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ABSTRACT

Using convolution theory of the dunkl transform, discrete
dunkl wavelet transform is defined. A reconstruction formula
for the discrete dunkl wavelet is obtained. Important
properties of the discrete dunkl wavelet are presented. Frames
and Riesz basis involving dunkl wavelets are studied.
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1. INTRODUCTION
LZ(R) )
with

The wavelet transform of a function
respect to the wavelet

ye LZ(R) is V' € L (R)defined by

(W, f) (ba)=[" f(t)y,,(t)dt abeR,a>0,
&)
e (t=D
Vha(t)=2 ”Zw[—j-
where a &)

In terms of translation tb defined by
Ly (t) =y (t-b), b

and dilation Da defined by
Dw(t)=a"* w(lj, a>0
a

t)=7, D t
l//b,a( ) z-b a l//( ) (3)

From (1) and (3) it is clear that wavelet transform of the
function f on R is an integral transform for which the kernel is

the dilated translate of 4 .

we can write

We can also express (1) as the convolution:
(W, f) (b.a)=(f*g,.)(b)

where 9(t) = m

4)

For @ =-1/2 ;41 €C , the initial value problem
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A (F)(x)=2f(x), f(0)=1 XERl(S)

where

_ _E,(4x)
called Dunkl Operator has a unique solution ¢ ,
called Dunkl kernel and given by

. AX
E, (Ax) = Ja(lix)+mjm(|}tx)
Xe R’ (6)

where Ja is the normalized Bessel function of the first kind
and order & defined by

i )" (z/2)""
o nC(n+a+1)
’ Ze C ) (7

i.(2)=2T(a +1)

We can write for X€ R gng 4 €C

E, (—Mx):r(“—”)) [ (1-€) 7 (- t)eeat

Jal(a+1/2

®)

et @>=1/2 pe 4 fixed number and @ be the
weighted Lebesgue measure on R, given by

du, (x):=(2""T (a +1))71 X dx o

L. =L (d
For every:LS pgoo‘ we denote by P¢ p( ’u“)

the space of complex-valued functions f, measurable on R
such that
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b
||f||p’a:[_F[‘f(x)‘pdya(x)j <o if pe[l o)
(10)

The Dunkl kernel gives rise to an integral transform, called
Dunkl transform on R, which was introduced and studied in

[5].

fe R),
The Dunkl transform F“ of a function Li“( ) is
given by

F,f(1)=1(2)
= [E, (-iAx) f (x)d g, (x) ;AeR

(1)

An inversion formula for this transform is given by
FA(F()=(f(2)
=f(x)= I E, (iAx) f (2)dg, (1)

R .

(12)
An Parseval formula for this transform is given by
[ f(g(x)dx=[" f(2)3(2) du,(2)
(13) '
2. DUNKL TRANSLATION AND
CONVOLUTION

In this section following [5] we define Dunkl translation and
associated convolution and discuss their important properties.

k
To define Dunkl convolution # we need to introduce a
special type of translation, called Dunkl translation. For this
purpose we need the basic function

W, (x, Y, Z)=(1—(7X’y]Z +0,,,+0

(14)
2 2 2
u’ if Xx,yeR\0
Oyy:= 2xy

0 otherwise
Where .

And A“ is the Bessel kernel given by

o {d ([l 2] [ = - )™
L(Xy, 2)=1Y%

\xyz\z"
0 otherwise,

d, =(T(e+1)) /(2“-1ﬁr(a +%)j

where ,

o) B (XY, 2)

,if ‘Z‘e/\(y,
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o Aol
W, (x y, 2)|d g, (z) <4,
Also R
(15)

The Dunkl translation 7t (y) of fe Lp’“(R),

1< p <o is defined as follows

. f(y)=1f(xy) =j f (D)W, (XY, 2)du, (2)
R .
fe Lp,a(R) p=>1

Lemma 1. Forall X€ R and

7. f ||p,a < 4||f”p.a_ 17)

(z, f)' (1) =E,(iAx)f A(z). s)

1 1 1
i |
r P Q . Then Dunkl

gely.(R)

Let P.q.re [1’ Oo[ and

eL,,(R)

convolution of and

defined by

fx,900=[7.f(-y)a(y)du,(y)
R
w9
1. 1.1,

Lemma 2. Let p,q,re[ oo[ and r P q

fe pra(R)

and

ge qu“ (R) Then convolution .9 (X) satisfies

the following norm inequality

[ gl <4lfl. ol .

() (20)

< Li'“(R) and ge Lz"”(R), wi

Moreover for all
have

3. DUNKL WAVELET TRANSFORM

e

L R
For a function ¥ € p*“( ) define the dilation Da is
given by

Da(//(x) = l//(aX), aeR
. (22)
Using the Dunkl translation and the above dilation, the Dunkl

l//b,a(x)

wavelet is defined as follows

18



Voa (X) =70 (X) = 7y (ax)
= rbz//(ax)

_[v,z/ W, (b,x,z)d u, (2)

beR
(23)
The integral is convergent by virtue of (18). Now, using the

V/b,a

wavelet the Dunkl wavelet transform (DWT) of

f e Lq’ 1+£—l

P g is defined as follows:
(D, f) (b.a) = (f(x), wp, (X))
= | f () wia(x) da,

—00

= [T 1w (E)w, (b.x2)da, (2)dx, (x)
(24)
Provided the integral is convergent. Since by (17) and (18)

Voa(X) € Lo (R)wheneverl// L. (R) : By
virtue of Lemma, the integral is convergent for
1 1
fel,, =1
IO g
4, THE DISCRETE DUNKL WAVELET
TRANSFORM

In the continuous Dunkl wavelet transform (25), if we
discretize only the dilation parameter a by assuming that aj =
2-j, j€ Z, and the translation parameter b is allowed to vary
over all of R, then the transform so obtained is called semi-
discrete Dunkl wavelet transform. If we discretize the
translation parameter b also by restricting it to the discrete set
of points:

k .
b, =;bo,jeZ,ke N,

1

where b0 > 0 is a fixed constant, we get the discrete Dunkl
wavelet transform. We shall use the notation:

v, . (=@t 27k by).
(25)

Then the discrete Dunkl wavelet transform of any

felL,,(R)

Wik (t) =

can be expressed as

(D, 1) (Bys) =< f Wpy i > f € Zk N,
(26)

The stability condition for this reconstruction takes the form

ika;
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ALTIE < 3 1<t of < BIfE f el (R)

KeN,
@7)
S M
In what follows we assume that v Ll'“ Lz’“ satisfies,
the so called, “stability condition”
0 A . )

A< Dy <B ae.

J=-eo (28)

for certain positive constants A and B, 0<A<B<oo,

S M
The function v Ll'“ LZ’“ satisfying (29) is called
dyadic wavelet. Using the definition (25) we define the semi-

el L,

discrete Dunkl wavelet transform of any
by

Dy f) (b) = (O,f) (b, 2

= [ fOw,,, © du,0
- (29)

= [ fOw(@7tb) d (1) (30)
:(f*Wj)jeZl

vi(2) = v, jeZ

Theoreml1. Assume that the semi-discrete Dunkl wavelet

)

where

S M
transform of any Ll'“ Lz’“ is defined by (32). Let
us define another wavelet [1* by means of its Dunkl
transform,

oy - )
Slw@ nf

Then

(0= L[ 0 (v @AE, %) O b)
T (32)

Proof. Forany < Ll*“ a LZ”" we have

> f(o5)o [&*(2*1) E, i M)j (0) d 2 o)
=X

=—00 _,

(O ) @ v @A E,40) dp, ()

'—-8

8
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=3 [T w21 v* @) E, (400 4,02

A

) YD e i

DA

Y w2 k2%)‘

k=00

= [f() E.(4) du, ()

= f().

The above theorem leads to the following definition of dyadic
dual.

welL

R
Definition1. A function 2. ( ) is called a dyadic

dual of a dyadic wavelet [1 [1, if every f '
expressed as

can be

(0= 3 [ (0 1) ®) (7@ DE,G2)) (b)d (o)

-00

(33)

Theorem2. Assume that the discrete Dunkl wavelet transform

elL,,(R)

of any f is defined by (27) and stability

L. (R)

condition (28) holds. Let T be a linear operator on

defined by
Tf = Z <f, Wik =~ Woysjk
:erNO (34)
Then
P=S<fpu>m’ 4

l//bjo,k :T71Wbo;j,k; jeZ .

where

Proof. From the condition (28), it follows that the operator
defined by (35) is a one-one bounded linear operator. Set

e Tebo®

Then, we have

<THf>= Y |<fy, >
K,
Therefore,
AT glE=AlTIE <
<THf>=<g, T g><glLIT gl

so that
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_ 1
ITgll <y lal

Hence every f € L, «(R) an be reconstructed from its discrete
Dunkl wavelet transform given by (27). Thus

F=TTf=2 <fw,>T Wy
jez
keNg

(36)
Finally, set

ik _T-1 .
Yo =T Wy l€Z keN,
Then, the reconstruction (37) can be expressed as follows:

_ ik
f=2 <fwy>w,
jez
keNg

5. FRAMES AND RIESZ BASIS IN
L. (R)

In this section, using \Vb";j'ka frame is defined and Riesz

felL,, (R)

basis of is studied.

2
Definition 2. A function Ve L (“) is said to generate a

frame {l//bo;j'k} of T e LZ'”’ (R) with sampling rate

b0 if (28) holds for some positive constants A and B. If A = B,
then the frame is called a tight frame.

W'G L2410Q)

Definition3. A function is said to generate a

Riesz basis {\Vb‘);j'k }with sampling rate b0 if the following
two properties are satisfied.
(i) The linear span
<'//b0;j,k je N0> is denseinw e, ,(R)
@7
(i) There exist positive constants A and B,
with 0 < A < B < oo such that
2
2 2
AH{CLk}‘/z S| 2 Cik Vo] S BH{CLk}‘/Z
jeNg
keNg 2
(38)
{c;fe®(NG)
for all ' . Here A and B are called the
Riesz bounds of {Wbo;j'k}'
vel,,(R)

Theorem3. Let and b0 >0, then the

following two statements are equivalent.
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(i) {\y boijik } is a Riesz basisof € L, , (R);

(ii) {\ll by1ik } is a frame of L, , (R)and is also an 12

linearly independent family in the sense that if

Z v, xCix =0 and

{c,,} € ¢*, thenc;, =0
Furthermore, the Riesz bounds and frame bounds agree.

Proof. It follows from (39) that any Riesz basis is 12- linearly

independent. Let W boijk be a Riesz basis with Reisz
bounds A and B, and consider the “Matrix operator”

M= lyf'myllk J(e,m),(j,k)eNo xNo

where the entries are defined by

Yemik = <‘~|’b0;e‘,m J Wboijuk> . (39)

Then from (39), we have
All{e; 32 <
Z Com VomexCix = B”{Cj,k}”jz

2,m,j,k

so that M is positive definite. We denote the inverse of M by
-1
M = [H ¢,m,j,k ]

which means that both

Zﬂé,m,r,syr,s,j,k = 54,] §m,k g’m’ j’ k € NO

7.8

(¢,m),(j,k)eN3 . (40)

(41)
B [I{c; JI%<
Z Com Mim Hym jxCik < A" ||{C]k}||52

and £mik
(42)

are satisfied. This allows us to introduce

sz,m (X) = Zué,m,j,k\vbo;j,k (X)
jk (43)

y'"el,,(R)

Clearly,
that

<‘//['m;'//bo:j,k>:5/,j Onk s m, j, k €N,

and it follows from (40) and (42)

I[JCA™ : www.ijcaonline.org
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/,m
which means that {\V } is the basis of Lz"" (R) which is

{Wbo;j,k}l

Furthermore, from (42) and (44); we conclude that

dual to

(W) =

/,m
and the Riesz bounds of {W } areB~! and A~1

f R
In particular, for any € LZU‘( )

f(x) = Z< ff\l[bo;j,k > Wj’k (X)

ik

we may write

and

B Y I f o, > <ITIE <A Sty >
jk jk
(44)
Since, (45) is equivalent to (28) therefore, statement (i)

implies statement (ii). To prove the converse part, we recall
Theorem 2 and we have for any

gel,, (R)andf = T"g,

g(x)= Z<fi\lrlb0,j;k > Wik .

Also, by the 12 linear independence of {Wboj;k}’ this
representation is unique. From the Banach-Steinhaus and open

{\Vbo,j;k}

mapping theorem it follows that is Riesz basis of

L. (R)
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