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ABSTRACT

A best proximity point for a non-selfmapping is that point
whose distance from its image is as small as possible. In
mathematical language, if X is any space, A and B are two
subsets of X and T: A — B is a mapping. We can say that X is
best proximity point if d(x, Tx) = d(A, B) and this best
proximity point reduces to fixed point if mapping T is a
selfmapping.

The main objective in this paper is to prove the best proximity
point theorem for the notion of Geraghty-contractions by
using MT-function B which satisfies Mizoguchi-Takahashi’s
condition (equation (i)) in the context of metric space and we
also provide an example to support our main result.
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1. INTRODUCTION

The significance of fixed point theory stems from the fact that
it furnishes a unified treatment and is a vital tool for solving
equations of the form Tx=x where T is a self mapping defined
on some suitable space. If T is non-self mapping then it is
probable that Tx = x has no solution, in that case best
approximation theorems explore the existence of an
approximate solution whereas best proximity point theorems
provide the existence of an optimal approximate solution.
When d(x, Tx) > 0 for all xe X in that case it is natural to ask
the existence and uniqueness of the smallest value of d(x, Tx).
This is the main motivation of a best proximity point. The
subject has attracted attention of number of authors [1-19].

limg_+ supB(s) < 1 for all t € [0, ) 0)
2. PRILIMINARIES

To establish our results of this section, we consider the
following definitions and notations:

Definition 2.1: Let A and B be two nonempty sets. A point x*
is called best proximity point if

d(x*, Tx*)=d(A, B).
where d(A, B) = inf{d(x,y) : x € X,y € B}.

Let A and B be two non void subsets of a metric space (X, d)
; we denote Ag and B, by the following sets:

Ay ={x € A: d(x,y) =d(A,B) for some y € B},
By ={y e B: d(x, y) = d(A,B) for some x € A}.
If AnB # @, then A, and By are nonempty .
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Definition 2.2[19]: A function g: [0,:0) — [0, 1) is said to be
an MT function if it satisfies Mizoguchi-Takahashi’s
condition (i.e. limg_,+ supB(s) < 1forall t € [0,)).

Clearly, a non-increasing or a non-decreasing function g:
[0,00) — [0, 1) is MT-function. So the set of MT- function is
a rich class. But taking into account that there exist some
functions which are not MT -functions.

For example:
Let B: [0,00) — [0, 1) be defined by
B()= {— if ¢ € [0,%)

0, otherwise.
Since limg_, o+ supB(s) = 1, B is not an MT-function.

Definition 2.3: Let (A, B) be a pair of nonempty subsets of a
metric space (X, d) with Ay # @. Then the pair (A, B) is said
to have the P-property if and only if for any u, v € Ay and
X,y € Bq,

d(u,x) = d(4,B)
d(v,y) = d(A,B)} = d(u, v) = d(x, y).

Example 2.4: Let A be a nonempty subsets of a metric space
(X, d). It is clear that the pair (A, A) has the P-property. Let
(A, B) be any pair of nonempty, closed, convex subsets of a
real Hilbert space H. Then (A, B) has the P-property.

3. MAIN RESULT

3.1 Theorem

Let (X, d) be a complete metric space. Suppose that (A, B) is
a pair of nonempty closed subsets of X and A, is nonempty.
Suppose also that the pair (A, B) has the P-property. If a non-
self mapping T: A — B satisfying

i d(Tx Ty) < BMr(x, y)[Mr(x, y) — d(A, B)] for
any x,y € A, where
MT(XY y) = max {d(X, y)! d(X1 T X)v d(y! TY)l
[d(x, Ty) + d(y, Tx)]/2 } and B is an MT- function.
ii. T (Ag) € B,.
Then there exists a unique best proximity point, that is, there
exists X" in A such that d(x”, T x') = d(A, B).

Proof: Let us fix an element X, in A, Since
TX € T (Ag) S By, we can find x; € Ay such that
d(xq, Txg) = d(A, B). Further, as Tx; € T (Ag) S By, there is
an element x, in Ay such that d(x,, Tx;) = d (A, B).
Repeatedly, we obtain a sequence {x,} in Agsuch that

d(Xne1, T %) = d(A, B) (CRY)



foranyn e N.

Due to fact that the pair (A, B) has the P-property, we obtain
that

d(Xn, Xpe1) = d(TXn.1, TXn) (3.2)
foranyn e N.
From equation (3.1), we obtain
d(Xn-1, TXn1) < d(Xn-1, Xn) + (X, TXp-1)
= d(Xp.1, Xn) + d(A, B).

On the other hand, by using equation (3.1) and (3.2), we
obtain that

d(xn: TXn) < d(Xn: TXn-l) + d(TXn-lx TXn)

=d(A, B) + d(X,, Xn+1)
= d(Xn, Xn+1) Hd(A, B).

We have
M (Xn-1, Xn) = Max{d(Xy-1, Xn), d(Xp-1, TXn-1), d(Xn, TXp),
[d(xn-l: Txn)+ d(Xn, TXn-l)]/Z}

< max{d(xn_l,xn)d(xn_l,xn)+d(A,B),d(xn,xn+1)+d(A,B),
[d(Xp.1.Xn)+Hd(XnXne1) +d(Xne1, TXn ) + d(AB)1/2}.
< max{d(Xp1, Xn) *+ d(AB), d(XyXn1)+d(A,B),
[d(xn1.%n) +d(xnXnea) +d(A, B) + d(A, B)1/2}

=max{d(Xp.1, Xi) + d(AB), d(XyXn1)+d(AB),
[d(Xn-1.X) +d(XnXns1)l/2 + d(A, B)}.

=max{d(Xn.1,Xn),d(Xn Xn+1), [A(Xp-1.Xn) +A(Xn,Xn42)1/2}
+d(A, B).

=max{d(Xn.1, Xn), d (Xn,Xn+1)} + d(A, B).
M1 (Xn-1, Xn) < max{d(Xp.1, Xp), d(XnXn+1)} + d(A, B). (3.3)
Let us suppose that if there exists np € Ll such that
d(xn,, Xny+1) = 0, then by using equation (3.2),
0 =d(xpys Xng41) = d(Txpy-1, Txn,) 34
which provides that
d(A, B) =d(xp,, Txy,_,) = d(xp,, Txy,). (3.5)
Then proof is completed.

For the other case, i.e., when d (X,, X+1) > 0 for any

nell.
Considering the fact that T satisfies

d(Tx, Ty) < B(Mr(x, Y))[M(x, y) — d(A, B)] for any
X,y €A

Then by using (3.2), d(Xn, Xn+1) = d(TXp.1, TXp)
< BMr(%n-1, X)) [M7(Xn-1, Xn) — d(A, B)]
< M1(Xp.1, Xn) — d(A, B) (3.6)
Then by using inequalities (3.3) and (3.6), we get
d(Xn, Xn+1) < M(Xn1, Xn) - d(A, B)
< max{d(Xn.1, Xn), d(Xn, Xps1)3}-

We know there is two possible values of
max{d(Xn.1, Xn), d(Xn, Xn+1)}. Suppose if

max{d(Xn.1, Xn), d(Xn, Xne1)} = d(Xn, Xnsa).
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Then d(X,, Xn+1) < d(Xp, Xn+1) Which is contradiction.
By above discussion, we conclude that

max{d(Xn.1, Xn), d(Xn, Xns1)} = d(Xn-1, Xn)

and hence
M(Xp1, Xn) < max {d(Xn.1, Xn), d(Xn, Xns1)} + d(A, B)
= d(Xy.1, Xn) + d(A, B) (3.7)
We get
d(Xn, Xpe1) = d(TXp1, TXp)
< BMr(Xn-1, Xn))d(Xn.1, Xn)
<d(Xn-1,Xn)
This implies
d(Xp, Xne1) < d(Xp1.Xn) foralln e [J . (3.8)

As a result, we find that {d(x,X..1)} is a non increasing
sequence and bounded below. Thus, there exists L > 0 such

that 1imM (d(X,X41)) = L. Now we shall show that L = 0.
nN—oo

Suppose on the contrary that L > 0, then by the equation (3.8),
we have

d(X, %)

d(X,. X,)

which implies that when n — oo then B(Mt(Xn1, Xp)) = 1
which contradicts that S is an MT- function and hence

lim,_, 50 d(Xp1, Xq) = 0. (3.9)

< B(MT(XI‘I-L Xn))

Since d(X,, TXn1) = (A, B) holds forall n e [J and

the pair (A, B) satisfy P- property, then forall m,n e [J , we
can write

d(Xm, Xn) = d(TXm1, TXno1)-

We also have
d(Xp TXn) = d(Xp, Xpet) + d(A, B) foralln e [ .

It follows that
M1 (X, Xn) = Max{d(Xm, Xn), d(Xmy TXm), d(Xn, TXp),

[d(Xm, TXn) +d(Xn, Txm)1/2}
< max{d(Xm, Xn), d(Xm, Xm+1) +d(A, B), d(Xn, Xn+1) + d(A, B),
[d(Xm, Xn)+ d(Xn, TXp)+ d(Xiny Xn)+d (X, TXm)1/23}

= max{ d(Xm, Xn), (Xm Xmer)) G(Xn, Xner)s A((Xm, X)) +
[d(Xn Xns1) + A(Xm, Xms2)1/2 + d(A, B)}.

By using equation (3.9) and taking limits m, n—oo,
Iimm, n—o0 MT(Xml Xn) S Iin’]m, n—o0 d(Xml Xn) + d(Al B) (310)

Now, we shall show that {x,} is a Cauchy sequence. Suppose
on the contrary, we have

£ =1im 1, o SUP(A(Xn, X)) >0 (3.12)
Due to triangular inequality, we have
d(Xn,Xm)Sd(Xn,Xn+1)+d(Xn+1,Xm+1)+d(Xm+1,Xm) (3-12)

d(Xn, Xm) < d(Xnvxn+1)+d(TXanXm)+d(Xm+lem)



< d(Xn, Xne1) FBM7(Xn, Xm)) [Mr(Xn, Xm) — d(A, B)] +
d(Xm+1,Xm) (3.13)
Taking (3.9), (3.10) and (3.13) into account, we derive that
1My, ool (Xy Xm) < BMT(Xn, X)) [M1(Xn, Xm) — d(A, B)]
< BM1(Xn, Xm)) liMyy, o (Xn, Xm).
This implies

i, d0mXm) < fim BMr(x X))
lim d(xm,Xn) ’
m,n—o0

1< I|m B(MT(Xnv Xm))-
m,n—o0

which is contradiction.

Hence, we conclude that the sequence {x,} is Cauchy. Since
A is a closed subset of the complete metric space (X, d) and
{x.} © A and we can find x"eA such that x, — x* as
n— oo. We have to prove that d(x*, Tx*) = d(A, B). Suppose
on the contrary that d(x*, Tx*) > d(A, B).

Consider
d(x*, Tx*) < d(x*, Tx,) + d(Tx,, TX*)

< d(X*, Xpe1) + d(Xpaq, TX,) + d(TX,, TX*)
= d(X*, Xp+1) + d(A, B) + d(Tx,, Tx*)

Taking n — o, we conclude that

d(x*, Tx*) - d(A, B) < |im d(Tx,, TXx*).

N—o0
On the other hand, we have

d(Xn, TXq) < d(Xn, Xner) + A(Xpe1, TXn) = d(Xp, Xne1) + d(A, B).
Taking limit as n — oo in above inequality, we have

lim 90 Txo) < d(A, B).

n—oo

So we deduce that |jm d(X,, Tx,) = d(A, B). As a result, we

N—o0
derive

limMr (6, x*) = max{ lim d(xo, X*), [jmd(Xn, TXn),
nN—oo

Nn—oo n—o
dOX,TX®), iy [d0G, TXF) +d(x*, Txq)1/2}

n—o

< max{ |im d(X, x*), "md(xn, TX,), d(x*, Tx*),

N—o0 >

lim [d0xq, x*) +d(x*, TX*) +d(x*, Xq) + d(Xn, TX)]/2}.
n—oo

= max{d(A, B), d(x*, Tx*), [d(x*, Tx*) + d(A, B)]/2}.
=max{d(A, B), d(x*, Tx*)}

= d(x*, Tx*). [because d(x*, Tx*) > d(A, B)].
And hence

lim Mr(xp,x*)-d(A,B)=d(x*, Tx*)-d(A,B) (3.14)
n—oo

Also d(x*, Tx*) = d(A, B) < im d(TXq, Tx*)

n—co

< r!|I—I;Uo B(M(Xn, X*))[Mr(Xn, x*) = d(A, B)] (3.19)
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Since d(x*, Tx*) - d(A, B) > 0, we get
1< [im BMr(x,, x*)), we get a contradiction.

n—o0

So d(x*, Tx*) - dA, B) < 0 and hence
d(x*, Tx*) - d(A, B) = 0.

This implies d(x*, Tx*) = d(A, B).

X* is a best proximity point of T. Hence, we conclude that T
has a best proximity point.

Now we claim that best proximity point of T is unique.
Suppose on the contrary, x* and y* are two distinct best
proximity point of T. Thus, we have

d(x*, Tx*)=d(A,B)=d(y*, Ty*) (3.16)
By using P-property, we have
d(x*, y*) = d(Tx*, Ty*)
and
Mr(x*, y*) =max{ d(x*, y*), d(x*, T x*), d(y*, Ty*),
[d(x*, Ty*) +d(y*, Tx*)]/2 }
< max{d(x*, y*), d(A, B), d(A, B), d(x*, y*) + d(A, B)}
Mr(x*, y*) < d(x*, y*) + d(A, B)
Mr(x*, y*) - d(A, B) < d(x*, y*).
Now by using given condition d(x*, y*) = d(Tx*, Ty*)
< B (Mr(x*, y*))[M1(x*, y*) — d(A, B)]
=B (Mr(x*, y*)) d(x*, y*)
< d(x*, y%)
a contradiction. This completes the proof.

3.2 Example

We present the following example to support our main result.
Example: Let X = R® with the metric
d ((x, y), (uv)) = max{lx —ul, [y — v}
and consider the closed subsets
A={(x,0):0<x<1}
B ={(x,0):-1<x <0}
And let T: A — B be the following mapping defined by
T((x0)=((=x)/(1 +x),0).

It is clear that d (A, B) = 0, then pair (A, B) has the
P-property.

We have to notice that Aq = (0, 0) and B, = (0, 0) and
T(Ao) S B.

Also
d(T(x, 0), T(u, 0)) = d(((—x)/(1 + x), 0), ((—w)/(1 + ), 0))
u-x _ Ju-x
@+x)@Q+u) @+x)@Q+u)

and as (1+x)(1+u) = 1+ |u— x|, e have

10



—|U _ X| < ‘u — X‘
@A+x)A+u)  L+|x-ul
=B(|x —u]) =B(d((x, 0), (u,0))) where B : [0,0) — [0,1) is
defined as B(t) = -

1+t

d(T(x, 0), T(u, 0)) =

Therefore, d(T(x, 0), T(u, 0)) < B(d((x, 0), (u, 0)))
< BM((x, 0),(u,0)))
< BOMr((x, 0),(u,0))) [M+((x, 0),(u,0)) - d(A, B)]

Therefore all the assumption of theorem 3.1 are satisfied, so
there exists a unique (x*, 0) € A such that

d((x*, 0), T(x*, 0)) =0 =d(A, B).
Here the point (x*, 0) € A'is (0, 0) € A.
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