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ABSTRACT

Let Ny denote the set of all non-negative integers and X be any
subset of X . Also denote the power set of X by P(X). An in-
teger additive set-labeling (IASL) of a graph GG is an injective
function f : V(G) — P(X) such that the induced function
It E(G) — P(X) is defined by f1(uv) = f(u) + f(v),
where f(u) 4+ f(v) is the sumset of f(u) and f(v). An IASL f
is said to be a topological IASL (Top-IASL) if f(V(G)) U {0}
is a topology of the ground set X. An IASL is said to be an inte-
ger additive set-graceful labeling (IASGL) if for the induced edge-
function f*, fT(E(G)) = P(X) — {0, {0}}. In this paper, we
study certain types of IASL of a given graph (G, which is a topo-
logical integer additive set-labeling as well as an integer additive
set-graceful labeling of G.
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1. INTRODUCTION

For all terms and definitions, other than newly defined or specif-
ically mentioned in this paper, we refer to [4]], [11] and [22]. For
different graph classes, we further refer to [S] and [6]. Unless men-
tioned otherwise, the graphs considered in this paper are simple,
finite, non-trivial and connected.

Let Aand B be two non-empty sets. The sumset of A and B is
denoted by A+ B and isdefinedby A+ B={a+b:a€ A be
B}.If A, B and C are the non-empty sets such that C' = A + B,
where A # {0} and B # {0}, then A and B are said to be the non-
trivial summands of the set C' and C' is said to be the non-trivial
sumset of A and B. It can also noted that for set A containing the
element 0, A 4+ {0} = A. In this case {0} and A are said to be the
trivial summands of A. Using the concepts of sumsets of two sets,
the following notion has been introduced.

Let Ny denote the set of all non-negative integers and P (Np) be its
power set. An integer additive set-labeling (IASL) of a graph G is
an injective function f : V(G) — P(Np) such that the induced
function f* : E(G) — P(Np) is defined by f+(uv) = f(u) +
f (W), where f(u) + f(v) is the sumset of f(u) and f(v). A graph
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that admits an IASL is called an integer additive set-labeled graph
(IASL-graph).

An TASL f of a given graph G is said to be an integer additive
set-indexer (IASI) if the associated function f7 is also injective.

An IASL (or an IASI) f of a graph G is said to be a k-uniform
IASL (or a k-uniform IASY) if fT(uv) = kVuv € E(G).

The cardinality of the set-label of an element (a vertex or an edge)
of a graph G is said to be the set-indexing number of that ele-
ment. An element of a graph G is said to be mono-indexed if its
set-indexing number is 1.

Since the set-label of every edge of G is the sumset of the set-labels
of its end vertices, it can be noted that no vertex of an IASL-graph
G can have the empty set as its set-label. If any of the given two sets
is countably infinite, then their sumset is also a countably infinite
set. Hence, all sets we consider in this paper are non-empty finite
sets of non-negative integers.

An integer additive set-graceful labeling IASGL) of a graph G is
defined in [21] as an integer additive set-labeling f : V(G) —
P(X)— {0} such that the induced function fT(E(G)) = P(X) —
{0,{0}}. A graph G which admits an integer additive set-graceful
labeling is called an integer additive set-graceful graph (in short,
IASG-graph).

The major results on IASG-graphs, established in [21], are the fol-
lowing.

PROPOSITION 1.1. 211 If f : V(G) — P(X) — {0} is an
integer additive set-graceful labeling on a given graph G, then {0}
must be a set-label of one vertex of G.

THEOREM 1.2. Let G be an IASG-graph which admits an
IASGL f with respect to a finite non-empty set X. Then, G must
have at least | X | — 1 pendant vertices.

PROPOSITION 1.3. [21] Let G be an IASG-graph. Then, there
are at least 1 + 2™ vertices of G adjacent to the vertex having the
set-label {0}, where n is the cardinality of the ground set X.

PROPOSITION 1.4. [21]] Let f : V(G) — P(X) — {0} be an
integer additive set-graceful labeling on a given graph G and let
Z,, be the maximal element of X. Then, x,, is an element of the
set-label of a vertex v of G if v is a pendant vertex that is adjacent
to the vertex labeled by {0}.



PROPOSITION 1.5. [21] Let A; and A; are two distinct subsets
of the ground set X and let x; and x; be the maximal elements of
A; and Aj respectively. Then, A; and A; are the set-labels of two
adjacent vertices of an IASG-graph G is that x; + xj < Ty, the
maximal element of X.

THEOREM 1.6. [21]] A graph G admits an integer additive set-
graceful labeling, then it has even number of edges.

A necessary and sufficient condition for a given graph to admit an
integer additive set-graceful labeling is given below as proved in
[21].

THEOREM 1.7. [21]] Let X be a non-empty finite set of non-
negative integers. Then, a graph G admits a graceful IASI if and
only if the following conditions hold.

(a) 0 € X and {0} be a set-label of some vertex, say v, of G

(b) the number of pendant vertices in G is the number of subsets
of X which are not the non-trivial summands of any subsets of
X.

(c) the minimum degree of the vertex v is equal to the number of
subsets of X which are not the sumsets of any two subsets of
X or not non-trivial summands of any other subsets of X.

(d) the minimum number of pendant vertices that are adjacent to
a given vertex of G is the number of subsets of X which are
neither the non-trivial sumsets of any two subsets of X nor the
non-trivial summands of any subsets of X.

THEOREM 1.8. [21] A tree G is an IASG-graph if and only if
it is a star Ky on_o, for some positive integer n.

An integer additive set-indexer f of a graph G, with respect to a
ground set X C Ny, is said to be a fopological IASL (Top-IASL)
of Gif T = f(V(G)) U {0} is a topology on X. Certain char-
acteristics and structural properties of Top-IASL-graphs have been
studied in [20].

The properties and structural characteristics of topological IASL-
graphs have been studied in [20]]. The following are some of the ma-
jor results on topological IASL-graphs proved in this paper, which
are useful and relevant in our present study.

PROPOSITION 1.9. 201 If f : V(G) — P(X) — {0} is a Top-
IASL of a graph G, then G must have at least one pendant vertex.

PROPOSITION 1.10. [20] Let f : V(G) — P(X) — {0} isa
Top-IASL of a graph G. Then, the vertices whose set-labels contain-
ing the maximal element of the ground set X are pendant vertices
which are adjacent to the vertex having the set-label {0}.

Hence, the ground set X, we consider here for set-labeling the ver-
tices of a given graph GG must contain 0 as its element.

THEOREM 1.11. [20] A graph G, on n vertices, admits a Top-
IASL with respect to the discrete topology of the ground set X if and
only if G has at least 2X1= pendant vertices which are adjacent to
a single vertex of G.

In this paper, we initiate further studies about the topological IASLs
and find some new results on the topological IASL-graphs.

2. TOPOLOGICAL IASGL-GRAPHS

Let f be a topological integer additive set-indexer of a given graph
G with respect to a non-empty finite ground set X. Then, 7 =
f(V(G)) U {0} is a topology on X. Then, the graph G is said to
be a f-graphical realisation (or simply f-realisation) of T .
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In this context, the topology 7 of the ground set X is said to topol-
ogise a graph G with respect to an IASL f,if T—{0} = f(V(Q)).
The elements of the sets f (V') are called f-open sets in G.

Is every topology of the ground set X graphically realisable? The
following theorem provides the solution to this problem.

THEOREM 2.1. Let X be a non-empty finite set of non-
negative integers. Then, every topology on X consisting of {0}, is
f-graphically realisable, where f is an IASL defined on the graph
concerned.

PROOF. Let T = {4; C X : 1 < n < r} be atopology on X
such that A; = @, A = {0} and A, = X, where r is a positive
integer less than or equal to | X|. Consider the graph G = K7 ,._».
Label the central vertex of G by the set Ay and label all r — 2
pendant vertices of G by the sets A; : 3 < ¢ < r. Therefore,
f(V) =T — Ay =T — {0}. Therefore, f is a Top-IASL on G.
Hence, G is an f-realisation of the topology 7 of X. O

Motivated from the studies of topological set-graceful graphs made
in [3[], we introduce the following notion.

DEFINITION 2.2. An integer additive set-graceful labeling f
of a graph G, with respect to a finite set X, is said to be a
topological integer additive set-graceful labeling (Top-IASGL) if
F(V(G)) U {0} is a topology on X and the induced edge-function
FHE(G)) = P(X) - {0,{0}}.

The existence of topological integer additive set-graceful labeling
for certain graphs are discussed in the following section. First, we
have the following result.

THEOREM 2.3. For a tree, the existence of an IASGL is equiv-
alent to the existence of an Top-IASGL.

PROOF. Let G be a tree on n vertices and m edges, which ad-
mits an JASGL, with respect to a finite set X of non-negative in-
tegers. Then, by Theorem G = K, where | = 21X — 2,
Then, n = 2% — 1 and m = 2/X| — 2. Therefore, f(V(G)) =
P(X) — {0} and f(V(G)) = P(X) — {0,{0}}. That is, f is a
topological IASGL of G. The converse part is trivial by the defini-
tion of a Top-IASGL of a graph G. O

In view of the results we have discussed so far, we can establish the
following result.

THEOREM 2.4. If G is an acyclic graph which admits a Top-
IASGL, with respect to a ground set X, then G is a star K ar_o,
where r = 21X/,

PROOF. Let G be a acyclic graph which admits a Top-IASGL f.
Since G is acyclic, it is a tree. Then, as a consequence of Theorem

G must be a star K, or o, where r = 21X, O

Is it possible to find a topological integer additive set-graceful la-
beling for a regular graph? The following theorem provides an an-
swer to this question.

THEOREM 2.5. No connected r-regular graph G admits a Top-
IASGL.

PROOF. Let G be an r-regular graph which admits a Top-
TASGL f. Since G is an IASG-graph, it must have at least one pen-
dant vertex. If v is a pendant vertex of G, then d(v) = 1 and hence
G is 1-regular. We know that G = K> is the only connected 1-
regular graph. But there exists no two element set which induces an
TASGL on K. Hence, no regular graphs admit a Top-IASGL. O



In view of Theorem[2.5] we have the following remarks.

REMARK 2.6. No r-regular graph admits a Top-IASGL for
r > 2. Hence, for n > 2, a cycle C,, or a path P, or a com-
plete graph K, or any complete bipartite graph K, ,, do not admit
Top-IASGLs.

REMARK 2.7. No complete bipartite graphs other than certain
star graphs admit Top-IASGL as they do not have pendant vertices.

During previous studies on topological integer additive set-labeled
graphs, it has been established that all graphs in general do not
admit Topological IASLs. It is also evident that all Top-IASLs on
a given graph G does not induce an integer additive set-graceful
labeling on G.

In view of these facts, the questions about the characteristics and
structural properties of graphs which admit Top-IASGLs arouse
much interest.

Since the empty set () can not be the set-label of any vertex of G, it is
obvious that there exist no non-trivial graphs admit a Top-IASGL.
Hence, let us proceed to check the cases involving topologies which
are not indiscrete or discrete topologies of the ground set X.

The following theorem determines a necessary and sufficient con-
dition for the existence of a topological integer additive set-labeling
for a given graph G.

THEOREM 2.8. Let X be a non-empty finite set. Then, a graph
G admits a Top-TASGL if and only if the following conditions hold.

(a) G has 21X -2 edges and at least 21X — (p-+1) vertices, where
p is the number of subsets of X, which can be expressed as the
sumsets of two subsets of X.

(b) One vertex, say v, of G has degree p’, which is the number of
subsets of X which are neither the non-trivial summands of any
subsets of X nor the sumsets of any elements of P(X).

(c) G has at least p' pendant vertices if X is not a sumset of the
subsets of it and has at least 1 + p' pendant vertices if X is a
sumset of some subsets of it, where p' is the number of subsets
of X, which are not the sumsets of any subsets of X and not a
summand of any sub set of X.

PROOF. First assume that G is a graph with the given conditions
hold. Define a labeling f on GG as explained below.

Label the vertex, say v, having the degree 1+ 2/X1-1, by the set {0}
and label an adjacent pendant vertex of v by the set X. If A; C X
is neither a sumset of any two subsets of X nor a summand of any
subset of X, then label one of the remaining pendant vertex of G by
the set A;. Now, label the remaining vertices of G by the remaining
subsets of X injectively in such way that two vertices are adjacent
in G if the sumset of their set-labels are subsets of X. Since G has
at least 21X — (p 4 1) vertices, all the subsets, except {0}, will
be the set-labels of the edges of GG. Therefore, this labeling is a
Top-IASGL of G.

Conversely, assume that G admits a Top-IASGL f. Then, by Theo-
rem[I.7] being a IASG-graph, G has a vertex, say v, having degree
at least p”, adjacent with the vertex having set-label {0}, where
o’ is the number of subsets of X which are neither the non-trivial
summands of any subsets of X nor the sumsets of any elements of
P(X).

If A; C X is not a sumset of of any subsets of X, then it must
be the set-label of a vertex in G that is adjacent to v, the vertex
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having {0} as its set-label. Then, out of all 2% — 1 subsets of X,
the sets which are not the sumsets of the sub sets of X must be the
set-labels of some vertices of G. Therefore, G must have at least
21X — (p 4 1) vertices.

Let A; # {0} be a sub set such that it is neither a sumsets of any
subsets of X nor a summand of any subset of X, then since A; must
be al element of f(E(G)), it must be the set-label of a pendant
vertex that is adjacent to v, the vertex having {0} as its set-label.
Also, since f(v) U is a topology on X, X € f(V), irrespective
of whether it is a sumset of its sumset of its subsets or not. Then,
by Theorem X must also be the set-label of one pendant vertex
that is adjacent to v. Therefore, the minimum number of pendant
vertices that are adjacent to v must be 1 + p’ if X is not a sumset
of its subsets and p’ if X is a sumset of its subsets. [

Figure[I]depicts a topological integer additive set-graceful labeling
of a graph.

{02}

{0,1,2,3}

{12}
{0,2,3}

{03}

Fig. 1. A topological Integer additive set-graceful graph.

In this context, the following theorem discusses the admissibility of
a Top-IASGL with respect to the discrete topology of the ground
set X.

THEOREM 2.9. A graph G admits a Top-IASGL f with respect
to the discrete topology of a non-empty finite set X if and only if
G = K x| _o-

PROOF. If G = K| yx|_,, then by Theorem G is an f-
realisation of the discrete topology of X. Then, f 1S a topological
IASGL of G.

Conversely, assume that G admits a Top-IASGL, say f, with re-
spect to the discrete topology of a non-empty finite set X. There-
fore, |f(V(G))| = 2 — 1 and |f+(E(G))| = 2%| — 2. That is,
|E(G)| = |V(G)| — 1. Therefore, G is a tree on 21X| — 1 vertices.
Then, by Theorem[I.8 G = K 5x) . O

Figure[2]depicts a topological integer additive set-graceful labeling
of a graph with respect to the discrete topology of the ground set
X.

3. CONCLUSION

In this paper, we have discussed about certain the properties and
characteristics of topological IASL-graphs. More properties and
characteristics of TIASLs, both uniform and non-uniform, are yet
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Fig. 2. A star graph with a topological IASGL.

to be investigated. The following are some problems which demand
further investigation.

PROBLEM 3.1. Characterise the graphs which are Top-IASS-
graphs but not Top-IASG-graphs.

PROBLEM 3.2. Find the smallest ground set X, with respect to
which a given graph admits a Top-IASGL.

PROBLEM 3.3. Find the smallest ground set X, with respect to
which a given graph admits a Top-IASSL.

The problems of establishing the necessary and sufficient condi-
tions for various graphs and graph classes to have certain other
types IASLs are also still open. Studies about those IASLs which
assign sets having specific properties, to the elements of a given
graph are also noteworthy. All these facts highlight a wide scope
for further studies in this area.
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