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ABSTRACT 
Pythagorean fuzzy sets are expanded to include intuitionistic 

fuzzy sets, with the extra advantage of avoiding underlying 

limitations. Pythagorean fuzzy standards are defined in the 

literature using the concepts of Pythagorean fuzzy sets. The 

concepts of ordered semigroup semi-prime ideals and 

Pythagorean fuzzy prime aspirations are explained. Also 

illustrate how to construct Pythagorean fuzzy regular and intra-

regular ideals using Pythagorean fuzzy regular and intra-

regular ideals. Using the conception of the characteristic 

function of a non-empty subset of ordered semigroups, 

investigate certain fundamental facts. Several relations are 

given for the family of Pythagorean fuzzy ideals of ordered 

semigroups. 
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1. INTRODUCTION 
 Zadeh [27] developed the fuzzy set methodology, that assigns 

a number from the unit range [0, 1] to each element of the 

discursive multiverse to indicate the degree of sense of 

belonging to the set under consideration using a degree of 

membership,  . Fuzzy sets are a subset of set theory that 

allows for states halfway between entire and nothing. A 

membership function is employed in a fuzzy set to represent 

the extent to which an element belongs to a class. The 

membership value can be anything between 0 and 1, with 0 

indicating that the element is not a member of a class, 1 

indicating that it is, and other values indicating the degree of 

membership. The membership function in fuzzy sets replaced 

the characteristic function in crisp sets. Fuzzy set theory has 

been applied to a variety of domains since Zadeh's seminal 

work, including artificial intelligence, management sciences, 

engineering, mathematics, statistics, signal processing, 

automata theory, social sciences, medical sciences, and 

biological sciences. 

Because of the absence of nonmembership functions and the 

disregard for the potential of hesitation margin, the idea of 

fuzzy sets theory appears to be inconclusive. Atanassov [8] 

examined these flaws and created the concept of intuitionistic 

fuzzy sets (IFSs) to address them. The construct (that is, IFSs) 

combines the membership function,  , with the 

nonmembership function,  , and the hesitation margin,   

(that is, neither membership nor nonmembership functions), 

resulting in 1+  and 1= ++ . IFSs give a 

versatile framework for elaborating uncertainty and ambiguity. 

There has been a lot of study done in the domain of IFSs in [1, 

2, 3, 5]. 

Unlike with the instances in IFSs, there are situations where 

1+  exists. Pythagorean fuzzy sets were created as a 

result of this requirement in IFS (PFSs). The Pythagorean fuzzy 

set (PFS), suggested in [24, 23] is an unique tool for dealing 

with ambiguous when evaluating membership grade   and 

nonmembership grade   satisfying the constraints 

10    or 10  , with the result that 

1222 ++  , where   is the hesitation degree. PFSs 

can be used to characterise uncertain data more thoroughly and 

correctly than IFS.. PFS clearly outperforms IFS when it comes 

to simulating confusion in the real world. 

Algebraic structures are important in mathematics, with 

applications in a variety of fields including theoretical physics, 

computer science, control engineering, and information 

science. This gives scholars with adequate motivation to revisit 

many concepts and discoveries from real abstract algebra in the 

context of a broader fuzzy setting. The concept of intuitionistic 

fuzzification of various semigroup ideals was introduced by 

Kim and Jun [12, 13, 14]. In [15], Kim and Lee gave the notion 

of intuitionistic fuzzy bi-ideals of semigroups. Sen and Saha 

[19, 20] defined the  -semigroup and established a relation 

between regular  -semigroup and  -group. In 2007, Sardar 

et al. [21] gave the concept of intuitionistic fuzzy prime ideals, 

semi-prime ideals and also intuitionistic fuzzy ideal extension 

in a  -semigroup in [17, 18, 22]. 

The remainder of the paper is laid out as follows. Preliminaries 

and definitions such as ordered set, ordered subgroups, 

intuitionistic fuzzy sets, and Pythagorean fuzzy sets are given 

in Section 2. In Section 3, we looked at how Pythagorean fuzzy 

prime ideals and semi-prime ideals of ordered semigroups are 

defined, as well as some of the important aspects of 

Pythagorean fuzzy regular and intra-regular ordered semigroup 

ideals. Section 4 concludes with a conclusion. 

2. PRELIMINARIES AND DEFINITION  
We will review the related concepts of fuzzy sets, intuitionistic 

fuzzy sets, and Pythagorean fuzzy sets in this section. The 

definition of oredered set, ordered semigroup, prime ideal, 

semi-prime ideal are represented. 

Definition 2.1  Ordered Semigroup: A non empty 

set M  is called an ordered semigroup if it is both an ordered 

set and a semigroup that meets the following criteria:  

.,, Mxbabxaxandxbxaba   
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Definition 2.2 Consider ),.,( M  be an ordered 

semigroup. A non-empty subset G  of M  is called a 

subsemigroup of M  if GG 2
.  

Definition 2.3 Let P  be a subset of an ordered 

semigroup M , that isn't empty. Then P  is called a left (resp. 

right) ideal of M  if it satisfies: 

 (i) ),.( PPMrespPMP   

 (ii) )( Pp  )(),( PqpqMq  . 

P  will be ideal of M  if both left and right ideal of M . 

Definition 2.4 Let ),.,( M  be an ordered semigroup 

and N  be a non-empty subset of M .  

Then N  is called prime if NpNpq   or Nq  

for all Mqp , .  

Let N  be an ideal of M , if N  is prime subset of M , then 

N  is called prime ideal.  

Definition 2.5 Let ),.,( M  be an ordered semigroup 

and N  be a non-empty subset of M . 

Then N  is called semi-prime if NpNp 2
 for all 

Mp . Let N  be an ideal of M . If N  is a semi-prime 

subset of M , then N  is called semi-prime ideal.  

Definition 2.6 A fuzzy set F  in a universal set X  is 

defined as },:)(,{= XxxxF F    

where [0,1]: →XF  is a mapping that is known as the 

fuzzy set's membership function. 

The complement of   is defined by )(1=)( xx  −  for 

all Xx  and denoted by  .  

Definition 2.7 Let ),.,( M  be an ordered semigroup. A 

fuzzy subset   of M  is called a fuzzy ideal of M , if the 

following axioms are satisfied: 

 (i) if qp  , then )()( qp   , 

 (ii) )}(),({max)( qppq   , Mqp  ),( .  

Definition 2.8 Let X  be a fixed set. An intuitionistic fuzzy 

set (IFS) A  in X  is an expression having the form  

},:)(),(,{= XxxxxA AA    

where the )(xA  is tha memebership grade and )(xA  is 

the non-membership grade of the element Xx  

respectively. 

Also [0,1]:[0,1],: →→ XX AA   and satisfy the 

condition  

1,)()(0 + xx AA   for all Xx . 

The degree of indeterminacy 

)()(1=)( xxxh AAA  −− .  

 In practise, the condition 1)()(0 + xx   may not be 

true for any reason. 1>1.1=0.50.6 + , but 

1<0.70.6 22 + , or 1>1.1=0.70.4 + , but 

1<0.70.4 22 + . To address this issue, Yager [24, 23] 

proposed the concept of the Pythagorean fuzzy set in 2013. 

Definition 2.9 A Pythagorean fuzzy set P  in a finite universe 

of discourse X  is given by  

},|)(),(,{= XxxxxP PP    

where [0,1]:)( →XxP  denotes the degree of 

membership and [0,1]:)( →XxP  represents the degree 

to which the element Xx  is not a member of the set P , 

with the condition that  

1,))(())((0 22 + xx PP   

for all Xx . 

The degree of indeterminacy 

22 ))(())((1=)( xxxh PPP  −− . 

 

Figure  1: Intuitionistic fuzzy set vs Pythagorean fuzzy set 

Definition 2.10 Let ),(= PPP   be a Pythagorean 

fuzzy set in M . Then ),(= PPP   is called Pythagorean 

fuzzy subsemigroup of M  if it satisfies the following axioms: 

 (i) )}(),({min)( qppq PPP   , 

 (ii) Mqpqppq PPP  ,)},(),({max)(  .  

Definition 2.11 A Pythagorean fuzzy set 

),(= PPP   in M  is said to be Pythagorean fuzzy left 

ideal of M  if following axioms are satisfied:  
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 (i) qp   implies )()( qp PP    and 

)()( qpq PP   , 

(ii) qp   implies )()( qp PP    and 

Mqpqpq PP  ,),()(  .  

Definition2.12 A Pythagorean fuzzy set ),(= PPP   

in M  is said to be Pythagorean fuzzy right ideal of M  if 

following axioms are satisfied: 

 (i) qp   implies )()( qp PP    and 

)()( ppq PP   , 

 (ii) qp   implies )()( qp PP    and 

Mqpppq PP  ,),()(  . 

A Pythagorean fuzzy set ),(= PPP   is called a 

Pythagorean fuzzy ideal of M  if it is left ideal as well as right 

ideal.  

3. PYTHAGOREAN FUZZY SEMI-

PRIME IDEALS OF ORDERED 

SEMIGROUPS 
This section introduces the notion of Pythagorean fuzzy prime 

ideal, Pythagorean fuzzy semi-prime ideal, Pythagorean fuzzy 

regular ideals and Pythagorean fuzzy intra-regular ideals of 

ordered semigroups. Also, prove some important results 

utilizing characteristic function of a non-empty subset of 

ordered semigroups.  

Definition 3.1 A fuzzy subset   of M  is called prime, 

if ,,)},(),({max=)( Mqpqppq   

where ),.,( M  be an ordered semigroup. A fuzzy ideal   

of M  is called a fuzzy prime ideal of M  if   is a prime 

fuzzy subset of M .  

Definition 3.2 Let ),(= PPP   be a Pythagorean 

fuzzy set in M . Then ),(= PPP   is called Pythagorean 

fuzzy prime of M  if it satisfies the following axioms: 

(i) )}(),({max=)( qppq PPP  , 

(ii) .,)},(),({min=)( Mqpqppq PPP    

 We denote the characteristic function of a nonempty subset 

G  of an ordered semigroup by G  

Theorem 3.1 If G  is a prime ideal, then ),(= GGG

  is a 

Pythagorean fuzzy prime of M .  

Proof. Let us consider Mqp , , if Gqp , , then 

Gp  or Gq . Thus 1=)( pG  or 1=)(qG . 

Thus we have  

)}(),({max=1=)( qppq GGG   

and 

).(),(min=

0=)(1=)(

qp

pqpq

UG

GG







 −
 

If Gpq , then Gp , and Gq .  

Thus 0=)( pG  and 0=)(qG . 

Thus we have  

)}(),({max=0=)( qppq GGU   

and  

)}.(),({min=

1=)(1=)(

qp

pqpq

GG

GG







 −
 

This completes the proof.                                                

Theorem 3.2 Let G  be a non-empty subset of M . If 

),(= GGG

  is prime of M , then G  is prime.  Proof. 

Suppose that ),(= GGG

  is prime of M  and Gpq . In 

this case, pqg =  for some Gg . Therefore,  

)}.(),({max=1=)(=)(=1 qppqg GGGG   

Hence 1=)( pG , or 1=)(qG  i.e., Gp  or 

Gq . Thus G  is prime. 

Now, assume that ),(= GGG

  is a prime of M  and 

Gyx ''  . 

Then 
''' yxg =  for some Gg '  . 

Now, from the property of prime, we get  

)(=0=)(1=)( ''

G

'

G

'

G qpgg

 −

)}(),({min= '

G

'

G qp

  

)}(),1({1min= '

G

'

G qp  −−  

 and so 0=)(1 '

G p−  or 0=)(1 '

G q− . 

Therefore 1=)( '

G p  or 1=)( '

G q , i.e., Gp'   or 

Gq'  . 

 This completes the proof.  

Definition 3.3 Let us consider   be a fuzzy subset of an 

ordered semigroup M . If )()( 2pp   , for all 
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Mp , then   is called semi-prime. A fuzzy ideal   of 

M  is called a fuzzy semi-prime ideal of M  if   is a fuzzy 

semi-prime subset of M .  

Definition 3.4 Let ),(= PPP   be a Pythagorean 

fuzzy set in M . Then ),(= PPP   is called Pythagorean 

fuzzy semi-prime of M  if following criterias are satisfied: 

 (i) )()( 2pp PP   , 

(ii) Mpforallpp PP  ),()( 2 .  

Theorem 3.3 If G  is semi-prime, then ),(= GGG

  

is a Pythagorean fuzzy semi-prime of M .  

Proof. Let g  be any element of M . If Gg 2
, then 

since G  is semi-prime, we have Gg . Thus  

).(0=)(1=)(

)(1=)(

2

2

gggand

gg

GGG

GG





−


 

If Gg 2
, then we have 0=)( 2gG . 

Therefore, 

).(1=)(1=)(

)(=0)(

22

2

gggand

gg

GGG

GG





−


 

This completes the proof.  

Theorem 3.4 Let G  be a non-empty subset of M . If 

),(=


GGG   is Pythagorean fuzzy semi-prime of M , then 

G  is semi-prime.  

 Proof. Suppose that ),(= GGG

  is a Pythagorean fuzzy 

semi-prime of M  and Gp 2
.  

In this case, 
2= pg  for some Gg . It follows that  

 ).()(=)(=1 2 ppg GGG    

Hence 1=)( pG , i.e., Gp . 

Thus G  is semi-prime. 

Now, assume that ),(= GGG

  is a Pythagorean fuzzy 

semi-prime of M  and Gp 
2

0 . Then 
2

00 = pg  for 

some Gg 0 . 

Therefore

0,=11=)(1=)()(
2

0

2

00 −− ppp UGG 


0.=)(1=)(.,. 00 ppei GG  −


 

Hence, 1=)( 0pG , and so Gp 0 . 

This completes the proof.  

Theorem 3.5 For any Pythagorean fuzzy subsemigroup 

),(= PPP   of M , if ),(= PPP   is Pythagorean 

fuzzy semi-prime, then )(=)( 2pPpP  holds.  

Proof. Let p  be an element of M . Since P  is a fuzzy 

subsemi group of M , then  

)(=)}(),({min=)()( 2 ppppp PPPPP  

and so we have )(=)( 2pp PP  . 

Also, we have 

).(=)}(),({max)()( 2 ppppp PPPPP    

Thus )(=)( 2pp PP  . 

This proves the theorem.  

Definition 3.5 An ordered semigroup M  is called left 

(resp. right) regular if, for each element a  of M , there exists 

an element x  in M  such that ).( 22 xaarespxaa  .  

Theorem 3.6 Let M  be left regular. Then, for every 

Pythagorean fuzzy left ideal ),(= PPP   of M , 

)(=)( 2pPpP  holds for all Mp .  

Proof. Let p  be any element of M . Since M  is left 

regular, there exists an element x  in M  such that 
2xpp 

. Thus we have  

),()()()( 22 ppxpp PPPP    

and so we have )(=)( 2pp PP  . 

Also, we have  

).()()()( 22 ppxpp PPPP    

Thus )(=)( 2xpp PP  . So, )(=)( 2pPpP . 

This completes the proof.  

Theorem 3.7 Let M  be left regular. Then, every 

Pythagorean fuzzy left ideal of M  is Pythagorean fuzzy semi-

prime.  

Proof. Let ),(= PPP   be a Pythagorean fuzzy left ideal 

of M  and let Mp . Then, there exists an element x  in 

M  such that 
2xpp   since M  is left regular. So, we have 

).()()(

),()()(

22

22

pxppand

pxpp

PPP

PPP








 

This completes the proof.  
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Definition 3.6 An ordered semigroup M  is called intra-

regular if, for each element p  of M , there exist elements x  

and y  in M  such that yxpp 2 .  

Definition 3.7 Let ),(= PPP   be a Pythagorean 

fuzzy set in M . Then ),(= PPP   is called a 

Pythagorean fuzzy interior ideal of M  if it satisfies axioms: 

(i) yx   implies )()( yx PP    and 

)()( sxsy PP   , 

 (ii) yx   implies )()( yx PP   , and 

)()( sxsy PP   , Myx  , .  

Theorem 3.8 Let ),(= PPP   be a Pythagorean 

fuzzy set in an intra-regular ordered semigroup M . Then, 

),(= PPP   is a Pythagorean fuzzy interior ideal of M  

if and only if ),(= PPP   is an Pythagorean fuzzy ideal 

of M .  

 Proof. Let p , q  be any elements of M , and let 

),(= PPP   be a Pythagorean fuzzy interior ideal of M

. Then, since M  is intra-regular, there exist elements uyx ,,  

and v  in M  such that yxpp 2  and vuqq 2 . Then, 

since P  is a fuzzy interior ideal of M , we have 

)())()((=))(()( 2 pyqpxpqyxppq PPPP  

and 

).())()((=))(()( 2 qqvqpuvuqppq PPPP  

Also, we have 

)())()((=))(()( 2 pyqpxpqyxppq PPPP  

and 

).())()((=))(()( 2 qqvqpuvuqppq PPPP  

On the other hand, let ),(= PPP   be a Pythagorean 

fuzzy ideal of M . Then, since P  is a fuzzy ideal of M , 

we have 

)()())((=)(

)()())((=)(

ppypyxxpyand

ppypyxxpy

PPPP

PPPP








 

for all ax,  and My .This completes the proof. 

Theorem 3.9 Let ),(= PPP   be a Pythagorean 

fuzzy ideal of M . If M  is intra-regular, then 

),(= PPP   is Pythagorean fuzzy semi-prime.  

Proof. Let p  be any element of M . Then since M  is intra-

regular, there exist x  and y  in M  such that yxpp 2 . 

So, we have  

)()()()( 222 pypyxpp PPPP    

and ).()()()( 222 pypyxpp PPPP    

This proves the theorem. 

Theorem 3.10 Let ),(= PPP   be a Pythagorean 

fuzzy interior ideal of M . If M  is an intra-regular, then 

),(= PPP   is intuitionistic fuzzy semi-prime.  

Proof. Let p  be any element of M . Then since M  is intra-

regular, there exist x  and y  in M  such that yxpp 2 . 

So, we have  

)()()( 22 pyxpp PPP    

and ).()()( 22 pyxpp PPP    

This proves the theorem.  

Theorem 3.11 Let M  be intra-regular. Then, for all 

Pythagorean fuzzy interior ideal ),(= PPP   and for all 

Mp , )(=)( 2pPpP  holds.  

Proof. Let p  be any element of M . Then since M  is intra-

regular, there exist x  and y  in M  such that yxpp 2 . 

So, we have  

)()()( 22 pyxpp PPP    

)))((( 22 yxpyxpP  

)())()((= 2 pyyxppxp PP    

)()()( 22 pyxppand PPP    

)))((( 22 yxpyxpP  

)())()((= 2 pyyxppxp PP    

 So, we have )(=)( 2pPpP .This completes the proof. 

Theorem 3.12 Let M  be intra-regular. Then, for all 

Pythagorean fuzzy interior ideal ),(= PPP   and for all 

Mqp , , )(=)( qpPpqP  holds.  

Proof. Let p  be any element of M . Then since M  is intra-

regular, there exist x  and y  in M  such that yxpp 2 . 

So, we have  

)())((=))((=)( 2 qpqqpppqpq PPPP    

)())((=))((= 2 pqppqqqp PPP    

 and 

)())((=))((=)( 2 qpqqpppqpq PPPP    

).())((=))((= 2 pqppqqqp PPP    
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 So, we have )(=)( qpPpqP . This proves the theorem. 

Definition 3.8 An ordered semigroup M  is called 

archimedean if, for any elements qp,  there exists a positive 

integer n  such that MqMpn  .  

Theorem 3.13 Suppose S  be an ordered archimedean 

semigroup. Then, each intuitionistic fuzzy semi-prime fuzzy 

ideal of S  is a constant function.  

Proof. Let ),(= PPP   be any Pythagorean fuzzy semi-

prime fuzzy ideal of M  and Mqp , . Then since M  is 

archimedean, there exist x  and y  in M  such that 

xqypn =  for some integer n . Then, we have  

).()(=)(=)(

)()(=)(=)(

pxpyqqand

qxqypp

PP

n

PP

PP

n

PP








 

Thus, we have ).(=)( qp PP   

Also, we have  

).()(=)(=)(

)()(=)(=)(

pxpyqqand

qxqypp

PP

n

PP

PP

n

PP








 

Therefore, we have )(=)( qPpP  for all Mqp , . 

This proves the theorem.  

4. CONCLUSION 
 The Pythagorean fuzzy set is an effective expansion of the 

intuitionistic fuzzy set for dealing with knowledge uncertainty. 

In this context, the concepts of Pythagorean fuzzy prime ideals 

and semi-prime ideals of ordered semigroups in this study. 

Several of its appealing characteristics have also been studied. 

Also explore various findings on Pythagorean fuzzy regular 

ideals and intraregular ideals of ordered semigroups, along with 

promote the implementation of Pythagorean fuzzy regular 

ideals. 

In future, interval-valued Pythagorean fuzzy sets are being used 

to solve difficulties with uncertain data. An investigation of the 

Interval-valued Pythagorean fuzzy will be conducted out 

oredered semigroups, near-rings and Interval-valued 

Pythagorean prime and semi-prime ideals, as well as their 

algebraic features 
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