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ABSTRACT
A square difference 3-equitable labeling of a graph G with ver-
tex set V' is a bijection f from V to {1,2,...,| V|} such that if

each edge uv is assigned the label -1 if | [f (u)]2 —[f (v)]2 | =
—1(mod4), the label 0 if | [f (u)]* — [f (v)]*| = 0(mod 4)
and the label 1 if | [f (u)]*> — [f (v)]*| = 1(mod4), then the
number of edges labeled with ¢ and the number of edges labeled
with j differ by atmost 1 for —1 < 4,5 < 1.If a graph has a
square difference 3-equitable labeling, then it is called square dif-
ference 3-equitable graph. In this paper, we investigate the square
difference 3-equitable labeling behaviour of paths and cycles.
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1. INTRODUCTION

DEFINITION 1. Let G = (V, E) be a graph. A mapping f :
V(G) — {-1,0,1} is called ternary vertex labeling of G and
f (W) is called the label of the vertex v of G under f.

For an edge e = ww, the induced edge labeling is given by f* :
E(G) — {-1,0,1}. Let vy (—1), vy (0), vy (1)be the number
of vertices of G having labels -1, 0, 1 respectively under f and
er (1), es (0), ef (1) be the number of edges having labels -1, 0,
1 respectively under f*.

DEFINITION 2. A ternary vertex labeling of a graph G is
called a 3-equitable labeling if [v; (i) — vy (5) | < 1l and |es (i) —
er(j)| < 1forall =1 < i,j < 1. A graph G is 3-equitable if it
admits 3-equitable labeling.

DEFINITION 3. A square difference 3-equitable labeling of a
graph G with vertex set V(G) is a bijection f : V(G) —
{1,2,3, ..., |V} such that the induced edge labeling f* : E(G) —
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{-1,0, 1} is defined by

—1 if |[f @] = [f )| =—1(mod4)
fle=uw)=19 0 if |[f ()]’ -[f@)]*| = 0(mod4)
1af |[f @] = [f ()] = 1(mod4)

and |es (1) —ef (§)| < 1 forall =1 < i,j < 1. A graph which
admits square difference 3-equitable labeling is called square dif-
ference 3-equitable graph.

EXAMPLE 1. Consider the following graph G.

Fig 1. A square difference 3-equitable graph

We see that ey (—1) = es(1) =2 and ef(0) = 3.
Thus |ef (i) — ey (j)| < 1forall =1 < 4,j < 1 and hence G is
square difference 3-equitable.

2. MAIN RESULTS

THEOREM 1. The path P, admits square difference 3-
equitable labeling.

PROOF. Let P, : ujus...u, be the path.
If n < 4, the following table gives the square difference 3-equitable
labeling of P,,.



n Uq U us Uy
1 1

2 2 1

3 2 3 1

41 2 3 1 4

Table. Square difference 3-equitable labeling of P,,, n < 4

If n > 5, we consider the following cases.

Case(i): n = 1(mod 6)

Define
flur) =2
fluz) =3
fluz) =1
f('ZL4) = 47
for 1 <i < 257,
f(’l,L(;i,l) = 6’L + 1
f(ugi) =61—1
flugir) = 6i
f(uSiJrz) = 62 + 2
f(ugirs) = 6i+3
f(u61‘+4) = 62 + 4
and
f(“n72) =n
f(unfl) =n—2
flup)=n-1
Then
[ (u0))* = [f (u2)]? | = 1(mod4)
= f*('LL1UQ) =1
|[f (u2)]? = [f (u3)]* | = 0(mod 4)
= f*(’u/gu?,) =0
|[f (us)]* = [f (ua)]® | = —1(mod 4)
= f(uzuq) = —1,
for 1<3< "TJ,
|[f (ugi—2)]” = [f (uei—1)]*| = 1(mod 4)
= f*(ugi—2ugi—1) =1

I[f (ugi-1)]® = [f (ue:))* | = 0(mod 4)
= f"(ugi-1ugi) =0

ILf (Uez‘ﬂ2 [f (ugit1)])? | = —1(mod 4)
f(ugitgiy1) = —1

ILf (u6¢+1)}2 [f (ugir2)]’ | = 0(mod4)
= f*(usir1usis2) =0

Uf (uira)]® = [f (ugivs))’ | = 1(mod4)
= [ (usit2Usits) =
Ilf (u6i+3)}2 [f (ugiva))’ | = — (mod4)

f (ugitsteita) = —1
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and
\[f (un3)]” = [ (un-2)]* | = 1(mod 4)
jf (un 3Un— 2):1
[ (un-2)]* = [f (un-1)]* | = 0(mod 4)
:>f (u'n 2Un— 1):()

I (a-2)]* = [f (un)]* | = ~1(mod 4)
= [ (up_1un) = —1.
Thus ey (—1) = e (0) = ep(1) = 25

Case(ii): n = 2(mod 6)

Define
flu) =2
fluz) =3
fluz) =1
f(U4) = 45

f(u67;,1) = 6Z + 1

f(U(;i) =6i—1
f(ueit1) = 61
f(ugiy2) = 6742
f(u6i+3) = 67, + 3
f(u6i+4) = 61 + 4

and

fup—3)=n—-1
fup—2)=n-3
fun-1)=n-2

flun) =n

Then e;(—1) = e;(1) = %52 and e;(0) = L.

Case(iii): n = 3(mod 6)

Define
flur) =2
fluz) =3
fluz) =1
f(U4) = 47
forl <i< ”T_g,
(’U/G»L 1) 61 + 1
flug;)) =6i—1
f(u61+1) = 6¢
f(’IL@H_g) =62 + 2
f(u6¢+3) = 6Z + 3
J(ugirs) = 6i+4



International Journal of Computer Applications (0975 - 8887)
Volume 123 - No.17, August 2015

and forl1 <i< %6,
f(un-a) =n—2 ‘
Fltn ) =n—4 flugia) = 6i+1
flun ) =n—3 flues) = 6i =1
flupa)=n—1 f(ugits) = 6i
Flun) = n. f(ugirz) = 6i+2
f(u61+3) = 61 + 3
Then e (—1) = %3 and e;(0) = es(1) = 2 f(ugizs) = 6i+4
Case(iv): n = 4(mod 6) and
Define
f(ul):2 f(un—l)—n_l
f(u2) =3 f(un) =n
uz) =1
J(us) Then ey(—1) = es(1) = % and e;(0) = 253,
Flus) =4 Lol cases, | f
4= Thus i ef(i)—ef()\<1f0rall—1<z]<1and
and for 1 < 4 < n=4 therefore P, is a square difference 3-equitable graph. [
=t>="%
flugi1) =6i+1 EXAMPLE 2. The square difference 3-equitable labeling of
Flugs) = 6i — 1 Py is shown below.
fugiy1) = 61
f(u6i+2) = 61 + 2
Flugses) = 6i+3 1 0 -1 1 0 -1 0 1 -1
Flugira) = 6i+4 2 3 1 4 7 5 6 8 9 10
i+4) = .
Then e;(—1) = €;(0) = ey (1) = 24
Case(v): n = 5(mod 6) Fig 2. Square difference 3-equitable labeling of P
Define
fluy) =2 THEOREM 2. The cycle C,, admits square difference 3-
equitable labeling.
fluz) =3
fluz) =1 PROOF. Let C), : ujus...u,u; be the cycle.
flug) =4,
The square difference 3-equitable labeling of C'5 is given as fol-
forl <i< % lows.
flugic1) =6i+1 2
f(u67;) =6t—1
f(ugit1) = 61
J(ugita) = 60+ 2 1 -1
f(ugiys) = 6i+3
f(u6,'+4) = 6’L + 4
3 0 1
and
flup) =n Fig 3. Square difference 3-equitable labeling of C5
1) = — n=2 — ntl
Then e;(—1) = e;(0) and e4(1) 37 If n > 4, we consider the following cases.
Case(vi): n = 0(mod 6) Case(i): n = 1(mod 6)
Define
Define
flur) =2 flui) =2
fluz) =3 fluz) =3
fluz) =1 flusz) =1
flug) =4, flug) =4,
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for1 <4< 2T, for1 <i< 229,
flugi1) =6i+1 flugiy1) =6i+3
flug;) =6i—1 flugipa) =6i+1
f(u6z'+1) =67 f(u61+3) =61+ 2
f(u6i+2) =67+ 2 f(u61+4) =6t+4
f(ugirs) =6i+3 f(ugiqys) =6i+5
fugiya) =6i+4 J(ugire) = 6i+6
d and
an
f(un—Q) =n
flun2)=n flup 1) =n—2
fltna) =n=2 flun) =n 1
flun)=n—1.
Then e (~1) = 4(0) = /(1) = 2.
Then ey (—1) = ey(1) = 251 and e (0) = 2£2. Case(iv): n = 4(mod6)
Case(ii): n = 2(mod 6) Define
Define Fluy) =2
_ f(UQ) =3
1 T =1
flus) =4 flug) =4
flug) =5 and for 1 <4 < 224,
f(u5) = 37 f(UGiil) —6it1
fOI‘lSiSnT_S, f(uGi):Gi—l
fugiyr) = 6i
f(ugi) = 6i+2 flugite) =61 +2
f(ugit1) = 61 flusiys) =6i+3
f(ugiv2) = 6i+1 f(ugita) = 6i + 4.
}IEZ‘SHS;iZii Then ey (—1) = e;(1) = %andef(O): %’2
6itd) =
flugirs) =6i+5 Case(v): n = 5(mod 6)
Define
and flug) =2
f(u'nﬁQ) =N f(UQ) =1
fUn-1)=n—2 fluz) =4
fup)=n—1. flug) =5
flus) =3
Then e (—1) = e;(1) = 2 and e;(0) = 252, andfor 1 <7 < 23,
Sz%elgii): n = 3(mod 6) Fes) = 64 2
fugiyr) = 6i
flur) =2 flugiye) =61+ 1
fluz) =3 f(ugits) =6i+3
fluz) =5 flugita) = 6i+4
flug) =4 f(ugivs) = 6i + 5.
5) = 1 n+1 n—
e —e, Then ¢ (1) = e(1) = %% ande(0) = 5%



Case(vi): n = 0(mod 6)

Define
flur) =2
f(u2) =3
flug) =5
flug) =4
flus) =1
f(us) =6
and for 1 <i < 259,
flugit1) =6i+3
flugipa) =60+ 1
f(ugivs) = 6i+2
flugitqa) =60+ 4
flugiss) =6i+5
F(ugivs) = 6i + 6.

Thenes(—1) = ef(0) = es(1) = %

§-
Thus in all cases, |ef (1) — ey ()| < 1forall -1 < 4,5 < 1and

therefore C, is a square difference 3-equitable graph. [

EXAMPLE 3. The square difference 3-equitable labeling of Cy

is shown below.

Fig 4. Square difference 3-equitable labeling of Cy

3. CONCLUSION

We have discussed here a new labeling called square difference 3-
equitable labeling and we have investigated for paths and cycles
only. The results reported here are new and expected to add new
dimension to the theory of 3- equitable graphs. It is possible to

investigate similar results for other graph families.
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