ug = (u10,u20) and uyp = 0.

(c) the component us,(t,0,uq) of the solution of equation (8.3)
satisfy the condition

u§2 (t7 07 uO) Z T1 (UO)Sl (t)7
with ug satisfying conditions in (b), and r1 € K and s; € L
(d) 71(r) is differentiable and ' (r) > X > 0
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(e) s1 and cy are such that s1(t) > Ajca(t), t > tg, Ay >0

Then there exists a function V (¢, X') with properties (i) (ii) and (iii)
of theorem (8.1) and

b(d(X, A)) < V (¢, X) < alt, d(X, A))

where b € K, and a € K*. This theorem shows the existence of a
Lyapunov function for asymptotic conditional stability.

9. REFERENCES

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

E.A. Barbashin: v¢’ en zap M.G.V. n0.135 pp.110-133 (1949)
Russian.

R. Bellman: Vector Lyapunov functions. J. SIAM Centro Ser.
A1 (1962) pp.32-34, MR, Vol.26 (1963).

N.P. Bhatia: Stability and Lyapunov functions in Dynamical
Systems, Contributions to Differential equations, 3 (1964),
pp-175-188, MR Vol.29 (1965).

N.P. Bhatia and O. Hajek: Local semi-dynamical systems,
Lecture notes in Mathematics (1969), Springer-verlag.

N.P. Bhatia and G.P. Szego: Stability theory of Dynomical
systems, Springer-Verlag, (1970).

W. Hahn: Stability of Motion, Springer-Verlag (1967) Trans-
lated by Arne P. Baartsz, MR Vol.36 # 6716 (1968).

A.A. Kayande and V. Lakshmikantam; General Dynamical
systems and conditional stability, Proc. Cambridge Philos,
Soc. 63 (1967), pp. 199-207, MR Vol. 34 # 6258 (1967).

A.A. Kayande and V. Lakshmikantham: Conditional invariant
sets and vector Lyapunov functions - J. Math. Anal. Appl. 14
(1966), pp.285-293, MR Vol. 32 # 7880 (1966).

A.A. Kayande and V. Lakshmikantham: General dynamical
systems and differential inequalities. Technical report, U.R.I.
No.2 (1968).

V.I. Zubov: The methods of A.M. Lyapunov and their appli-
cations (English translation) Noordhoff, (1964).

International Journal of Computer Applications (0975 - 8887)
Volume 184 - No.44, January 2023

17



	Introduction
	Preliminaries
	COMPARISON THEOREMS
	SUFFICIENCY CONDITIONS FOR STABILITY
	CONVERSE THEOREMS(on the existence of Lyapunov functions in a reversible dynamical system)
	CONDITIONAL INVARIANCY OF SET B WITH RESPECT TO SET A FOR A G.D.S. IN E
	CONDITIONAL (OR RELATIVE) STABILITY OF A COMPACT SET A WITH RESPECT TO A G.D.S. IN E
	CONVERSE THEOREMS FOR THE EXISTENCE OF VECTOR LYAPUNOV FUNCTIONS FOR CONDITIONAL STABILITY.
	References

