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ABSTRACT

Let G(V, E) simple connected graph, with | E| = €. In this paper,
we define an edge-set graph G constructed from the graph G such
that any vertex vs ; of S corresponds to the i-th s-element subset
of E(G) and any two vertices vs ;, U, m of ¢ are adjacent if and
only if there is at least one edge in the edge-subset corresponding to
vs,; which is adjacent to at least one edge in the edge-subset corre-
sponding to vy, ,,, where s, k are positive integers. It can be noted
that the edge-set graph G of a graph G is dependent on both the
structure of G as well as the number of edges €. We also discuss the
characteristics and properties of the edge-set graphs corresponding
to certain standard graphs.
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1. INTRODUCTION

For general notation and concepts in graph theory, we refer to [2],
[30], [4], [11]. All graphs mentioned in this paper are simple, con-
nected finite and undirected graphs unless mentioned otherwise.

Let N denotes the set of all positive integers. Then, the notion of a
set-graph has been introduced in [6] associated with a given non-
empty set, A = {a;,as,0as,...,a,},n € N as follows.

DEFINITION 1. [6] Let A”™ = {a;,as,0as,...,a,},n € N
be a non-empty set and the i-th s-element subset of A(™) be denoted
by Agt?. Now consider § = {Agfi) : Aiz.) C A("),Ag’fi) # 0}.
The set-graph corresponding to set A, denoted G A(n), 18 de-
fined to be the graph with V(G 4n)) = {vs, : Ag’fi) € S} and
E(G  m)) = {vs,iv15 ¢ A;”} N Ai".) # (0}, where s # tori # j.

sJ
A detailed study on set-graphs has also been done in [6]. Some of
the major results proved in that paper, which are relevant in our
present study, are mentioned in this section.

THEOREM 2. [6] Let G 4(n) be a set-graph. Then, the vertices
(n) -
inS

Vs,i,Vs,j Of G 4(n), corresponding to subsets Aiﬁ-) and A

of equal cardinality, have the same degree in G 4(n).
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In other words, we can say that the vertices of a set-graph G ,(n)
corresponding to the equivalent subsets (subsets having same car-
dinality) of a non-empty set A(™) have the same degree.

The degree of a vertex in a set-graph has been determined in [6]
using the principle of inclusion and exclusion as follows.

THEOREM 3. [6] Let G = G 4(n) be a set-graph in respect of
a non-empty set A™ = {ay,as,0a3,...,a,},n € Nand let vy ;

be an arbitrary vertex of G corresponding to a k-element subset of
AWM Then, dg(vi,;) = OS(=D)PI7L | N S;|) — 1, where J is
J jeJ

an indexing set such that § # J C {0,1,2,...,k} and S; is the
collection of subsets of A" containing the element aj.

The following is an important result regarding the minimal and
maximal degree of vertices in a set-graph and the relation between
them.

THEOREM 4. [6] For any vertex vs, of a set-graph G =
G 4(n), we have 2771 — 1 < dg(vs,;) < 2(2"7! — 1). Moreover,
for any set-graph G = G 4(n), A(G) = 26(G).

It was also mentioned in [6] that there exists a unique vertex v, 1
having degree A(G). Furthermore, it can be seen that A(G) is al-
ways an even number whilst §(G) is always an odd number.

Motivated from this study of set-graphs, in this paper, we intro-
duce the notion of an edge-set graph derived from a given non-
empty non-trivial graph G and study the characteristics and struc-
tural properties of the edge-set graphs of certain standard graphs.

2. EDGE-SET GRAPH OF A GRAPH

Let A be a non-empty finite set. We denote S be the collection of
all s-element subsets of A (arranged in some order), where 1 <
s < |A|, and the i-th element S by A, ;. In this paper, we study
certain graphs whose vertices are labeled by distinct elements of
the collection P(A) — {0} in an injective manner. We denote the
vertex of a graph corresponding to the set A ; by v ;

Using these concepts, similar to the notion of a set-graph, let us
first define the notion of an edge-set graph of a given graph G as
follows.

DEFINITION 5. Let G(V, E) be a non-empty finite graph with
|E| = eand €& = P(E) — {0}, where P(FE) is the power set of
the edge set E(G). For 1 < s < ¢, let S be the collection of all
s-element subsets of E(G) and E; ; be the i-th element of S. Then,



the edge-set graph corresponding to G, denoted by G (<) or g, is
the graph with the following properties.

(i) |V(Sg)| = 2¢ — 1 so that there exists a one to one correspon-
dence between V(G ) and £.

(ii) Two vertices, say v, ; and vy j, in G are adjacent if some el-
ements (edges of GG) in E, ; is adjacent to some elements of
Et,j inG.

From the above definition, it can be seen that the edge-set graph G
of a given graph G is dependent not only on the number of edges
€, but the structure of G also. Therefore, we have distinct edge-set
graphs for non-isomorphic graphs of the same size.

As in the case of a set-graph G 4 (n), it can be observed that an edge-
set graph G has an odd number of vertices. It can also be noted
that if GG is a trivial graph, then G is an empty graph (since € = 0).
Also, we have §p, = K, and §p, = Cs.

In this paper, we use the following conventions.

(i) If an edge e; is incident with vertex vy, then we write it as
(6]‘ — ’Uk).

(ii) If the edges e; and e; of a graph G are adjacent, then we write
itase; = e;.

(iii) The n vertices of the path P, are positioned horizontally
and the vertices and edges are labeled from left to right as
v1,V2,Vs,...,V, and e, €9, €3, ..., €,_1, respectively.

(iv) The n vertices of the cycle C,, are seated on the circumference
of a circle and the vertices and edges are labeled clockwise
as vy, V2, Vs, ...,V, and e, es, €3,. .., €,, respectively such
that e; = v;v;41, in the sense that v,, 41 = v;.

Analogous to the degree of a vertex in a given graph GG, we define
the edge-degree of elements (vertices or edges) in GG as follows.

DEFINITION 6. For a graph G with edges E(G) = {e; : 1 <
i < €}, the edge-degree of an edge e; of G incident with vertex vy,
is equal to the number of edges e; — vy, e; # e; and denoted by
da(v,)(es). If the edge e; is incident with vertices vy, v;, then the
general edge-degree of e; is defined to be dg(e;) = dg(u,)(es) +
dg(vl)(ei) = dg(’()k) + dG (Ul) — 2. (AlSO see [1])

Similarly, the edge-degree of a vertex of a given graph G is defined
as follows.

DEFINITION 7. For a graph G with edges E(G) = {e; : 1 <
i < €} the edge-degree of a vertex v;, denoted by dg (e (v;), is
defined as dg(e)(v;) = > da,)(er)-

(er—vy)

Using the above definitions, we introduce the notion of the total
edge-degree of a graph as follows.

DEFINITION 8. The fotal edge-degree of a graph G, denoted
by dgy()(G). is defined by d, . (G) = 3 da(e)(vi).
v, €V(G)

Invoking these definitions given above, it can be noticed that both
dtc(e)(G) and dg(e)(v;) are single values, while dg(y,)(€;) <
A (vm) (€5), (€5 = vk), (€5 = vm).

The graphs having three edges e, eo, e3 are graphs Py, Cs, and
K 3. The corresponding edge-set graphs on the vertices vy,; =
{61},111,2 = {62}7U1,3 = {63}7712,1 = {61,62}71)2,2 =
{e1,e3},v23 = {ea,es},v31 = {e1,e2,e3} are depicted in the
following figures. Figure[T]illustrates the edge-set graph of P, and
Figure@illustrates the edge set-graph of both C's, and K 3.
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Fig. 1: The edge-set graph Gp, of Pj.
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Fig. 2: §¢, = 9K1,3 = K.

We notice that both S, and Sk, , are complete graphs. This ob-
servation follows from results to follow. The following is a straight
forward result and an important property of edge-set graphs as well.

PROPOSITION 1. The induced graph ({vi; : 1 < i < €}) of
the edge-set graph Gq is isomorphic to the line graph of G.

PROOF. Let G¢ the edge-set graph of a given graph G. Then,
every vertex vy ; of G corresponds to the singleton subset {e; } of
E(G), where 1 < ¢ < € and two vertices vy ; and vy ; of G are
adjacent in G if and only if the corresponding edges e; and e; are
adjacent in G. Hence, the induced graph (v; ;;1 < ¢ < €) of the
edge-set graph G is isomorphic to L(G). O

Analogous to the corresponding theorem on the relation between
the minimum and maximum degree of vertices in a set-graph, we
propose the following theorem.

THEOREM 9. For the edge-set graph G, € > 1 corresponding
to a given graph G, we have A(Sg) = 2(2°! — 1) and §(S¢) >
2(e—1).

PROOF. The first part of the Theorem follows immediately by

Theorem[4] we have A(Gg) = 2(2¢7 — 1).
Next, note that the graph G’ with € edges, with min{dg,,(G)} =
2(e—1) is the path P, ;. It can be verified that for P,,,2 < n < 4,
3(9p..,) = 2(e — 1), where ¢ = 1,2,3. For Ps, we have
dp. (o)(Ps) = 2(4 — 1) = 6 < 8 = §(P5 ). In a similar way,
by mathematical induction, the result 2(e — 1) < §(Pet1),r) <
0(Sg), € > 1 follows. O



The following theorem describes the condition required for an
edge-set graph to be a complete graph.

THEOREM 10. For e > 4, the edge-set graph of a given graph
G is complete if and only if G = K, .. In other words, the edge-
set graph of a graph G, with more than three edges, is a complete
graph if and only if G is a star graph.

PROOF. The first consider the graph G = Kj 4, whose cen-
tral vertex is denoted by u and the other vertices are denoted
by vi,va,vs,v4 respectively. Let the edges of G be given by
e; = uwv;; 1 < ¢ < 4. Clearly, the number of non-empty sub-
sets of E(K 4) is given by 2* — 1 and each subset has at least one
edge e; € E(K 4) adjacent to at least one edge e; € E(K 4)
in each of the other subsets. Hence, pairwise there exists an edge
v, ; for all s-element and ¢-element subsets of £(K; 4). Hence,
K (1,4),E@® is complete. Now, assume that the results holds for
G = K, i, k being a positive integer greater than 4. Now, consider
the graph G = K (1) with u as the central vertex and vy
the new vertex in Ky (x41) thatis notin K . Then, the new edge
er+1 = Uvk41 is adjacent to all other edges in G and hence the ver-
tices in the edge-set graph with the set-label containing the element
er+1 will also be adjacent to all other vertices of the edge-set graph
Sk, 1., - Therefore, g, , ., is also a complete graph. Hence, by
mathematical induction, the result holds for all K €24

Conversely, assume the edge-set graph S, |V (Sg)| =2 -1 >
15 is complete. Therefore, G — v.,; on 2¢ — 2 = %(2€Jr1 -1)
vertices is complete as well. Applying the inverse of Definition [5]
to §a — v.,1 results in a smallest graph K .. Assume the edge-
set graph G also corresponds to K . + v;v; with v;v; an arbi-
trary additional edge. Now, we must consider an edge-set graph on
2¢F1 — 1 > 1(2°7' — 1) + 1 edge-subsets. The aforesaid edge-
set graph is not isomorphic to the initial graph G, |V (Sg)| =
2¢ —1 > 15. Hence, K . is the unique graph corresponding to the
complete edge-set graph, §g, |V (9g)| =2°—1> 15 = ¢ > 4.
This completes the proof. [

It can be followed that the edge-set graphs corresponding to
K, 1,K; > and K, 3 are complete. Furthermore, for any edge e;
in the cycle C,,,n > 4 there is exactly n — 3 edges which are
not adjacent to e;. By Theorem 2.3, G¢,, is not complete. Hence,
Cj5 is the only cycle for which the corresponding edge-set graph is
complete.

THEOREM 11. For ¢ = n > 2, we have

Y dgg(vig)> % N

de () (i;)-
v; j€V(Sa) vi j€V(G 4 (n))

PROOF. Since paths have the minimally connectivity, we first
prove the result for paths. It is to be noted that For e = n = 2, we
have §p, = K3 and G 4(2) = Ps5.Hence, ) dgp, (vi,j) =

vi,;€V(Spy)
Py (Ui,j) =6>4= Z dGA(z) (vi,j)-
Ui,jEV(GA(Z))

dg

Ui,]‘€V(9P3)

Assume the result holds for all paths Py hence, by implication it
holds for all graphs G on € = n = k edges.

Now consider Py = Pry1 + er+1. Note that that in the set-
graph G ,(x+1), singleton subsets are pairwise non-adjacent (see
[6]) while in an edge-set graph some pairs of singleton edge-
subsets are adjacent if and only if the corresponding edges are
adjacent in G. Hence, it can be noted that dg,,  (vik+1) =

dGA(kJrl) (Ul’kJrl) + 1> dGA(k+1) (U17k+1). Hence, 6(9pk+2) >
0(G 4(k+1)). Similarly, we have dSPHz (vs,i) > de i) (vs,0)s
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Vs, 1. We also note that G, (x+1) has a unique vertex having degree
equal to A(G 4 k+1)) (see [6]) when the edge-set graph Gp, ., has

four such vertices. Hence, we have > dgp - (vi;) >
Vi, j 6V(9pk+2)
> de , i1 (vi,5). Therefore, the result follows for

viyjeV(GA(k+1) )
all paths by mathematical induction.

Since all other connected graphs have higher connec-
tivity than paths, the result, > dgg(viy) >
v, j€V(Sa)
> d () (vs,;), holds for any connected graphs. [J

vi j€VI(G 4 (n))

In [6]], it is proved that there exists a unique vertex v, ; in a set-
graph G ,(n) having degree A(G ,n)). In edge-set graphs, the
analogous result does not hold. In order to discuss the existence of
multiple vertices with the maximum degree in an edge-set graph,we
need the following definition.

DEFINITION 12. A connected edge dominating set of a graph
G is an edge dominating set X C F(G) where the induced graph
(X) is a connected subgraph of G. The minimum number of ele-
ments in a connected edge dominating set of a graph G is called the
connected edge domination number (CED-number) of G.

In view of this definition, we have the following theorem.

THEOREM 13. Let X be a connected edge dominating set of
a graph G with € > 2 and let Vx(Gg) be the the subset of ver-
tex set of the edge-set graph G¢ defined by Vx(Sg) = {vs; :
E,; €S,X C E,;}. Then, we have dg, (vs ;) = A(S¢),Vus,; €
Vx (Sa).

PROOF. By the choice of X, it is the set-labels of some element
in Vx (9¢). Consider any edge e¢; € E(G). Then, we consider the
following cases.

Case-1:1If e; € X, then there exists a vertex, say vy, in §g corre-
sponding to X, which is adjacent to all other vertices corresponding
to the edge-subsets I, ; containing the edge e;. Since X is an edge
dominating set onto itself, this argument holds for all edges in X.

Case-2: Since X is an edge dominating set, all edges in E(G) — X
are adjacent to some edges in X. If e; € E(G) — X, then a similar
argument holds.

From the above two cases, we can see that any arbitrary vertex
v, of Vx(G¢) is adjacent to all vertices in G¢. Hence, we have
dgc(vsyi) = A(SG) O

The edge-set E(G) is the set-label of some vertex in V(G¢) and
for any edge e; € E(G),i < ¢, the edge-subsets E(G) — e; are
connected edge dominating sets in G. Hence, we have dg , (ve,1) =
SG and dg Ue 1 ] = SG)

By Theorem we note that the edge-set graphs corresponding
to paths, cycles and complete graphs are not complete graphs.
Hence, determining the maximum and minimum degrees of the cor-
responding edge-set graphs arouses much interest in this context.

Let us now introduce the notion of connected edge domination in-
dex of a given graph as follows.

DEFINITION 14. The connected edge domination index (CED-
index) of a graph G is defined as the number of smallest connected
edge dominating sets in G and is denoted by €(G).

The CED-indices of paths, cycles and complete graphs are deter-
mined in the following results.



PROPOSITION 2. The CED-index of a path P,, is 1.

PROOF. The path P,, » > 3 has exactly three con-
nected edge dominating sets, namely {ej, ez, e3,...,€, 2},
{ea,€3,€4,...,6,-1} and {es,es,eq,...,en o} Clearly, the
third set is the smallest connected edge dominating set. That is,
number of minimal connected edge dominating set €(P,) = 1. O

PROPOSITION 3. The CED-index of a cycle C, is n.

PROOE. Consider the set of edge pairs & = {{e;,e;41}: 1 <
i < n} of the cycle C,,, in the sense that e,,1; = e;. Clearly,
E(C,) —{ei,ej}, V{ei, e;} € G are all smallest connected edge
dominating sets of C,,. Hence, we have ¢(C,,) =n. O

PROPOSITION 4. The CED-index of a complete graph is
Z(n—1)L

PROOF. It is known that K,,,n > 3 has 3(n — 1)! distinct
Hamiltonian cycles (see [7]). Also, a minimal connected edge dom-
inating set of a Hamiltonian cycle of K, is also a smallest con-
nected edge dominating set of K,. By Proposition ] we have

¢(K,) =2(n—1). O

In the proof of Proposition[Z]it was noted that P,, n > 3 has exactly
three connected edge dominating sets hence, Gp,, has exactly four
vertices with maximum degree. Let D1(G) denote the number of
vertices of G having the maximum degree A(G¢).

The number of maximum degree vertices in the edge-set graphs
corresponding to the graphs C), and K, are determined in the fol-
lowing results.

PROPOSITION 5. The number of maximum degree vertices in
the edge-set graph of C,, is 3n + 1.

PROOF. Without loss of generality, any smallest connected

edge dominating set of C, say, {e2,e3.€q,...,€,_1} can
be extended to a larger connected edge dominating set, say
{ea,e3,€4,...,6n_1,en}0r{e1,ea,e3,...,e, 1} Hence, an ad-

ditional 2n such extended edge sets exists. E(C},) is also a con-
nected edge dominating set as well so invoking Proposition 3] im-
plies M(C,) =3n+1. O

PROPOSITION 6. The number of maximum degree vertices in
the edge-set graph of K., is (3n + 1)(n — 1)\.

PROOF. Similar to the reasoning in the above proposition, each
of the %(n — 1)! Hamiltonian cycles in K, is a connected edge
dominating set of K,,. Also, each of the smallest connected edge
dominating sets can be extended in the manner shown in Proposi-
tion Hence, M(C,,) =32 (n— 1)+ S (n—1)! = (%) (n —
nL. o

The next result is another obvious but important property of edge-
set graphs, which leads to an interesting result in respect of regular
graphs.

THEOREM 15. Let e be an edge of a graph G having the mini-
mum edge degree in G. Then, the vertex v in G corresponding to
the singleton edge-subset {e} has minimum degree in Gg.

PROOF. Assume that the edge e has minimum edge-degree
dg(e) = l. Label the edges adjacent to e as f1, fa, f3, ..., f;. From
the definition edge-set graphs, it follows that a vertex v is adjacent
to v, ; if and only if some of these edges f; belongs to E ;. This
number of edges that are adjacent to e in G is equal to the degree
of vin Gq.
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Now, assume there exists a vertex v; ; with dg, (v,;) = 0(S¢g) <
dg, (v). It implies that by Deﬁnition the vertex v, ; is adjacent to
Vk,m if and only if some or all edges g1, g2, 93, - - ., gs, Which are
in Ey ,, and an edge e* € E, ; is adjacent to an edge g; € Ey m,
with s < [ and dg(g;) < s. This contradicts the assumption that
d(e) has minimum degree in G. Hence, dg, (v) = 0(S¢). O

As an immediate consequence of Theorem [[3] we observe that the
edge-set graph G corresponding to an r-regular graph G has € ver-
tices, v1,1,v1,2,V1,3,- - -, V1, With degree equal to 6(Gg). Also,
we note that an edge e is adjacent to exactly dg(e) edges in G.
Therefore, there are exactly € — dg(e) edges that are not adjacent
to the edge e in G. This leads us to the following result.

PROPOSITION 7. The degree of the vertex vy ; corresponding
to {e;} in G is given by dg, (v1,;) = 2° — 9e—dg (e;)

PROOF. The edge-set graph G has 2° — 1 vertices. Exactly
2¢-da(ei) _ 1 edge-subsets do not contain an edge adjacent to e; as
an element. Hence, exactly 2¢ — 2¢~%c (¢i) edge-subsets do contain
an edge adjacent to e; as an element. Therefore, the degree of the
vertex vy ; in G is 2¢ — 2¢7dc(e), g

As a consequence of Proposition[7} an r-regular graph G on v ver-
tices has 6(Gg) = 227 (1 — —L—).

9% (r-1)
Let us now recall the well-known theorem on Eulerian graphs.

THEOREM 16. [5] A connected graph G is Eulerian if and
only if G has no odd degree vertices.

In view of Theorem[T6] we establish Eulerian nature of the edge-set
graphs in the following theorem.

THEOREM 17. The edge-set graph of any connected graph G
is an Eulerian graph.

PROOF. Let G is the edge-set graph of a given graph G with
€ edges. Note that the number of subsets of E(G) containing the
same r edges is 27", where r < €, which is always an even integer.

Let e; be an arbitrary edge of GG. Since G is a connected graph,
the edge e; is adjacent to at least one edge in G. Without loss of
generality, let the edge e; is adjacent to r edges in GG, where r > 1.
Let ej,,€j,,€j, - - -, €5, be the r edges in E(G) that are adjacent
to e; in G Then, every vertex v in G5, whose set-label contain
the element e; must be adjacent to the vertices of G, whose set-
labels contain at lease one element ej,, where 1 < I < r.Let
E; denotes the subset of E(G) containing the element e;,. Then,
by the principle of inclusion and exclusion, we have the number

of vertices in G that are adjacent to the vertex v is | J Ej,| =
1=1

S (=DIE=1 N Ej,|, where ) # L C {1,2,3,...,r}. Note that

L leL

every term in the above series is an even integer and as a result
dg, (v) is always an even integer. Since e; is an arbitrary edge of
G, v is also an arbitrary vertex (corresponding to the choice of e;)
of G¢ and hence every vertex of G is an even degree vertex.
Then, by Theorem[T6] G is an Eulerian graph. O

3. CONCLUSION AND SCOPE FOR FURTHER
STUDIES

So far we have discussed the properties and characteristics of a new
types of graphs called edge-set graphs derived from the edge sets
of given graphs. This study is only a preliminary study on edge-set
graphs and several related areas still remain to be explored.



In this paper, we have established certain results for paths, cycles
and complete graphs only. Extending these results to more standard
graphs are much interesting and challenging problems. More fruit-
ful results are expected on certain edge-set graphs on the effective
utilisation of Definitions [6] Definitions[7]and Definitions[8]to more
graph classes.

It seems to be worthy and promising for future studies on the rela-
tionship between G, G+ and, where G + e is the graph obtained
by joining two non-adjacent vertices in G by the edge e. The results
related to the edge-set graphs of the graphs obtained by different
graph operations are also open.

Another important area that offer much for further investigations
is the study on the edges of the edge-set graphs and set-graphs of
given graphs. More studies are possible on the comparison of the
set-graphs and edge-set graphs derived from the edge sets of dif-
ferent graphs. All these facts highlight the wide scope for further
research in this area.
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