International Journal of Computer Applications (0975 — 8887)

Volume 128 — No.11, October 2015

The L(2,1)-Labeling on y-Product of Graphs and
Improved Bound on the L(2,1)-Number of y-Product
of Graphs

Anuj Kumar
Department of Mathematics and Statistics,
Gurukula Kangri Vishwavidyalaya
Haridwar (U.K), India

ABSTRACT

The concept of L(2,1)-labeling in graph come into
existence with the solution of frequency assignment
problem. In fact, in this problem a frequency in the form of
nonnegative integers is to assign to each radio or TV
transmitters located at various places such that
communication does not interfere.  This frequency
assignment problem can be modeled with vertex labeling
of graphs. An L(2,1)-labeling (or distance two labeling) of
a graph G is a function f from the vertex set V(G) to the set
of all nonnegative integers such that  |f(u) — f(v)| = 2 if
d(u,v) =1and [f(w) —f(v)| = 1if d(uv) =2, where
d(u,v) denotes the distance between u and v in G. The
L(2,1)-labeling number A(G) of G is the smallest number k
such  that G has an L(2,1) -labeling with
max{f(v):veV(G)} = k. In this paper, upper bound for
the L(2,1)-labeling number for the y-product of two graphs
has been obtained in terms of the maximum degrees of the
graphs involved and improved this bound by using a
dramatically new approach on the analysis of the
adjacency matrices of the graphs. By the new approach, we
have achieved more accurate result with significant
improvement of this bound.
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1. INTRODUCTION

The frequency assignment problem asks for assigning
frequencies to transmitters in a broadcasting network with
the aim of avoiding undesired interference. Hale [20] was
first person who formulated this problem as a graph vertex
coloring problem. By Roberts [7], In order to avoid
interference, any two “close” transmitters must receive
different channels and any two “very close” transmitters
must receive channels that are at least two channels apart.
To translate the problem into the language of graph theory,
the transmitters are represented by the vertices of a graph;
two vertices are “very close” if they are adjacent and
“close” if they are of distance two in the graph. Based on
this problem, Griggs and Yeh [10] considered an L(2,1)-
labeling on a simple graph. An L(2,1) -labeling (or
distance two labeling) of a graph G is a function f from the
vertex set V(G) to the set of all nonnegative integers such
that |f(w)—fW)|=2 if dwv)=1 and |f(uw)—
f|=1if d(uv)=2, where d(u,v) denotes the
distance between u and v in G. A k — L(2,1)-labeling is

an L(2,1)-labeling such that no label is greater than K.
The L(2,1)-labeling number of G, denoted by A(G)or 4, is
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the smallest number K such that G has a k—
L(2,1)labeling.The L(2,1)-labeling has been extensively
studied in recent past by many
researchers[see 1,4,8,9,11,12,19]. The common trend
in most of the research paper is either to determine the
value of L(2,1)-labeling number or to suggest bounds for
particular classes of graphs.

Griggs and Yeh [10] provided an upper bound of A(G) is
A? + 2A for a general graph with the maximum degree A.
Later, Chang and Kuo[8], improved the bound to A% + A,
while Kral and Skrekovski [2] reduced the bound to A? +
A — 1. Furthermore, recently Gonccalves[1] proved the
bound A2 + A — 2 which is the present best record. If G is
a graph of diameter 2 then A(G) < A2. The upper bound is
attainable for Moore graphs (diameter 2 graphs with
order A2 4+ 1). (Such graphs exist only if A=2,3,7 and
possibly 57). Thus Griggs and Yeh [10] conjectured that
the best bound is A% for any graph G with the maximum
degree A= 2. (This is not true for A= 1. For example,
AMK3) = 1 but A(K;) = 2).

Graph products play an important role in connecting
various useful networks and they also serve as natural tools
for different concepts in many areas of research. In this
paper, we have considered the graph formed by the y-
product of graphs [6] and obtained a general upper bound
for L(2,1) -labeling number in terms of the maximum
degrees of the graphs. In the case of y-product of graphs,
L(2,1)-labeling number of graph holds Griggs and Yeh’s
conjecture [10] with minor exception.

2. ALABELING ALGORITHM

A subset X of V(G) is called an i-stable set (or i-
independent set) if the distance between any two vertices
in X is greater than i. An 1-stable (independent) set is a
usual independent set. A maximal 2-stable subset X of a
set Y is a 2-stable subset of Y such that X is not a proper
subset of any 2-stable subset of Y.

Chang and Kuo [8] proposed the following algorithm to
obtain an L(2,1)-labeling and the maximum value of that
labeling on a given graph.

Algorithm
Input: Agraph G = (V,E)
Output: The value k is the maximum label.

Idea: In each step i, find a maximal 2-stable set from the
unlabeled vertices that are distance at least two away from
those vertices labeled in the previous step. Then label all
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the vertices in that 2-stable set with the index i in the
current stage. The label i starts from 0 and then increase
by 1 in each step. The maximum label k is the final value
of i.

Initialization: Set X_; = ¢; V =V (G);i = 0.
Iteration:
1. Determine Y; and X;.
mY,={u € V:uisunlabelled and d(u,v) = 2VveX;_,}
m X; is a maximal 2—stable subset of Y;.
m IfY; = ¢ then setX; = ¢.
Label the vertices of X; (if there is any) with i.

2

3. VeV-—x,.
4. IfV+¢ ,theni« i+ 1, gotostepl.
5

Record the current i as k(which is the maximum
label). Stop.

Thus k is an upper bound on A(G). Let u be a vertex with
largest label k obtained by above algorithm.Set

L={i:0<i<k—1landd(u,v) =1 for some v e X;}.

L={i:0<i<k-1 and d(u,v) <2 for

some v € X;}.
I;={i:0<i<k-1landd(u,v) =3foralveX:}

Then Chang and Kuo showed that A(G) < k < || +
5] < || + 1]

In order to find k, it suffices to estimate B = |I;| + |I,] in
term of A(G). We will investigate the value B with respect
to a particular graph (y -product of two graphs). The
notations which have been introduced in this section will
also be used in the following sections.

3. THE y-PRODUCT OF GRAPHS

The y-product G [[] H of two graphs G and H is the graph
with vertex set V(G) x V(H), in which the vertex (u, v) is
adjacent to the vertex (u’,v") if and only if either u is
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adjacent to ' in G or v is adjacent to v' in H. For example,
we consider the Fig.1.

By the definition of the y-product of two graphs G and H,
if A(G) = 0 or A(H) = 0 then G [-] H consists of disjoint
copies of H or G. Thus A(G 1 H) = A(H)or A(G[E1H) =
A(G). Therefore we assume that A(G) = 1 and A(H) = 1.

4. UPPER BOUND FOR THE L(2,1)-
LABELING NUMBER IN G 1 H

In this section, general upper bound for the L(2,1)-
labeling number (A-number) of y—product G [-] H in term
of maximum degree of the graphs has been established. In
this regard, we state and prove the following theorem.

Theorem 4.1. Let A, A;, A, be the maximum degree of
G[H,G,Handn, n;, n, be the number of vertices
of G 1 H , G, H respectively. Then

A(G ] H) < AZ - nlAz(Al - 1) - nzAl(Az - 1)
—AA (AL + A +1) + 1

Proof: Letu, = (u,v) be any vertex in the graph G [-1 H.
Denote d = degemu(uy), di = degg(w),d, = degy (v),
A= maxdeg(G) , A,= maxdeg(H) , |[V(G)| =n, and
|[V(H)| = n,. Then by the definition of y-product we have
the following results d = n,d, + n,d; —d;d, and A=
A, + nyAy — AA,.

Let us consider the Fig.2. For any vertex v in H with
distance 2 from v, there must be a path v'v"v of length
two between v' and v in H; but the degree of uin G is d,
i.e. u has d; adjacent vertices in G, by the definition of y-
product G [-] H, there must be d; + 1 internally-disjoint
paths(two paths are said to be internally-disjoint if they do
not intersect each other) of length two between (u, v") and
(u, v). Hence for any vertex in H with distance 2 from v,
there must be corresponding d; + 1 vertices with distance
2 from u, = (u, v) which are coincided in G [-] H; on the
contrary whenever there is no such vertex in H with
distance 2 from v in H, the corresponding d; + 1 vertices
with distance 2 from the vertex w, = (u,v) which are

Us U,
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P,: ® °
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P v, ®
(ul'vz)
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P.* P,

Fig.1 y — product of graphs
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coincided in G [ H will never exit. In the former case
since such d; +1 vertices with distance 2 from u, =
(u,v) coincide in G [:]H and hence they can only be
counted once and therefore we have to deductd; + 1 —
1 =d; from the value d(A — 1) which is best possible
number of vertices at distance 2 from a vertex u, =
(u,v) inG[JH. Let the number of vertices in H with
distance 2 from v be t, then t € [0,d,(A, — 1)]. If we
take t = d,(A, — 1) which is best possible number of
vertices at distance 2 from a vertex v in H, then to get the
number of vertices at distance 2 from u, = (u,v)
in G [1 H, we will have to subtract at least d,(A, — 1)d;
from the value d(A — 1). For G, we can proceed in the
similar way to get the number of vertices at distance 2
from u, = (w,v) in GIH and in this case subtract
d;(A; — 1)d, from the value d(A — 1). Hence the number
of vertices at distance 2 fromw, = (u,v) inG [ H will
decrease  di (A, — 1)d, +d,(A, —1)d;  from  the
value d(A — 1) altogether. By the above analysis, the
number d(A — 1) — d, (A, — 1)d, — d, (A, — 1)d; is now
the best possible number of vertices at distance 2
fromw, = (u,v) inG 1 H.
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Moreover by the definition of y-product G [-] H, we can
again analyse as follows:

Let € be the number of edges of the subgraph F induced
by the neighbours of u, .The edges of the subgraph F
induced by the neighbours of u, can be divided into the
following two cases.

Case |: Consider the Fig.3 for this case. For each
neighbour vertex (u, v") (wherev' is adjacent to v in H) of
u, = (u,v) and any vertex (u,v,) (where u’ is adjacent
tow in G and v, is any vertex of H), (u,v,) must be the
common neighbour of (w,v") and (w, v), then there must
be an edge between (u,v,) and (u,v’) and an edge
between (u',v,) and (u,v) respectively. But there are at
least n,d; neighbour vertices like (u,v,) of u, = (u,v)
and there are totally d, neighbour vertices
like (u,v") of u, = (u,v). Hence the number of edges of
the subgraph F induced by the neighbours of u, is at least
n,d,d, i.e. € 2n,d,d,. By a symmetric analysis, the
neighbours of w, = (u,v) should again add at least
(n;did, —1)  (excluding the coincided edge
between(u’,v) and (u, v")).
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Case II: Consider the Fig.4 for this case. If u'is adjacent
tou in G, then (u,v) must be adjacent to (u’v,) and
(u',v,) where v, and v, are any two vertices of H, hence
the vertices of the subgraph F induced by the neighbours
of u, = (u,v) should be all (u’,v) where veV(H).
Because A(H) = A, and there are totally d; neighbour
vertices u’ of u, then the number of edges of the subgraph
F induced by the neighbours of u, = (u,v) should be
greater than d,A,. Hence, at least d, A, should be added to
the number of edges of the subgraph F induced by the
neighbours of u, = (u,v). By a symmetric analysis, the
number of edges of the subgraph F induced by the
neighbours of w, = (u,v) must be increased by the
number d,A; at least.

By the analysis of the above two cases, we have € >
n1d1d2 -1+ n2d1d2 + dlAZ + dZAl'

Whenever there is an edge in F, the number of vertices
with distance 2 from w, will decrease by 2, hence the
number of vertices with distance 2 from u, = (u,v) in
G 1 H will still need at least a decrease n;d;d, — 1+
nyd,d, + d;A;, + dyAy from the value d(A—1) —
d.(Ay — 1)d; — dy (A, — 1)dy. (The number d(A —1) —
d;(A; — 1)d, — dy (A, — 1)d; is now the best possible
for the number of vertices with distance 2 fromu, =
(u,v) inG [[] H).

Hence for any vertex u,, the number of vertices with
distance 1 from wu, is no greater than A. The number of
vertices with distance 2 from w,, is no greater than

d(A - 1) - dl(Al - 1)d2 - dz(Az - 1)d1 - nldldz +
1- n2d1d2 - d1A2 - dZAl'
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Hence || <d. |L|<d+dA-1)—-d,(A;—1)d, —
dz(Az - 1)d1 - n1d1d2 +1-— n2d1d2 - dlAZ - dZAl'

Then B=|L|+|Ll<d+dA—-d, (A, —1)d, —
d,(Ay — 1)dy —nydidy + 1 —nydid, —diAy, — dyA =
(ndy +nydy — didy)(n Ay + A — AJA, + 1) —
di(A, —1)dy —dy (A, — 1)dy —nydydy, +1—

nydid; — diA; — dyA.

Define f(s,t) = (Nt + nys — st)(n A, + nyAy —
AlAZ + 1) - S(Al - 1)t - t(Az - 1)5 —nyst+ 1-
n,st — SAZ - tAl

Then f(s,t) has the absolute maximum at (A, Ay)
on[0,A,] x [0,A,].

f(Ar, A7) = (A + nyA
— A Ay A, + 1A — A A, + 1)
—A1(A1 = DA, = 8,8, — DA
—niA A, + 1 —nyAA, — AA,
—Az4

= A(A + 1) - (n1 +n, + Al +A2)A1A2 +1
= AZ + (n1A2 + n2A1 - AlAZ)
- (nl +n, + Al + AZ)AIAZ
+1
= AZ - nlAz(Al - 1)
—nyA1(4; - 1)
—0MA (AL + A +1) + 1

The MGEH) <k <B<A—ndy(h — 1) —
A1 (8, — 1) —A18,(Ar + A, + D) + 1.

5. IMPROVED BOUND FOR THE
L(2,1)-LABELING NUMBER IN
G[IH

In this section, we shall improve the upper bound obtained

in theorem 4.1 of the L(2,1)-labeling number on the y-
product G [-1 H of two graphs G and H on the analysis of
the adjacency matrices of the graph involved.

Suppose 4; and A, are the adjacency matrices of G and H
respectively. Then the adjacency matrix of y-product G [
H of the graphs G and H with (mod 2) can be written as
A = (A1Q4,) + (J;84,) + (A,®J,) where J; is the
square matrix of order n, with all entries 1 and J, is the
square matrix of order n, with all entries 1. These matrices
involve the Kronecker product @ of matrices, (4, ®A4,) is
the Kronecker product @ of matrices A; and A,.Similarly
(J;®4,) and (4;®]/,) are Kronecker product of matrices
involved in it. Note that the rules of algebra of Kronecker
product @ of matrices can be found in [5].

In order to find k, it suffices to estimate B = || + |I;] in
term of A(G) (using labeling algorithm). Before
eliminating the upper bound k, we introduce a notation
first. Let M be a matrix with n rows. For1 < i < n, r;(M)
denote the number of nonzero entries in the ith row of M
excluding the diagonal entry.

Let A be the adjacency matrix of G with respect to a list of

vertices {vy, vy, ... ...., v }. Then it is well known that the
(i,j)th entry of A* is the number of different (v;,v;)
walks in G of length k, for k > 0.

Thus r;(4) = deg (v;), 1:(4%) is the number of vertices
joining by a walk of length 2 from v; excluding v; itself
and r;(A%? + A) is the number of vertices of distance 1
or 2 from v;. So that
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1;(A%) < deg (v)(A(G) — 1) 1)
r;(A% + A) < deg (v1)A(G) @)

For convenience, the notations which have been
introduced in this section will also be used in the following
section.

6. MAIN RESULT

Theorem 5.1: Let A4, A, be the maximum degree of G, H
and nq, n, be the number of vertices of G, H respectively.
Then

A(G T H) < 203 — 020, — A2A, + (ny — 1)AZ +
(Tl1 - 1)A% + AIAZ + n1A2 + leAl.

Proof: From the above discussion in section 5, we get that
the adjacency matrix of G[H is A= (4,84,)+
(1®4;) + (4:®/). Then

A% + A = [(4,94;) + (194;) + (4, ®],)]?
+ (A1®4;) + (J1®4,) + (A:®)2)

= (A2®43) + (J7®43) + (4i®)3)
+ 2(J1®A4,)(4:Q];) + 2(4,],®A43)
+ 2(A1®A,),) + (4:®47)
+ (1®4) + (4:®)3)

= (A3®43) + n,(J;®43) +
n,(Ai®J,) + 2(J;4:®42);) +
2(41)1®43%) + 2(42Q@4,],) +
(4:®4;) + (J1®4,) + (A:®)7).

Note that the rules of algebra of Kronecker product ® of
matrices can be found in [5].

Since all entries of the involved matrices are nonnegative,
then the number of non-zero entries in the (u;, v;)th entry
of n,(A1®),) + 2(A1®A,);) + (41®),) + n(J1®A3) +
2(4J1RA432) + (J;®4,) + 2(J;A;®4,],) is the same as
that of (Ai®/;) + (41®),) + (/1 ®43) + (J;®4,) =
(43 + AD®J, +1® (A5 + 4y).

Let k be the maximum label obtained by the algorithm (in
section 2). Let (u;,v;) € V(G) X V(H) be the vertex with
the label k. We look at the (u;v;)th row of the
matrix A2 + A. We have

P (ugy) (A2 + A) S 7y, (AT@AT)
+ r(u,—,vj)((A% + A1)®]2)

+ T gy (1 @43 + 45) )
+ r(u,—,vj)(Al ®A2)

= r(AD1(43) + (4 + A1 U5) + 1 ()n (43 +

Ay) +1i(AD1(4y) = degg(u) (b — 1)d€gH(Vj)(A2 -
1) +degg(u)A (n, — 1) + (ny — 1)degH(v]-)A2 +
degg (ui)de.gH(Uj) :

Note that the last equality is obtained by applying
equation (1) and (2).

Thus, the number of non-zero entries in the (u; v;)th
entry of (42 + A) excluding the diagonal entry is at
most degg(uy) (A — 1)degH(v]-)(A2 -1+
dege () (ny — 1) + (g — Ddegy (v))A; +
degs(u)degy(v;). Also we have known that |I;| <
A(G [ H) = Ay + npAy — AjA,.
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Thus A(G T H) < |] + L] < A (A — DA, (A, — 1) +
AlAl(nz - 1) + (nl - 1)A2A2 + A]_AZ + nlAz + nzAl -
AlAZ'

Hence AG O H) < A203 — A2A, — A2A, +
(nz - 1)A% + (nl - 1)A% + A]_Az + nlAz + nzAl.

This completes the proof.

7. CONCLUSION

In theorem 4.1, we have proved that A(G [ H) < A? —
N Ay (A — 1) —np8; (A, — 1) — A8 (A + A + 1) +11,
where the maximum degree of G [J H is nyA, + nyA; —
MDA, . Since (A% —nyA, (A — 1) —nyA (A, — 1) —
AA (AL + Ay + 1) + 1) — (AZ2AS — A2A, — ABA, +

(ny — DAZ + (ny — 1AZ + A A, + 1y A, +1540,) =
(n1A; + n34,)? — (ny — DA — (ng — 1)A5 —

A A, (2010, + 210, + 1y + 1y, + 2) + 1. We have thus
reduced the bound by (n;A, + nyA)? — (n, — 1)AZ —
(ny — 1DAZ — A A, (2044, + 20,0, + 1y + 1y, +2) + 1.
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