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ABSTRACT

The present paper considers modified extension of the
exponential distribution with three parameters. The main
properties of this new distribution is studied, with special
emphasis on its median, mode and moments function and
some characteristics related to reliability studies. For
Modified- extension exponential distribution (MEXED) have
been obtained the Bayes Estimators of scale and shape
parameters using Lindley's approximation (L-approximation)
under squared error loss function. But, through this
approximation technique it is not possible to compute the
interval estimates of the parameters. Therefore, Gibbs
sampling method is developed to generate sample from the
posterior distribution. On the basis of generated posterior
sample, the Bayes estimate of the unknown parameters is
computed and constructed 95 % highest posterior density
credible intervals. A Monte Carlo simulation study is carried
out to compare the performance of Bayes estimators with the
corresponding classical estimators in terms of their simulated
risk. A real data set has been considered for illustrative
purpose of the study.
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1. INTRODUCTION

In the field of lifetime modelling exponential distribution
(ED) has greater importance to study the reliability
characteristics of any lifetime phenomenon. The popularity of
this model has been discussed by several authors. Although it
became most popular due to its constant failure rate pattern,
but in many practical situation this distribution is not suited to
study the phenomenon where failure rate is not constant. In
recent years, several new classes of models were introduced
based on modification of exponential distribution. For
example, Gupta and Kundu (1999) and Gupta and Kundu
(2001) introduced an extension of the exponential distribution
typically called the generalized exponential (GE) distribution.
Therefore, it is said that the random variable x follows the GE
distribution if its density function is given by

g1(s @, B) = af e (1 — e~ )P,
()
where x>0, >0 andp >0 with notation is used
X~GE(a, B) for a random variable with such distribution.

More recently, Nadarajah and Haghighi (2011) introduced
another extension of the exponential model, so that a random
variable X follows the Nadarajah and Haghighi’s exponential
distribution (NHE) if its density function is given by

g82(% @, B) = aB(1 + ax?)PLelt-Grax®)],
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where x>0, >0 andf > O0with notation is used
X~NHE(q, B). Sanjay et al. (2014) explained the classical
and Bayesian estimation of unknown parameters and
reliability ~characteristics in extension of exponential
distribution.

Both distributions have the exponential distribution (E) with
scale parameter a, as a special case when 8 = 1, that is,

ax

gixap=1=g,xaB=1) =ae™,

@)
where x >0 and a > 0 with the notation X~E(a). Other
extensions of the exponential model in the survival analysis
context are considered in the Marshall and Olkin’s (2007)
book.

The main object of this paper is to present yet another
extension for the exponential distribution that can be used as
an alternative to the ones mentioned above. Some properties
are discussed for this new distribution. The classical and
Bayesian estimation of the unknown parameters and
reliability characteristics of a new extension of exponential
distribution is developed. It is observed that the MLEs of the
unknown parameters cannot be obtained in nice closed form,
as expected, and they have to obtain by solving two nonlinear
equations simultaneously. It is remarkable that most of the
Bayesian inference procedures have been developed with the
usual squared-error loss function, which is symmetrical and
associates equal importance to the losses due to
overestimation and underestimation of equal magnitude.
However, such a restriction may be impractical in most
situations of practical importance. For example, in the
estimation of reliability and failure rate functions, an
overestimation is usually much more serious than an
underestimation. In this case, the use of symmetrical loss
function might be inappropriate as also emphasized by Basu
and Ebrahimi (1991). Further, the Bayesian inference of the
unknown parameters is considered under the assumption that
both parameters have independent gamma priors. It is
observed that the Bayes estimators have not been obtained in
explicit form. Therefore, Lindley’s approximation method is
used. Unfortunately, by using Lindley’s approximation
method it is not possible to construct the highest posterior
density (HPD) credible intervals. Therefore, Monte Carlo
Markov Chain method (Gibbs sampling procedure) is used to
construct the 95% HPD credible intervals for the parameters
and estimates are also coded on the basis of MCMC samples.
Monte Carlo simulations are conducted to compare the
performances of the classical estimators with corresponding
Bayes estimators obtained under squared error loss function in
both informative and non-informative set-up for complete
sample. Further, confidence intervals is constructed 95%
approximate and highest posterior density (HPD) credible
intervals for the parameters.
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2. DENSITY AND PROPERTIES

A random variable X is distributed according to the modified
extended exponential distribution (MEXED) with parameters
o,A andp if its density function and the cumulative
distribution function of this new family of distribution can be
given as

f(x) = a(h + 2Bx) (1 + Ax + Bx2)@—Lell-(+ax+px®)]

(4)
where x>0,a=>0A>=0 and pf=0 with the
notation X~MEXED(q, 2, B).
and
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where x> 0,a>0,A>0andf = 0.

The modified extended exponential distribution (MEXED) can
be a useful characterization of life time data analysis. The
reliability function (R) of the modified extended exponential
distribution (MEXED) is denoted by R(t) also known as the
survivor function and is defined as

R(t) = ell-CHAHBEN] ¢ g A B> 0

(6)
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Fig 2: Reliability plot for various choice for a,  and A

One of the characteristic in reliability analysis is the hazard
rate function (HRF) defined by
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h(t) = % = oA+ 2B (1 + At + pt)* L o, A, B = 0.
(7
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Fig 3: Failure Rate for various choice for a, § and A

It is important to note that the units for h(t) is the probability
of failure per unit of time, distance or cycles. These failure
rates are defined with different choices of parameters. The
cumulative hazard function of the modified extended
exponential distribution is denoted by H(t)and is defined as

t t

H(t) = fh(x)dt = fa(?\ + 2Bx)(1 + Ax + Bx2)*dx
0

0
=(1+At+ptH*—1.
@)

3. STATISTICAL ANALYSIS
3.1 Median and mode
It is observed as expected that the mean of MEXED(a, 2, B)
cannot be obtained in explicit forms. It can be obtained as
infinite series expansion so, in general different moments of
MEXED(a, A, B). Also, cannot get the quantilex, of
MEXED(a,A,B) in a closed form by wusing the
equation Fy (xq; @A, B) — g = 0.Thus, by using Equation (5),
find that

(Axq +Bx2) =[1-In(1 - @]Y*-1,0<qg<1.
©)
The median m(X)of MEXED(a, A, B) can be obtained from
(9), when q = 0.5, as follows
(Axgs5 + Bx35) = [1 —In(0.5)]"/* — 1.
(10
Moreover, the mode of MEXED(a, A, ) can be obtained as a
solution of the following nonlinear equation.

d
&fx(x, a)p) =0,

% [a( +2Bx) (1 + Ax + BXZ)“_le[l_(”}‘X*BXZ)a]] =0.
(11)
3.2 Moment

The ™ moments of the MEXED is denoted by . and it is
given by
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(12)
The mean and variance of MEXED are

[e9)

E(x) = Z (1) (%) (=1) el 22m-1 0 gm-1()2

n
— 4B T (D, 1)

n=m=0

(13)
and
Var(x)

— i (rzl) (%) (_1)n el 4m—1 AR Bm—ZO\Z
- Zsr;_" 2 (2e,1)

[z <§1>( 17 el 22m-1 30 gm-12

0

2
(e, 1)} |

(14)
4. CLASSICAL ESTIMATION

In this section, the maximum likelihood estimates (MLEs) of
the parameters have been obtained, reliability function and
hazard function for the considered model. Let us suppose that
n units are put on a test with corresponding life times being
identically distributed with probability density function (4)
and cumulative distribution function (5). Then, the likelihood
function can be written as

L&x\o, A, B) = nf(xl-; a,A,B)
i=1

n
= q" eZiet(-(U+Ax+Bx)™) 1_[()L + 2Bx;) (1
i=1
+ Ax; + Bx)e 7,
(15)

InL (o,A,B) =nlna+ Zln(l + 2Bx;)
+(@—-1) ) In(1+Ax; + Bxf)
2

+ i(1 = (14 2x; + px2)"),
i=1

(16)
6 InL z +( D Z
,1+2/3£ @~ 1+/1xl+/i’x
n
_ Z axl-(l + Ax; + Bxiz)a_l,
i=1
(17)
6 InL z +( D Z 2
,1+2/3£ @~ 1+/1xl+/i’x
N\ 2 2 a-1
—Zaxi (1+/1xi +ﬁxi) ,
i=1
(18)
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aalnL =—+Zln(1+/1x +,Bx2)

- Z(l + Ax; + [)’xz) ln(l + Ax;

+ [?xz)

(19)
Maximum likelihood estimates can be obtained by solving the
above two equations simultaneously, but these equations
cannot be expressed in explicit form. Therefore, Nonlinear
maximization technique (in built command in R software) has
been used to compute the MLEs of the parameters. Further, let
(@,1,5) are the MLEs of o, A and B respectively. Therefore,
using invariance property of MLEs, the Bayes estimators of
reliability function R and hazard function A for any specified
time t are given by following equations.

R() = 6[17(1+Zt+ﬁtz)a]
(20)
and R
At = a(d+2pt)(1 + At + pe2)" "
(21)
4.1 Asymptotic intervals for the

parameters
In this subsection, the Fisher information matrix is obtained to
compute 95% asymptotic confidence intervals for the
parameters based on maximum likelihood estimators (MLES).
The Fisher information matrix can be obtained by using log-
likelihood function (16). Thus we have

9’InL  9’°InL  9%InL
%2 9o ohoa
2 2 2
1@a,p) = _0 InL _6 InL _6 InL
2pox _ ap? 9poa
\ d’InL.  9°InL 621nL/
da O dadp da?
(22)
where,
0*InL i -1 (1) Z x2
T Lp? T L A+ e
n
- Z(az —ox? (1 +Ax; + Bxiz)a_z,
i=1
(23)
n
0*InL z —2%; (1) Z X;
Nop ~ LO+2px)? T U LA, + B
- Z(az —o0x? (1 +Ax; + Bxiz)a_z,
i=1
(24)
0*InL z
Moo Si1+2x + Bx?
- 2ya—1
_ZX1(1+}\X1+BX1) [1
i=1
+ aln(l +Ax; + Bxiz)],
(25)
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?*InL zn: —4x? (1) Z x}
0FT  LO+2p)? T L A+ B
n
- Z(az —ox (1 +Ax; + Bxiz)a_z,
=
| (26)

azlnL_z ;
OBdo L1+ Ax; + Bxf

= (a4 ) T

i=1
+aln(1+2Ax + Bxiz)],

(27)
9°InL -n i a 2
— =—— > (1+2xx;+Bx?) [In(1+2x; + BxZ)]".
du? a? &
(28)

All the above derivatives are evaluated at (&@,A,B). The
above matrix can be inverted to obtain the estimate of the
asymptotic variance-covariance matrix of the MLEs and
diagonal elements of I71(&,A,P) provides asymptotic
variance of o,A and {8 respectively. The above approach is
used to derive the 100(1 —y)% confidence intervals of the
parameters a, A, B as in the following forms

Q@+ 7Z,,/Var@, A £ Z,/, [Var(R) and B +Z, /Var(ﬁ).
(29)
5. BAYESIAN ESTIMATION OF THE
PARAMETERS

In this section, the expression posterior distributions have
been derived for the considered model. Let
X = (xq,X2,X3, ..., Xy ) be a random sample of size n observed
from (4), and then the likelihood function is given as in (15).
So, this model is a good alternative of the several
exponentiated family and reduces in exponential family for a
a=1 andp = 0. Since for this distribution not a single
conjugate prior is known till date. Therefore, we consider
independent gamma priors for shape i.e. a ~ gamma(a,b) as
well as scale parameter i.e
A~ gamma(c,d) and B ~ gamma(g, f). Therefore, the joint
prior of (a, A, B) is given as

1'[(0(, A B) e 0ta—l}\c—l Bg—le—bu—d)\ —fB
(30)
where a,b,c,d,g and f are the hyper parameters. Therefore, the
joint posterior distribution can written as,
P(a, 2, BIX)

o qFa=lpn+e-1gg—1g-ba—di —fBeZinzl(l—(l"'?\Xi‘*'ﬁXiz)a) 1_[ (1
i=1

+ 2 ) (1 + 2 + B?)

(1)
Under squared error loss function (SELF) the Bayes estimate
is the posterior mean of the distribution. Therefore, the Bayes
estimate of (o,A, ), Reliability function R(t)and Hazard
function h(t)can be expressed in following equations.

Q)

=K~ 1] f f O(n+a)\n+c—1Bg—le—bot—d)\ —fﬁeZinzl(l_(l"'}‘Xi"'ﬁxiz)u)
0 ?1 0

(1+%) (142 +px?)" dp drda,

i=1
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(32)
A
= K—lf f f qhta—1yn+c Bg—le—ba—d)\ —fBeE?:l(l_(1+7‘Xi+BXi2)a)
000
n
B
(1+2x) (142 +Bx2)" 'dB dA da,
i=1
(33)
B 00 ©o0 oo
= K—lf f f ghta—1yn+c-1 Bge—ba—d)\ —fBeE?:l(l_(1+7‘Xi+BXi2)a)
000
n
B
(1+2x) (142 +Bx2)" 'dB di da,
i=1
(34)
R(v)
- K—lf f f an+a—1)\n+c—1Bg—le(l—ba—d)\ —fB—(1+At+BtH)*)
000
n
2 (1-(1 ) )H (1+2x) 1+ 2%+ )"
i=1
dp dA da,
(35)
and
ﬁ =K~ 1[ f -’- O(nJra)\nJchgfl (1
000 5
+ TBt) (1 +2t+ B!
e ?:1(1_(1+)\xi+6xiz)a)e—ba—d)\ —fp
n
1_[(1+ xi) (142 +Bx?)" ' dp dh da
i=1
(36)

where

/]

anta—1jn+c—1 Bg—l e~ba—dA —fBg ?:1(1_(1+7\Xi+ﬁxiz)a)

:sC> > 8

(1+2x) (142 +Bx?)* dp dida
i=1

@37
From the above, it is easy to observed that the analytical
solution of the Bayes estimators are not possible. Therefore,
the Lindley’s approximation methods and Markov Chain
Monte Carlo method have been used to obtain the
approximate solutions of the above Egs. (32— 36).

5.1 Lindley’s approximation

It may be noted here that the posterior distribution of (a, A, B)
takes a ratio form that involves an integration in the
denominator and cannot be reduced to a closed form. Hence,
the evaluation of the posterior expectation for obtaining the
Bayes estimator of a, A and B will be tedious. Among the
various methods suggested to approximate the ratio of
integrals of the above form, perhaps the simplest one is
Lindley's (1980) approximation method, which approaches
the ratio of the integrals as a whole and produces a single
numerical result. Many authors have used this approximation
for obtaining the Bayes estimators for some lifetime
distributions; see among others, Howlader and Hossain (2002)
and Jaheen (2005).
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Thus, the use of Lindley's (1980) approximation is proposed
for obtaining the Bayes estimator of o, A and B by considering
the function I(x), defined as follows;

Ju(o, 2, B)eleABTEEAE) g(q, 2, B)

feL(a,A,B)+G(a,A,B) d(o, 2, B) ’
(38)

I(x) = E[u(a, 2, B)] =

where

u(a, A, B) is afunction of a,A and  only

L(a, A, B) is log of likelihood

G(a, A, B) is log joint prior of a, A and B,

According to Lindley (1980), if ML estimates of the
parameters are available and n is sufficiently large then the
above ratio of the integral can be approximated as:

1(x)

= u(&,i, G) + (u131 + uja; +uzaz +as + 35)

+ %[A (u1011+u2012+u3013)+B(U1021+u2022+u3023)+C(u1031+u2032 +u3033)]
(39)

where

aj = P10i1+P20i2+P30i3, i=1.23
a4 = U301 + Uy3073 + Up3023

1
as = 5(U11011 + U202 + U33033)
A =o011L111 + 20121421 + 20131431 +20231031 + 0221021

+ 0331331

B = 011L112 + 20121122 + 20131432 +2033103, + 0221022
+ 0331332

C = 011L113 + 2013123 + 20131133 +2023L1233 + 0221223
+ 033L333

and subscripts 1, 2, 3 on the right-hand sides refer to o, A, B
respectively and let 6, = a,6, = fand 63 = A

pi =§—;,ui =w,i= 123,
uj =62u§2+§;;e3) =123,

2

3
Lije = %ﬁgs) k=123,

and oy is the (i,j) —th element of the inverse of the matrix
{L;}, all evaluated at the MLE of parameters.
For the prior distribution (30) we have
p=Inn(,A,B)=@G@—-DIna+(c—1)InA+(g—1)Inp
— (ba + dA + B)

and then we get

_a—l b _c—1

p1 = o P2 = 2

Also, the values of L; can be obtained as follows for i,j
1,2,3

Ly = ;—3—2(1 +2%; + Bx2) “[In(1 + 2, + px2)]%,
i=1

g—1
—dopy === f

L, =L —En al
2 21__11+7\xi+8xiz
=
n

= (a4 ) T

i=1
+ aln(l +Ax; + Bxiz)],
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n 2
137 ™81 L1+ + B}
n

= (a4 )

i=1
+aln(1+2Ax + Bxiz)],
. -1 . x2
L =Zi_ -1 Z_ !
2= 202 T L 1 oy

n
_Z(az — X1+ A% + px2)
i=1

Low = Ly = i —2X; ( 1)Zn: Xj
BT T L0’ LU+ px))?
n

- Z(az —o0x? (1 +Ax; + Bxiz)afz,
=1

5 —4x? 5 x;
L :Zii_(a_l)z—i
P L+ 2Bx)? £ (1+ 2 + Bxf)?
n

- Z(az —o0x (1 +Ax; + Bxiz)afz.
1

i=
and the values of Ly fori,j,k = 1,2,3
n
2n

[od 3
Llll 25—2(1+7\X1 +BX12) ln(1+}\Xl + BXIZ) )
=1
Li1z == Li21 = Lony

= —in(l +2x% + B (1 + Ax,
i=1
+Bx?) [ In(1 + Ax; + Bx?) + 2],
Li13 = Liz1 = L3y
- -Z (14 2% + 8x2)" (1 + Ax,

+ Bxi?:)l[a In(1+Ax; + Bx?) + 2],

Liz2 = La1z = Laot
2

s

- Z (1 +2x; + BxP)?

= (1 + ) e - 1)
i=1

+ala—1) In(1 + Ax; + Bx?)],

Liz3 = L313 = L33
4

n
_ z —X
a S (14 2% + Bx?)?

= D b 2+ ) 2o - 1)
i=1
+ala— 1) In(1 + Ax; + Bx2)],
Liz3 = Lpi3 =Liz = %312 = Ly31 = Ly

—x}
B Zl (1 + A, + BxD)?
= D (2 + ) [a— 1)

o= D In(1+Ax + B2)],
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- 2 . 2x.
Loy, = Z S -1 Z S
2= 2 gy T TV L T + )
- Z ala—1)(a— 2)X§(1 + Ax;
i=1
+ Bx2)*3,

La23z = La3z = L3z = .
_ Z 4Xi
4 o A+ 2Bx)?
=
n X14

2
* @) e B

n

- Z ala—1)(a— Z)Xi‘*(l + Ax;
=1

+ Bx)«3,

Lp3z = Lapz = Lazz = .

_ Z 8x?

- L (A +2Bxy)3
- - 2x?

+ —122————————
(«=1) L+

i
+ Bx?)3

n
— Z aloe — D —2)x7 (1 +Ax;
i=1
+ Bx)«3,
3 n
Lows = 16 x; +( D Z 2x;
WL e L + )
n
- Z ala —1)(a— Z)Xié(l + Ax;
i=1
+ Bx2)*3,
After substitution, the Egs. (32-36) reduces like Lindleys
integral, therefore, for the Bayes estimates of the parameter «,
Ifu(@ A B) =a then

a-1-ba

~ ~ c—1-d X
Ogs = a + o011 + 0 o012 +

e_lﬁ_fﬁ 013 + 3[Ac1 +Bog +Co3].
(40)
and similarly the Bayes estimate for A under SELF is,
Ifu(@A,B) = A then
- ~ a—1-ba c—1-dA
Ags = A+ ~ 01 + N 022
+ e 1A fB o2
+ %[AG12+B0‘22+C0‘32].
(41)
and similarly the Bayes estimate {3 for under SELF is,
If u(@ 2, B) = Bthen
A ~ a—1-ba c—1-dX
Bes = B+T 031 +T 032
e—1—ff o
1 B 33
+ E[A013+B023 +Co33].
(42)

Further, the Bayes estimates of the reliability function and
hazard function under SELF are given by
Reliability:

If u(a’ 7\' B) _ e[l—(1+it+ﬁtz)&]‘
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then the corresponding derivatives are
uy = —ell"@RAEBN T (1 4 At 4 Bt2)* In(1 + At + Bt2),
= el1-(+At+pt2)*] (1+2t
+ Bt [In(1 + At + Bt2)]? [(1 + At
+ptH)* —1],
Uy, = tell-AFALB T (1 4 3¢
+ pt2)* aln(1 + At
+ Bt (1 + At + Bt2)* —1) — 1],
Uz = tZe[l—(l+}\t+Bt2)°‘] (1+2t
+ Bt2)* [aIn(1 + At
+ Bt2) ((1 + At + Bt2)* — 1) — 1],
up = —atel"0AEBAT (1 4 e 4 2yt
Uy, = e[l—(1+xt+5t2)“] [(at(1 + At + Btz)a—1)2
—ala— D2(1 + At + pt2)*2],
Uz = Bell =0 (1 4 ¢+ B2)*2[a(1 — )
+ o®(1 + At + Bt2)«],
u; = _atZe[17(1+}\t+Bt2)“] (1+2At+ BtZ)afl )
Usz = e[17(1+7\t+BtZ)“] [(atZ(l +At+ BtZ)rxfl)Z _
ala — DtH(1 + At + pt2)*2],
remaining L and (aq,a,, a3, a,, as) terms are same as above.
Therefore, reliability estimate is;
Rps (1)

—(14+7t+8e2)%
= e[l (1+Ae+t?) ] + (uja; + uza; + uzaz +ay + ag)

1
+ 3 [A (u1o11+uz012+u3013)+B(U1021 +Hup02; +u3023)+C(u103; U203, Hu3033)].

(43)
Hazard: In the case of hazard function,
Ifu(@ 2, B) = a(A+ 280 (1 + Ac+ Be2)"

then the corresponding derivatives are
u; = A+ 2B)(1 + At + Bt 1 + aln(1 + At + pt2)],
u;; = A+ 2B (1 + At + Bt2)* 1 In(1 + At + pt?) [2

+ aln(1 + At + pt?)],
Uy = (1 4+ At + Bt2)* 1 + aln(1 + At + Bt3)] +
tQ + 2B (1 + At + Bt2)* 2 [(2a — 1) + o —
1 In(1 + At + pt?)],
ugz = 2t(1 + At + Bt2)* 711 + aln(1 + At + pt?)] +
t2(A+ 2B (1 + At + Bt 2[2a— 1) + ala —
1 In(1 + At + pt?)],
uy = a(l + At + Bt2)* ! + a(a

— DA+ 2p)(1 + At + Bt2)*2,
Uy, = alo— 1)[2t(1 + At + pt?)*—2

+ (o= 2)t2(A + 2B) (1 + At + Bt2)*73],
uy3 = oo — 1)[3t2(1 + At + pt2)e—2

+ (00— 2)t3 (A + 2B (1 + At + Bt2)73],
uz = 2at(1 + At + Bt2)* 1 + a(a

— D2(A + 2B (1 + At + pt2)*2,
U3z = oo — 1)[4t3(1 + At + pt?)e—2

+ (o — 2)t* (A + 2BY) (1 + At + Bt2)*73],
remaining L and (aq, a,, a3, a,, as) terms are same as above.
Therefore, reliability estimate is;
hgs (1) -
= (A +2pt) (1 + At + pe2)*
+ (ulal + uja; + Uszas +ay + as)

1
+ 3 [A (uio11+uz012+u3013)+B(U1021 U202, +u3023)+C(u1031 U032 +u3033)].

(44)
5.2 Markov chain monte carlo method
In this subsection, Gibbs sampling procedure is discussed to
generate sample from posterior distribution. For more details
about Markov Chain Monte Carlo Method (MCMC) see
Smith and Roberts (1993), Hastings (1970) and Singh et al.
(2013). Chen and Shao (2000) developed a Monte Carlo
method for using importance sampling to compute HPD
(highest probability density) intervals for the parameters of
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interest or any function of them. Thus utilizing the concept of
Metropolis Hastings (M-H) under Gibbs sampling procedure
generate sample from the posterior density function (31)
under the assumption that parameters a,A and [ have
independent gamma density function with hyper have
independent gamma density function with hyper parameters
(a, b) , (c, d) and (g, f) respectively. To implement this
technique we consider full conditional posterior densities of
a, A and B as; parameters (a, b), (c, d) and (g, f) respectively.
To implement this technique we consider full conditional
posterior densities of o, A and f as;

n
(e, B,X) an+a—1e—ban?zl(l—(lﬂxin?)a) 1_[ (1
i=1
+ 2 ) (1 + 2+ B?)

(45)
n
m(Ala, B,X) o An#e-tgmin Bt B)) TT (4
i=1
-1
+ 2 ) (1 + 2 + px2)"T
(46)
n
(Bla, A, X) o« fE-Le ~fB o2 (1-(1hx+px)") 1_[ (1
i=1
-1
+ 2Py ) (1 4+ 2+ Bx2) "
(47)

M-H under Gibbs sampling algorithm consist the following
steps:

Step 1: Generate a,A and B from (45 ), (46) and (47)
respectively.

Step 2: Obtain the posterior sample
(01, A1, B1), (az, Az, B2), o, (o, A, Bm) by repeating step 1,
M times.

Step 3: The Bayes estimates of the parameters i.e. a, A, 3,
Reliability function R(t) and Hazard function h(t) with respect
to the SELF are given as;

M
& = [E,(@\)] ~ @Zak)

k=1
y (48)
R = [, (O] ~ @Zxk)
k=1
y (49)
B = [EL (BX)] = (ﬁZm)
k=1 (50)
RO = [Ex(R(D\a, 2, B,X)]
M
1
~ = e[l—(1+Akt+Bkt2)“k])
(2
(51)
and
h(®OFC = [Ex(h(©\a, 2, 8,X)]
M
1
~ <MZ o (A
k=1
+ 2B (1 + At + B t?) a1
(52)

respectively.
Step 4: After extracting the posterior samples we can easily
construct the 95% HPD credible intervals for a, A and f.
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Therefore for this purpose order ay, oy, ..., ay as oy <

o) < < (X(N),7\1,7\2, ., Ay aS ?\(1) < ?\(2) < < )\(N) and
B1, B2, -, By aS B(l) < B(Z) < < B(N)' Then 100(1 — 9)%
credible intervals of o, A and 8 are

((0‘(1): N -9)+1])s - (o), O‘(N))) , ((7\(1)'7\[N(1—8)+1])' - (s, A(N)))

and((B(l), Bini—9)+11)» ~» (B, B(N)))-

Here [x] denotes the greatest integer less than or equal
to X. Then the HPD credible interval which has the shortest
length.

6. REAL DATA ANALYSIS

In this section, a real data set is studied to illustrate how the
proposed methodology can be applied in real life
phenomenon. To check the validity of proposed model,
Akaike information criterion (AIC) and Bayesian information
criterion (BIC) have been discussed see Table 1. Further, we
have also provided empirical cumulative distribution function
(ECDF) plot and theoretical cumulative distribution function
(CDF) plots for maximum likelihood estimator (MLE) as well
as Bayes estimator of the parameters see figure of ECDF.
After all, it is observed that proposed model works quite well.
The considered data are the failure times of the air
conditioning system of an air-plane taken from of size n= 30
see Linhart and Zucchini (1986).

In this case the four distributions namely exponential,
exponentiated exponential, gamma and Weibull have been
fitted. Both estimation procedures have been taken into
account for the considered real data set. The considered
methodology can be illustrated as follows;

AIC = -2 InL(X,0) — 2k

BIC = =2 InL(X,08) — k In(n)

where, L(X, 8) is the likelihood function, k is the number of
parameters associated with model .

Table 1: Table shows the values of various adaptive
measures for different models regarding fitting of the
considered real data

Model —logL AIC BIC
ED(0) 152.629 307.259 308.661
EED(a, B) 152.205 308.411 311.213
Gamma(a, B) 152.167 308.334 311.137
Weibull(a, B) 151.949 307.878 | 310.681
ExXED(a, B) 151.582 307.163 309.965
MEXED (o, A, B) 151.349 296.698 292.494

In classical set-up the maximum likelihood estimates (MLES)
of o, , B, reliability function and hazard function (R(t), h(t))
are calculated as (0.22, 0.048, 0.01) , (8.086x10-14, 0.572)
respectively. The 95% asymptotic confidence intervals of o, A
and B based on fisher information matrix are obtained as (0,
75.24), (0, 32.005) and (0, 392.695) respectively.

7. CONCLUSION

This paper introduces a comprehensive account of
mathematical properties of the new distribution. The scale-
exponential distribution can be seen as a particular case of the
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new model. It is shown that the distribution function, hazard
function and moment function can be obtained in closed form.
We have considered the classical and Bayesian estimation of
unknown parameters and reliability characteristics in modified
extension of exponential distribution. From the simulation we
can obtains that the Bayes estimates with non-informative
prior behave like the maximum likelihood estimates, but for
informative prior, the Bayes estimates behave much better
than the maximum likelihood estimates.
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