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ABSTRACT

Pythagorean fuzzy sets are expanded to include intuitionistic
fuzzy sets, with the extra advantage of avoiding underlying
limitations. Pythagorean fuzzy standards are defined in the
literature using the concepts of Pythagorean fuzzy sets. The
concepts of ordered semigroup semi-prime ideals and
Pythagorean fuzzy prime aspirations are explained. Also
illustrate how to construct Pythagorean fuzzy regular and intra-
regular ideals using Pythagorean fuzzy regular and intra-
regular ideals. Using the conception of the characteristic
function of a non-empty subset of ordered semigroups,
investigate certain fundamental facts. Several relations are
given for the family of Pythagorean fuzzy ideals of ordered
semigroups.
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1. INTRODUCTION

Zadeh [27] developed the fuzzy set methodology, that assigns
a number from the unit range [0, 1] to each element of the
discursive multiverse to indicate the degree of sense of
belonging to the set under consideration using a degree of
membership, 4 . Fuzzy sets are a subset of set theory that

allows for states halfway between entire and nothing. A
membership function is employed in a fuzzy set to represent
the extent to which an element belongs to a class. The
membership value can be anything between 0 and 1, with 0
indicating that the element is not a member of a class, 1
indicating that it is, and other values indicating the degree of
membership. The membership function in fuzzy sets replaced
the characteristic function in crisp sets. Fuzzy set theory has
been applied to a variety of domains since Zadeh's seminal
work, including artificial intelligence, management sciences,
engineering, mathematics, statistics, signal processing,
automata theory, social sciences, medical sciences, and
biological sciences.

Because of the absence of nonmembership functions and the
disregard for the potential of hesitation margin, the idea of
fuzzy sets theory appears to be inconclusive. Atanassov [8]
examined these flaws and created the concept of intuitionistic
fuzzy sets (IFSs) to address them. The construct (that is, IFSs)
combines the membership function, 4, with the

nonmembership function, Vv, and the hesitation margin, 7
(that is, neither membership nor nonmembership functions),

resulting in 4+v <1 and p+v+7m =1 IFSs give a
versatile framework for elaborating uncertainty and ambiguity.
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There has been a lot of study done in the domain of IFSs in [1,
2,3,5].

Unlike with the instances in IFSs, there are situations where
1+ Vv =1 exists. Pythagorean fuzzy sets were created as a

result of this requirement in IFS (PFSs). The Pythagorean fuzzy
set (PFS), suggested in [24, 23] is an unique tool for dealing
with ambiguous when evaluating membership grade 4 and

nonmembership grade Vv  satisfying the constraints
0<pu<l o 0<v<l, \with the result that

,L12 +vi+ri<l , where 77 is the hesitation degree. PFSs

can be used to characterise uncertain data more thoroughly and
correctly than IFS.. PFS clearly outperforms IFS when it comes
to simulating confusion in the real world.

Algebraic structures are important in mathematics, with
applications in a variety of fields including theoretical physics,
computer science, control engineering, and information
science. This gives scholars with adequate motivation to revisit
many concepts and discoveries from real abstract algebra in the
context of a broader fuzzy setting. The concept of intuitionistic
fuzzification of various semigroup ideals was introduced by
Kimand Jun [12, 13, 14]. In [15], Kim and Lee gave the notion
of intuitionistic fuzzy bi-ideals of semigroups. Sen and Saha
[19, 20] defined the I -semigroup and established a relation
between regular I -semigroup and I -group. In 2007, Sardar
et al. [21] gave the concept of intuitionistic fuzzy prime ideals,
semi-prime ideals and also intuitionistic fuzzy ideal extension

ina I -semigroup in [17, 18, 22].

The remainder of the paper is laid out as follows. Preliminaries
and definitions such as ordered set, ordered subgroups,
intuitionistic fuzzy sets, and Pythagorean fuzzy sets are given
in Section 2. In Section 3, we looked at how Pythagorean fuzzy
prime ideals and semi-prime ideals of ordered semigroups are
defined, as well as some of the important aspects of
Pythagorean fuzzy regular and intra-regular ordered semigroup
ideals. Section 4 concludes with a conclusion.

2. PRELIMINARIES AND DEFINITION

We will review the related concepts of fuzzy sets, intuitionistic
fuzzy sets, and Pythagorean fuzzy sets in this section. The
definition of oredered set, ordered semigroup, prime ideal,
semi-prime ideal are represented.

Definition 2.1 Ordered Semigroup: Anonempty

set M s called an ordered semigroup if it is both an ordered
set and a semigroup that meets the following criteria:

a<b=xa<xband ax<hx Va,b,xeM.



Definition 2.2 consider (M,.,<) be an ordered
semigroup. A non-empty subset G of M s called a
subsemigroupof M if G2 = G .

Definition 2.3 Let P be a subset of an ordered
semigroup M |, that isn't empty. Then P is called a left (resp.
right) ideal of M if it satisfies:

(i) MP < P(resp.PM c P),
(i (vpeP) (VgeM),(q<p=qeP).

P will be ideal of M if both left and right ideal of M .
Definition 2.4 Let (M,.,<) be an ordered semigroup

and N be a non-empty subset of M .

Then N iscalled primeif Pqe N = peN orge N
forall p,qeM .

Let N beanidealof M ,if N isprime subset of M | then
N s called prime ideal.

Definition 2.5 Let (M,.,<) be an ordered semigroup
and N be a non-empty subset of M .

Then N is called semi-prime if P> € N = p e N forall
peM . Let N beanideal of M . If N isa semi-prime
subset of M, then N is called semi-prime ideal.

Definition 2.6 A fuzzy set F in a universal set X is
definedas F ={(X, e (X)) : X € X},

where £ : X —[0,1] is a mapping that is known as the
fuzzy set's membership function.

The complement of 4 is defined by z£(X) =1— g(X) for
all X€ X and denoted by £Z.

Definition 2.7 Let (|V| ,.,S) be an ordered semigroup. A
fuzzy subset 4 of M s called a fuzzy ideal of M , if the
following axioms are satisfied:

()if p<q,then 1(p)=x(q),

(i) 4(pq) = max{u(p), #(q)}. V(p,q)eM .

Definition 2.8 Let X be a fixed set. An intuitionistic fuzzy
set (IFS) A in X is an expression having the form

A={Xa,(X), Ba(x)) 1 x € X},

where the &, (X) is tha memebership grade and /3, (X) is

the non-membership grade of the element X e X
respectively.

Also a,: X —>[0,1], B, : X —>[0,1] and satisfy the

condition
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0<a,(X)+ fA(X) <1, forall xe X .
The degree of

ha(X) =1=a,(X) = Ba(X).

In practise, the condition 0 < z£(X) +v(X) <1 may not be
true for any vreason. 0.6+05=11>1, but
0.6°+0.7<1, o 04+07=11>1, bu

0.4% +0.7% <1. To address this issue, Yager [24, 23]
proposed the concept of the Pythagorean fuzzy set in 2013.

indeterminacy

Definition 2.9 A Pythagorean fuzzy set P in a finite universe
of discourse X is given by

P ={(x,ap(X), B (X)) | x € X},

where  ap(X): X —[0,1] denotes the degree of
membershipand S (X) : X —[0,1] represents the degree

to which the element X € X is not a member of the set P,
with the condition that

0 < (ap ())* + (Bp (X)) <1,
forall X e X .

The degree of

e (X) = V1 (@ (X)) = (Bp (X))? .

indeterminacy

p(x)
Figure 1: Intuitionistic fuzzy set vs Pythagorean fuzzy set
Definition 2.10 Let P = (ap, ) be a Pythagorean

fuzzy setin M . Then P = (¢, f3p) is called Pythagorean

fuzzy subsemigroup of M if it satisfies the following axioms:
() ap (Pa) = min{a, (p), ap (Q)}

(i) Bo(pa) <max{B:(p), Bx (1)}, Vp,qeM.

Definition 2.11 A Pythagorean fuzzy  set
P =(ap, ) in M is said to be Pythagorean fuzzy left

ideal of M if following axioms are satisfied:



(i) p<q implies ~ ap(P)2ap(q)  and
ap(PQ) 2 2p(Q).
(i) p<q implies  B,(P)<px(q)  and

Pe(PQ) < fp(0), VP,qeM .

Definition2.12 A pythagorean fuzzy set P = (etp, 35)

in M s said to be Pythagorean fuzzy right ideal of M if
following axioms are satisfied:

0) pP<q implies
ap(P0) = ap ().

) p<q implies So(P)<S-(Q) and
Be(PA) < Bp(p), VP, e M.

A Pythagorean fuzzy set P = (ap,fp) is called a

ap(p)2ap(q)  and

Pythagorean fuzzy ideal of M if it is left ideal as well as right
ideal.

3. PYTHAGOREAN FUZZY SEMI-
PRIME IDEALS OF ORDERED
SEMIGROUPS

This section introduces the notion of Pythagorean fuzzy prime
ideal, Pythagorean fuzzy semi-prime ideal, Pythagorean fuzzy
regular ideals and Pythagorean fuzzy intra-regular ideals of
ordered semigroups. Also, prove some important results
utilizing characteristic function of a non-empty subset of
ordered semigroups.

Definition 3.1 A fuzzy subset ¢ of M is called prime,
if £(pq) = max{u(p), #(a)},Vp.qeM,
where (|\/| . S) be an ordered semigroup. A fuzzy ideal 4

of M s called a fuzzy prime ideal of M if 4 is a prime
fuzzy subsetof M .

Definition 3.2 Let P = (&, ;) be a Pythagorean
fuzzy setin M . Then P = (¢, ) is called Pythagorean

fuzzy prime of M if it satisfies the following axioms:
() ap(pq) = max{a, (p).a»(9)}.
(i) Bp (pQ) = min{f3; (p), B (A}, VP, q € M.

We denote the characteristic function of a nonempty subset

G of an ordered semigroup by Xo

Theorem 3.1 If G is a prime ideal, then ‘g :(l’sviﬂf . isa
Pythagorean fuzzy prime of M .

Proof. Let us consider P,qeM , if p,qeG, then
peGorqeG.Thus y5(P)=1or y;(q)=1.

Thus we have

o (Pa) =1=max{y; (p), xc (A)}
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0
X o(Pd)=1-x(pg) =0
and

0 U
=min y 5(p), x ,(a).
If pqeG,then peG,and qeG.
Thus %5 (P) =0 and y(q)=0.

Thus we have

Zu (pa) = 0=max{y (p), s (D)}

and

0
X o(P9) =1-x.(pg) =1

i 0}
=min{ x s(p), ¥ «(@)}.
This completes the proof.

Theorem 3.2 Let G be a non-empty subset of M . If

DG :(;(G,jl o) isprimeof M then G is prime. Proof.

Suppose that g -, ", isprimeof M and pgqe G .In
this case, § = P( for some g € G . Therefore,

1= 16(9) = 25 (pa) =1=max{ s (P), 7 (AN}

Hence x5(P)=1, or y5(Q)=1 ie, peG or
qeG.Thus G isprime.

Now, assume that DG :(ZG,D)( ) is a prime of M and
Xy eG.
Then g = XY forsome g €G.

Now, from the property of prime, we get
U . . U .
X c(9)=1-2:(9)=0= x s(pq)
i O .
=min{ 7 s(P). 7 ()}
=min{l- 7. (p).1-25(Q)}

andso 1— yo(p)=0orl-y.(q)=0.

Therefore s (P ) =1 or ys(q)=1,ie, p €G or
qeG.

This completes the proof.

Definition 3.3 Let us consider £ be a fuzzy subset of an
ordered semigroup M . 1f  u(p) = p(p?), for all



peM  then u is called semi-prime. A fuzzy ideal g of
M s called a fuzzy semi-prime ideal of M if 4 is a fuzzy

semi-prime subset of M .

Definition 3.4 Let P = (&, fB5) be a Pythagorean
fuzzy setin M . Then P = (¢, ) is called Pythagorean

fuzzy semi-prime of M if following criterias are satisfied:
() & (p) 2 p (p%).
(i) Bp(P) < B (p°), forall peM.

Theorem 3.31f G is semi-prime, then G :(Zev]}( o)

is a Pythagorean fuzzy semi-prime of M .

Proof. Let g be any element of M . If > € G , then

since G is semi-prime, we have § € G . Thus
2:(9) =12 75(9%)

and 75(9)=1-x.(9)=0< x¢ (92)-
It 9% ¢ G, thenwe have y(9%)=0.

Therefore,

2:(9)20= x5(9?)

and . (9%) = 1- % (%) =12 Zc(9)-
This completes the proof.

Theorem 3.4 Let G be a non-empty subset of M . If
DG =(ZG,:J(G) is Pythagorean fuzzy semi-prime of M | then

G is semi-prime.

Proof. Suppose that ‘g =, ", .) is @ Pythagorean fuzzy

semi-prime of M and p> € G .

In this case, § = P° forsome g € G . It follows that
1= 75(9) = 2 (P*) < 25 (P).

Hence 75 (p) =1,ie, peG.

Thus G is semi-prime.

Now, assume that [G :()(G,D)( o) is a Pythagorean fuzzy

semi-prime of M and pO2 €G. Then g, = p02 for

some g, €G.

Therefore

0 0 , ,
7 a(P)< 7 o(p)=1-x,(p,")=1-1=0,

.
ie, x s(py)=1-xs(p,) =0.
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Hence, ¥ (P,) =1,andso p, €G.

This completes the proof.

Theorem 3.5 For any Pythagorean fuzzy subsemigroup
P=(ap,f:) of M ,if P =(axp, f5) is Pythagorean

fuzzy semi-prime, then P(p) = P(p?) holds.

Proof. Let P be an element of M . Since «, is a fuzzy

subsemi group of M | then
ap () 2 ap (p*) = min{ar, (p), & (P)} = 2 (P)
and so we have ap, (P) = ap (P7).

Also, we have

B (P) < B (p*) = max{, (p), B (P)} = B (P)-
Thus ﬂp(p) :ﬂp(pz)-

This proves the theorem.

Definition 3.5 An ordered semigroup M is called left
(resp. right) regular if, for each element @ of M |, there exists

anelement X in M suchthat @ < xa’(resp.a < a’x).

Theorem 3.6 Let M be left regular. Then, for every
Pythagorean fuzzy left ideal P = (ap,fp) of M,

P(p) = P(pz) holdsforall pe M .

Proof. Let P be any element of M . Since M s left

regular, there exists an element X in M suchthat p < sz
. Thus we have

e (P) = ap (Xp%) = 2 (P*) = 2 (P),

and so we have @, (P) = ap (P7).

Also, we have

Be(P) < B (xp*) < Bo (P?) < Bo (D).
Thus B, (P) = B» (Xp?). S0, P(p) = P(p?).

This completes the proof.

Theorem 3.7 Let M be left regular. Then, every

Pythagorean fuzzy left ideal of M is Pythagorean fuzzy semi-
prime.

Proof. Let P = (@, Bp) be a Pythagorean fuzzy left ideal
of M and let p € M . Then, there exists an element X in
M suchthat P < Xp? since M is left regular. So, we have
ap (P) 2 ap (XP°) 2 2, (),

and S, (p) < B, (xp°) < B, (P°).

This completes the proof.



Definition 3.6 An ordered semigroup M is called intra-
regular if, for each element P of M | there exist elements X

and Y in M suchthat p < xp°y.

Definition 3.7 Let P = (e, ) be a Pythagorean
Then P =(ap,Bp) is called a

Pythagorean fuzzy interior ideal of M if it satisfies axioms:
(i) X<y implies  ap (X) > ap(Y) and

ap (X8y) 2 ap (8).

@ X<y implies  SFo(X)<Bo(Y), and
Bo(xsy) < fp(s) VX, yeM .

Theorem 3.8 Let P = (., ) be a Pythagorean

fuzzy set in an intra-regular ordered semigroup M . Then,
P = (ap, B) isaPythagorean fuzzy interior ideal of M

fuzzy set in M .

if and only if P = (p, Bp) is an Pythagorean fuzzy ideal
of M.

Proof. Let P, ( be any elements of M, and let
P = (ap, f5) beaPythagorean fuzzy interior ideal of M

. Then, since M is intra-regular, there exist elements X, Y, U

and V in M suchthat P < Xp?y and < UQ°V. Then,

since @p is a fuzzy interior ideal of M , we have

o (PQ) = o (Xp*Y)a) = e, (XP) P(YQ)) = & ()

and

ap (PQ) 2 & (P(UG*V)) = &, ((PU)A(AV)) 2 @, (0).

Also, we have
Bo(pA) < o (xp*Y)A) = Bo (xp) P(YA)) < S5 (P)
and

o (PA) < 35 (p(ug™v)) = B ((pu)a(av)) < S-(a).

On the other hand, let P = (ap, 85) be a Pythagorean

fuzzy ideal of M . Then, since O is a fuzzy ideal of M ,
we have

ap (Xpy) = ap (X(PY)) = ap (PY) 2 ap (P)
and S, (xpy) = B, (X(pY)) < Br (PY) < B (P)

forall X,a and Y € M .This completes the proof.

Theorem 3.9 Let P =(a;, ;) be a Pythagorean
fuzzy ideal of M . If M is intra-regular, then

P = (ap, f,) is Pythagorean fuzzy semi-prime.
Proof. Let P beany elementof M . Thensince M isintra-

regular, there exist X and Y in M such that p < szy.
So, we have

e (P) = ap (XP?Y) = 0t (P?Y) = 2 (P7)
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and ,Bp(p) < pBp (szy) < ﬂp(pz)’) < ﬁp(pz)-

This proves the theorem.

Theorem 3.10 Let P = (ap, Bp) be a Pythagorean

fuzzy interior ideal of M . If M s an intra-regular, then
P = (ap, B5) isintitionistic fuzzy semi-prime.

Proof. Let P beany elementof M . Thensince M is intra-

regular, there exist X and Y in M suchthat p < szy.
So, we have

e (P) = ap (Xp°Y) = e (P?)
and B, (P) < Bo (Xp%Y) < B (P?).

This proves the theorem.

Theorem 3.11 Let M be intra-regular. Then, for all
Pythagorean fuzzy interior ideal P = (e, ) and for all

peM, P(p)=P(p*) holds.

Proof. Let P beany elementof M . Thensince M is intra-

regular, there exist X and Y in M suchthat p < szy.
So, we have

ap(p) > ap (Xp%y) > a, (%)

> o, (Xp°Y)(xp?Y)

= o () P(YXP*Y)) = 2 (P)

and S, (p) < B (xp*y) < B (p*)
< B ((p*Y)(xp?Y))

= B () p(yxp*Y)) < B (P)

So, we have P(p) = P(p?) .This completes the proof.
Theorem 3.12 Let M be intra-regular. Then, for all
Pythagorean fuzzy interior ideal P = (e, ) and for all

p,.qgeM, P(pqg) = P(gp) holds.

Proof. Let P beany elementof M . Thensince M is intra-

regular, there exist X and Y in M such that p < szy.
So, we have

ap (pa) = 2, ((PA)?) = &, (P(P)T) = a2 (aP)
= a,((p)?) = e, (a(pa) p) = o, (pa)

and

B (Pa) = B-((pa)?) = B-(P(ap)a) < B (ap)
= B ((ap)?) = Bx(a(pa) p) < B, (pa).



So, we have P(pQ) = P(gp). This proves the theorem.

Definition 3.8 An ordered semigroup M s called
archimedean if, for any elements P, ( there exists a positive

integer N suchthat p" € MgM .

Theorem 3.13 Suppose S be an ordered archimedean
semigroup. Then, each intuitionistic fuzzy semi-prime fuzzy
ideal of S is a constant function.

Proof. Let P = (@, fp) be any Pythagorean fuzzy semi-
prime fuzzy ideal of M and P, € M . Thensince M is

archimedean, there exist X and Y in M  such that

pn = XQy for some integer N . Then, we have

ap(P) = ap (P") = ap(Xay) = o (Q)
and a,(9) = @5 (q") = ap (XpY) = ap ().
Thus, we have @, (P) = o, (Q).

Also, we have

Be(P) = Bp(p") = Bo(xay) > B (Q)
and S, (q) = B-(a") = B (xpy) 2 Bp ().
Therefore, we have P(p) = P(Q) forall p,qe M .

This proves the theorem.

4. CONCLUSION

The Pythagorean fuzzy set is an effective expansion of the
intuitionistic fuzzy set for dealing with knowledge uncertainty.
In this context, the concepts of Pythagorean fuzzy prime ideals
and semi-prime ideals of ordered semigroups in this study.
Several of its appealing characteristics have also been studied.
Also explore various findings on Pythagorean fuzzy regular
ideals and intraregular ideals of ordered semigroups, along with
promote the implementation of Pythagorean fuzzy regular
ideals.

In future, interval-valued Pythagorean fuzzy sets are being used
to solve difficulties with uncertain data. An investigation of the
Interval-valued Pythagorean fuzzy will be conducted out
oredered semigroups, near-rings and Interval-valued
Pythagorean prime and semi-prime ideals, as well as their
algebraic features
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