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ABSTRACT

A Set S = V[L(G)] is a strong non split geodetic set of L(G),
if ‘S’ is a geodetic set and (V — S) is complete. The strong non
split geodetic number of a line graph L(G), is denoted by
Isns[L(G)], is the minimum cardinality of a strong non split
geodetic set of L(G). In this paper we obtain the strong non split
geodetic number of line graph of some special graph and many
bounds on strong non split geodetic numbers in terms of
elements of G.
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1. INTRODUCTION

In this paper we follow notations of [1]. As usual n = [V| and
m = |E| denote the number of vertices and edges of a graph G
respectively.

The graph considered here have at least one component which
is not complete or at least two non-trivial components.

For any graph G(V,E) the line graph L(G) whose vertices
correspond to the edges of G and two vertices in L(G) are
adjacent if and only if the corresponding angles in G are
adjacent. The distance d (u, v) between two vertices u and v in
a connected graph G in the length of a shortest u — v path in G.
It is well known that this distance is a metric on the vertex set
V(G). For a vertex v of G, the eccentricity e(v) is the distance
between v and a vertex farthest from v. The minimum
eccentricity among the vertices of G is radius, rad G, and the
minimum eccentricity is the diameter, diam G. A u — v path of
length d(u, v) is called a u — v geodetic. We define I{u, v] to
the set (interval) of all vertices lying on some u — v geodesic
of G and for a nonempty subset S of V(G),
() = Uu,vesl[u' v]

A set S of vertices of G is called a geodetic set in G
if 1(S) = V(G), and a geodetic set of minimum cardinality is a
minimum geodetic set. The cardinality of a minimum geodetic
setin G is called the geodetic number of G, and we denote it by
9(G).

Strong non split geodetic number of a graph was studied in [5].
A geodetic set S of agraph G = V, E is a non split geodetic set
if the induced sub graph (V — S) is connected. The non-split
geodetic number g,,(G) of G is the minimum cardinality of a
non-split geodetic set. A set S’ of vertices of ¢ = (V,E) is
called the strong non split geodetic set if the induced sub graph
(V — S’y is complete and a strong non split geodetic number is
denoted by g¢,s(G). Geodetic number of a line graph was
studied by in [3]. Geodetic number of a line graph L(G) of G is
aset S’ of vertices of L(G) = H is called the geodetic set in H
if I(S") = V(H) and a geodetic set of minimum cardinality is
the geodetic number of L(G) and is denoted by g[L(G)]. Now

we define strong non split geodetic number of a line graph. A
set S of vertices of L(G) = H is called the strong non split
geodetic set in H if the induced subgraph (V(H) —S') is
complete and a strong non split geodetic set of minimum
cardinality is the strong non split geodetic number of L(G) and
is denoted by g¢ns[L(G)].

Tadpole Graph: The (m,n) tadpole graph is a special type of
graph consisting of a cycle graph on m (at least 3) vertices and
a path graph on n vertices connected with a bridge
preliminaries geodetic number of Tadpole graph denoted by

(Tinn)-

A helm graph, denoted by H,, is a graph obtained by attaching
a single edge and vertex to each vertex of the C,,_; of a wheel
graph W,

Banana tree as defined by chen et al(1997) is a graph obtained
by connecting one leaf of each of copies of an star graph with
a single root vertex that is distinct from all the stars.

For any undefined terms in this paper, see [1] and [2].
2. PRELIMINARY NOTES
We need the following results to prove further results

Theorem 2.1 [4] Every geodetic set of a graph contains its
external vertices.

Theorem 2.2 [4] For any path B,, with n vertices, g[L(B,)] =
2.

Theorem 2.3 [4] For the wheel W, = K; + C,_1, (n = 6)
n
2

glLwl = {nTH if nis odd

if niseven

Theorem 2.4 [4] For any cycle C, of order n>3
_ (2 if niseven
glC] = {3 if nisodd

Proposition 1 Line graph of a cycle is again a cycle.

3. MAIN RESULTS
Theorem 3.1. For complete bipartite graph

3n i
- Lf nis even
8sns [L(Kz,n)] = 231’1 -1
> if nisodd

Proof: for n > 1 we have the following cases

Let U = {uy, uy, ... u;} are the vertices of V[L (k)] formed
from edges of one set of vertices of k, ,, i.e., U & V[L(Ky,)]
and W = {wy, w,, ...w;} are the vertices of V[L(k,)] formed
from edges of other set of vertices of K, ,, i.e., W £ V[L(K,,)]
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Case 1: Let n be even; let S = {uq, uy, ... U, wy, wy, ...w;} be
the geodetic set consisting ofg vertices from the set U and 2
vertices from the set W such that (V[L(Kz,)]—S) is
connected. Further S'=SUX where XEZUorW.
clearly (V[L(Kz,)] — ') is complete graph. Thus S’ is the
minimum strong non split geodetic set of L(Ky,,).

=[S =[SuX]|
=151 =S|+ IX]

=>IST=n+7

= 8sns [L(Kz,n)] = 3711

Case 2: Letnbe odd; let S = {uq, uy, ... ug, Wy, wy, ... w; } where
I < k be the geodetic set consisting of n — [ vertices from the
set U and n—k vertices from the set W such that
(V[L(Kzn)] = S) is connected. Further S’ =SUX where

X & W.clearly (V[L(Ky,)] — S') is complete graph. Thus S’
is the minimum strong non split geodetic set of L(Ky ).

=[5 =S uX|
=18 = IS| + IX]
=[S =n+nT_1

3n—-1

= s [L(Kz)] = 22

Theorem 3.2 For any path of order n > 5 g4, [L(P,)] =
n-—3.

Proof: LetV = {vy, v,, ... ..... vy be the set of vertices in a path
P, consider a geodetic set S = {vy,v,} of P, such that
(V[L(P,)]—S) is connected and also we have diam
(v1,v,) = d, thus ‘S’ is not a strong non split geodetic set of
P,. Further we consider a set S'=SUU where U C
V[L(B,)] — S having n — 5 vertices. Thus S’ is a minimum set
of vertices such that V[L(B,)] = I[S'] and the set of vertices of
subgraph (V[L(B,)] — S') is complete. Hence S’ is a strong non
split geodetic set of B,. Clearly it follows that

IS'l = 1S U H|
> |8 =S| +|SUH|=24+n—-5=n-3
= Ysns (B) =n-3.

Theorem 3.3  For any cycle C,, of order n > 5,

Gsns [L(C)] =n—2
Proof: For n > 5, we have the following cases.

Casel: Let n be even: consider {vy, v,, ....... vy, V1 } be a cycle
with 'n’ vertices. Let S be the geodetic set of L(C,,) therefore
by theorem 2.4 g(C,) = g[L(C,)] = 2. Further we consider
a set S'"=SUH where H having n — 4 vertices. Clearly,
VIL(C,)] — S is complete. Thus S’ is a minimum strong non
split geodetic set of L(C,,). It follows that |S'| = [S U H]|

= |S'| = IS+ |H|
>|S'=2+n-4
=>|S'=n-2

= gsns [L(Ch)] =n—2

Theorem 3.4 For Tadpole graphm > 3, n > 2
8ons [L(Tmn)] =m+n-3

Proof: Let T, , = Cp, + P, connected by a bridge and let U =
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{ug, up,us oo e Uy} are the vertices of L[T, ,] forward from
edges of Cpie, UCV[L(T,,)] ad W=
{wy, Wy, Wy, ... ... wy,} are the vertices of L[T,,,] formed from

edges of P, of Ty, i.6., W E V[L(Ty, )] form =3 &n > 2.
We have the following cases.

Case 1: For m is odd
Let S = {u; w; } be the set of geodetic set of L[T;, ,,] such that
(V[L(Tmn)] — S) is connected.

Further consider set ' =SUAUB where A< U having
m — 3 vertices and B € W having n — 2 vertices, clearly
(VIL(Tynn)] — S') is complete. Thus S’ is a minimum strong
non split geodetic set of L(Ty,, ) it follows that

S’ =]SUAu B|

= |S'| = IS| + |Al + |B|

=>|8=2+m—-34+n-2

= Gsns [L(Cm,n)] =m+n-—3

Case 2: For m is even

Let S = {uy, up, wy} be the set of geodetic set of L[T;, ,,] such
that (V[L(T;nn)] — S) is connected.

Further consider the set S’ =S U A U B where A € U having
m—4 vertices and B = W having n — 2 vertices, clearly
(VIL(Tynn)] — S') is complete. Thus S’ is a minimum strong
non split geodetic set of L(T,,). It follows that |S'| =
[SUAUB]|

= |S'| = IS| + |Al + |B|

>|S'N=2+m—-3+n-2

= gens [L(Tmpn)] =m+n-3.

Theorem 3.5. For any Banana Tree for n=>2
Ssns [L(Bn'k)] =m+n-—3.

Proof: Let B, is a banana tree connecting one leaf of each of
n-copies of an k-star graph with a single root vertex that is
distinction from all the stars.

U = {vy,v,, ... ....v;} are the vertices of L(B,,;) formed from
pendent  edges of By, ie., UEV[L(Bui)]

w = {wy, w,, ....w; Jare the vertices of L(B,,) formed from
internal edges of By, ;, that are connected to n-copies, i.e., WE
V[L(Bnx)] and X = {xq,x,, ... x.} are the vertices of L(B,, ;)
formed from internal edges of B,, , that are connected to single
root vertex i.e., X = V[L(Bny)]-

LetS = {uy, uy, .... u;} be the geodetic set of L(B,, ) such that
(VIL(Bnx )] — S) is connected. Further consider S =S U W,
clearly (V[L(Bny)] —S') is complete, we obtain n-complete
graph. Thus S’ is a minimum strong non split geodetic set of
L[Bn,k]

IS = [Suw|
=15 =IS]+ W]
>|S'=nk-2)+n
=>|S=nk—-2n+n

=>|S=nk—n
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= 8sns [L(Bn,k)] =nk-1).
Theorem 3.6. For the wheel W,, = K; + C,,_1 (n > 3)

_(n if niseven
Gsns [LWp)] = { n+1 if nisodd

Let W,=K;+C,-q1(n>3) and let VW, =
{x,v1, V3, ... Un_1}, Wwhere deg(x) = n — 1 > 3 and deg(v;) =
3 for each i € {1,2,..n — 1}. Now U = {uy,uy, ...u;} are the
vertices of L(WW,) formed from the edges of C,,_; i.e., UL
VIL(W,)] and W = {w;, w,, ...w;} are the vertices of L(W1},)
formed from internal edges of W,i.e.,W < V[L(W,)].
we have the following cases.

Case 1: For niis even:

Let S={uj,up, ..up,w;} where 1<k<j forms the
minimum geodetic set of L(W,) such that (V[L(W,)] — S) is
connected. Further S'=SuX where Xc .
Clearly (V[L(W,,)] — S’} is complete graph. Thus S’ is the
minimum strong non split geodetic set of L(4},).

=S’ =|SuX]|
=8| = IS + |X]
>IST=2+7
=8sns [L(Wp)] =n
Case 1: For n is odd:

Let S = {uy, up, ... u, wj_1,w;} Where 1<k <j forms the
minimum geodetic set of L(W,,), such that (V[L(W,)] — S) is
connected. Further S'"=SuUX  where Xc u.
Clearly (V[L(W,)] — S') is complete graph. Thus S’ is the
minimum strong non split geodetic set of L(4},).

>|S' = [SuX|
=151 =S|+ |X]

= nL, it
=18 =—0+
Sgens [L(WR)] =n+1.
Theorem 3.7 For the wheel W, = K; + C,,—1 (n > 3)

_(A+d6—2 ifniseven
gons 11001 = {47} if nis odd

Proof: Let W,=K,+C,.i(n>3) and let V(W,) =
{x,v1, V5, ... Un_1}, Wwhere deg(x) = n —1 > 3 and deg(v;) =
3 for each i € {1,2,...n — 1}. Maximum degree(4) of W, is
n —1 and minimum degree () is 3. We have the following
cases.

Case 1: Let n be even:

We have from case 1 of Theorem 3.6
= Gons [LWR)] =n

2 Gsns [LW)] = (n—1) +3 -2
= Gons [LWp)l =n+6 -2

Case 2: Let n be odd:

We have from case 2 of Theorem 3.6
= Gons [LWR)] =n +1

2 Gsns (LW =(n—-1)+3-1
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= Gsns LWl =n+6—-1

Theorem 3.8 For Helm graph,n >4, ge[L(H,)]=
2(n—1).

Proof: Helm graph is obtained by attaching a single edge and
vertex to each vertex of the C,,_; of a wheel graph W, = K; +
Cn_1. Let U= {uy,uy,..u,_1} are the vertices of L(H,)
formed from pendent edges ie UEV[L(H,], W =
{wy, wy, ...w,,_1} are the vertices of L(H,,) formed from edges
of C,_1 i.e WEVI[L(H,)] and X = {x1,x,,..x;} are the
vertices of L(H,) formed from internal edges of W, i.e X &
VIL(H,)]. Let S ={uy,uy, ..., up_1} =U forms minimum
geodetic set of L(H,,), such that (V[L(H,)] — S) is connected.
Further S’ =SuW, clearly (V[L(H,)]—S’) is complete
graph. Thus S’ is the minimum strong non split geodetic set of
L(H,).

|8 = |SuwW]|

=[S = 1S + W]
=>|Sl=n-1+n-1
=8sns [L(Wp)] = 2(n — D).

4. ADDING AN END-EDGE

Definition: For an edge e = {u, v} of a graph G with deg(u)=1
and deg(v)>1, we call e an end edge and u an end vertex. Let
G’ be the graph obtained by adding an end -edge {u, v} to a
cycle €, = G of order n>3, withu € G and v € G, we have
the following results.

Theorem 4.1 Let G’ be the graph obtained by adding end-
edges {u;, u;}, i =1.2,3...,n,j = 1,2,3, ...k to each vertex of
G = Cy, of order n>3 such that u; € G and u; € G then
gsns[L(G’)] =k+n-2

Proof: Let U = {uq,u,, ... u;} are the vertices of L(G") formed
from the pendent edges of G’ i.e U S V[L(G')] and W =
{wy, ws, ...w,, } are the vertices of L(G") formed from the edges
of C,,, clearly S = {uy,us, ... u} = U be the minimum geodetic
set. Further S’ = SU X where X = W, clearly (V[L(G")] —
S'") is complete graph. Thus S’ is the minimum strong non split
geodetic set of L(G").

=[S =[SuX]|

=81 = 1S + IX]
>|S'=k+n-2

S8ens [L(G)] =k+n—2.
5. CONCLUSION

In this paper | have established many results on strong non
split geodetic number of some special graph and some
observations.
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