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ABSTRACT

The notion of extending Parikh g-matrix with respect to a word
instead of an ordered alphabet is introduced. Some basic properties
of this extending Parikh g-matrices have been investigated. Also it
has been shown that the extending Parikh g-matrix mapping can
be obtained as a composition of a Parikh g-matrix mapping and a
word substitution morphism.
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1. INTRODUCTION

The Parikh mapping, an important tool in the theory of formal
languages, introduced by R. J. Parikh in [9] - gives the number of
occurrences of letters in the word as a numerical vector. The main
result of this mapping is that the image obtained by the Parikh
mapping of a context free language is always a semilinear set. Over
unary alphabet this mapping determines the word uniquely. But
once the size of the alphabet increases it fails to determine the word
uniquely, in other words the Parikh mapping is not injective. Some
extensions of the Parikh vector mapping to matrices have been
introduced in [6l (8l [12]. These matrices provide more information
of the given word in terms of its scattered subwords. However
none of these mappings determine the word uniquely. Various
theoretical properties of a Parikh matrix, such as the notion of
alternate Parikh matrix of a word, the relation between Parikh
matrix of a word and its inverse, palindromic amiability of words
have been studied in [2} 3| [8]]. Since the Parikh matrix mapping is
not injective, the M -ambiguity, N-ambiguity, y-property of words
have been extensively investigated in [1} 12} 3L [7, |8 (10} (11} [13].

Omer Egecioglu [5] further extended the notion of Parikh g-matrix
mapping to Parikh g-matrix encoding which is indeed injective.
However this encoding is not a morphism.

In [12], Serbanuta extended the Parikh matrix mapping to
extending Parikh matrix mapping induced by a word in-
stead of being defined with respect to an ordered alphabet
Yr = {a1 < ay < -+ < ag}. It has similar properties as of clas-
sical Parikh matrix. This extending Parikh matrix coincides with
Parikh matrix if it is defined with respect to the word ayas...a.
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In [4] it was shown some algebraic properties of Parikh g-matrices
which was introduced in [[6] and the notion of alternate g-counting
scattered subword of a word to compute the inverse of a Parikh
g-matrix was introduced. The Parikh g-matrix mapping [6] of a
word w over an ordered alphabet 3, g-counts certain scattered
subwords of w of the form a; ;, 1 < 4 < j < k with respect
to the ordered alphabet ¥, = {a1 < az < --- < ay}, where
a; # a; for all i # j. Thus Parikh g-matrix of a word w does not
g-count scattered subwords of w with repeated letters and also of
scattered subwords not necessarily in the order of 3. To facilitate
this, in this paper, the concept of g-counting of scattered subword
of w with respect to a word w (which may have repeated letters)
is discussed. Substituting the value ¢ = 1, one can obtain the
extending Parikh matrix mapping defined in [12].

The paper is structured as follows: Section [2] provides some basic
notations and definitions. In section [3] the concept of extending
Parikh g-matrix mapping with respect to a word is defined. Also
the notion of extending g-counting scattered subword is introduced
and the entries of extending Parikh g-matrix of a word induced by a
word in terms of extending g-counting scattered subwords has been
characterized. In section[d] the alternate extending Parikh g-matrix
mapping has been defined and a relation between the extending
Parikh ¢g-matrix of a word and its alternate has been established. In
section [3] it is shown that the extending Parikh g-matrix mapping
can be obtained as a composition of a Parikh g-matrix mapping
and a word substitution morphism. We end the paper by giving few
concluding remarks.

2. PRELIMINARIES

This section presents some basic notations and definitions. The set
of all non-negative integers (all integers) is denoted by N (Z re-
spectively). N[q] (Z[g]) denotes the collection of polynomials in
the variable ¢ with coefficients from N (Z respectively).

Let ¥ = {a1,as,...,a;} be an alphabet. The a;’s are called the
letters of the alphabet X. The set of all words (non-empty words)
over ¥ is denoted by ¥* (X7 respectively) and the empty word is
denoted by A. An ordered alphabet ¥ is an alphabet 32 with a linear
order “ < ” on it. For example, ¥ = {a1, ag, ..., aj } with the order
relation a; < as < --- < ay, is an ordered alphabet. We denote
an ordered alphabet {a1 < a2 < --- < ax} by Xy. For a word
w € ¥*, |w| denotes the length of the word w.

A word v € X* is said to be a factor of w if there exist words
uand z € ¥* such that w = wvz. v is said to be prefix (suffix
respectively) if u = A (x = A resp.).



A word u € X* is called a (scattered) subword of w if there
exist words x1,xo,...,x, and yg,Y1,¥Y2, ..., Yn (some of them
possibly empty) over ¥ such that v = z125...x, and w =
YoT1Y1X2Y2---TnYn.

The mirror image of a word w € ¥*, denoted by mi(w), is defined
as:

(1) mi(\) = A,

(2) mi(x1z2- - Ty) = Ty -+ T2, Where z; € 3,1 <7 < n.

A monoid Mj,[g] whose elements are the set of all k& x k upper
triangular matrices with polynomial entries from N[g] with respect
to the usual matrix multiplication of matrices and has the identity
I was defined in [6]. The notion of Parikh g-matrix mapping is
defined as follows.

DEFINITION 1. ([l6]) Let ¥ = {a1 < a2 < ... < ag}, be
an ordered alphabet where k > 1. The Parikh q-matrix mapping,
denoted by 1)y, is the morphism:

e+ By — Miq]

defined as follows:

Yq(ar) = (mij)icij<k
where,
® My =4¢q

e myu=1,for1 <i<kji#l
e myupny =L ifl <k

o All other entries are zero.
Observe that the above mapping can be extended from >, to X,
such that

o Pg(A) = Iy

o Yg(wiws - wy) = g (w1)hg(w2) -

EXAMPLE 1. Consider ¥4 = {a < b < ¢ < d} and w = aab.
Then

“tpg(wn,), for w; € Xy

Yg(aab) = 1pg(a).abg(a).1e(b)
q100 q100 1000
(0100 0100 0g10
— 10010 0010 0010
0001 0001 0001

> q+¢> 00

. 0 q 10

— 10 0 10

0 0 01

3. EXTENDING PARIKH Q-MATRIX MAPPING

Let us define the g-analogue of extending Parikh g-matrix mapping
as follows.

DEFINITION 2. Let Y be an ordered alphabet and v =
b1b2 s b‘u‘, <S <S . The
Parikh q-matrix mapping induced by the word u € ¥, denoted by

g, is the morphism
W; : (227 ) )‘) - (Mu\+l[q]’ ) ]\uH-l)

defined by: if a € ¥y and )} (a) =

(Mij)1<i j<lul+1, then

e m;; =1, ifi = j and zero otherwise.

International Journal of Computer Applications (0975 - 8887)
Volume 134 - No.4, January 2016

o Ifdy,.o =1, 1<1<|u| then update the entries m; = q and
myq41) = 1.

It is clear that if @ € Xy and |u|, = 0, then ¢ (a) = Iy +1. One

can easily verify that the Parikh g-matrix mapping is a special case

of this extending Parikh ¢-matrix mapping when v = ajas - - - ag.

Let us see an example.

EXAMPLE 2. Consider ¥ = {a < b} and u = baa. Then

1000 qg100
wn _[0g10 win _[0100
Vi@ =1po0q1|™vi®=10010

0001 0001

and for a word w = aab,
Vg (aab) = ¥y (a).y(a)yg(b)

1000 1000 q100
_log1o)l[og10)[{0o100
“100gq 1 00q 1 0010

0001 0001 0001

g1 0 0
_|04¢ 2 1
100 ¢®qg+1

00 O 1

Given a word u = byby - - - by,|, we use the notation u; ; for the
word b;b; 41 ---bj, where 1 <14 < j < |ul. Let u; ; be a scattered
subword of a word w. Then the g-counting of a scattered subword
u;,; of a word w with respect to a word w = b1by - - - by, by € X,
represented by S:Z,ui.j (¢) is a polynomial in ¢ and is defined as
follows. '

DEFINITION 3. (Extending g-counting scattered subwords)
Let ¥ = {a1 < as < --+ < ay}, be an ordered alphabet where
k>1 w e X; and u; ;, where 1 < i < j < |ul, be a scattered
subword of w. Then, the q-counting of a scattered subword w; ; of
a word w with respect to a word u, denoted by S ., (q) is defined

by

W,

S el
Vt|b.
S5 (@) = s =

w=v;b;jvit1v;bivi41

EXAMPLE 3. Consider the alphabet ¥3 = {a < b < c}, u =
baa and let w = ab®ab. Then, to compute the q-counting of ba
of w with respect to the word uw = baa, we consider the possible
factorizations:

(a)b(b?)a(b), (ab)b(b)a(b) and (ab?)b(\)a(b)
Thus we have
Sivrappa(@) =1+ a+q% (1

To compute the q-counting of aa of w with respect to the word
u = baa the only possible factorization is

(Na(b*)a(b)
Therefore
Sevsabaa(?) = g +16%la+1ble 2

Now substituting the value ¢ = 1 in the above two equations (|Z|)
and (2) we get S™ (1) = 3 = |ab®ablpq and S}, ., (1) =
1 = |ab®ab|qq.

ab3ab,ba



The entries of extending Parikh matrix of a word w with respect to
a word u was given in [12] as follows.

THEOREM 4. ([I2]]) Consider u = byby---by, € X3, b; €
Sg forall 1 < i < |u| and w € . Then the extending Parikh
matrix Py, (W) = (M4;(q))1<i,j<jul+1 has the following proper-
ties:

() m;; =0, foralll <j<i<|ul+1,

2) myy=1,forall1 <i<|ul+1,

3 M1y = |Wly, 4, forall 1 <i < j <|ul.

Similarly the entries of extending Parikh g-matrix mapping of a

word w induced by u can be expressed in terms of its extending
g-counting scattered subword as follows.

THEOREM 5. Let i,k > 1 be an ordered alphabet and as-
sume that w € X and w = biby - - - byy,. The matrix P (w) =
(mi;(q))1<4,5<|ul+1 has the following properties.

(I) miyj =0, foralll <j<i<|ul+1,
2) my; = q‘wlbi,for all1 <i<lu|+1,
(3 Mg+ = S}f,’uiyj (q), forall1 <i<j<l|ul.

PROOF. The proof is done by induction on |w| = n. If |w| = 1,
then w = a, for some a € . And from the definition of extending
Parikh g-matrix mapping the result holds. Suppose the result holds

for every word of length less than or equal to n. Let w be of length
n+ 1 and w = w'a, where |w'| = n and a € Xj. Then we have

Vg (w) = Py (W)Yy (a).
Let,

Yo (w') = (mi;(q))1<ij<jul 1,

Vg (a) = (n4;(0)1<ij<pul+1,
and

Yg (W) = (mij(q))1<i,j<ful+1-
Then we have

Jul+1
!
Mi(j+1) = E My Ni(j+1)
=1

= MiniG+1) + MGG+ G+
= m;j.ébj,a + m;(j+1)
By induction hypothesis we have,
m’i(jﬂ) = S::),ui)j) (@)
Therefore,

MiGj+1) = S (@) +05.0-Sip (1 (@)

which is nothing but S} . - (g),foralll <i<j<|ul

(g), forall1 <i<j<|u. O

yUi,g

Thus Mi(j4+1) = S,EL}

EXAMPLE 4. Consider the alphabet ¥3 = {a < b < c}, u =
baa and let w = ab3ab. Then, the Parikh q-matrix of w with respect
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to the word u = baa is

q|w‘b S}j},b(q) Sg,’ba(q) S’Z,baa(q)
0 g¢¥la 5% (q) SY..(0)

Y (ab®ab)

0 0 AL ()
0 0 0 qvle
¢* (g+¢°+2¢°) (1+q+4¢*) O
_|o ' 2q 1
— 1o 0 q? 1+¢q
0 0 0 1

4. ALTERNATE EXTENDING PARIKH Q-MATRIX
MAPPING

In [8]] the notion of alternating Parikh matrix was defined and the
authors have shown that the inverse of the Parikh matrix of a word
w can be computed directly from the alternate Parikh matrix of the
mirror image of the word w. Later in [6] the authors extended this
property for Parikh g-matrix. They define the notion of alternate
Parikh ¢g-matrix and produce similar result with some modification.
Now we recall the notion of alternate Parikh g-matrix and the result
concerning the Parikh g-matrix and its alternate Parikh g-matrix
below.

DEFINITION 6. ([l6]) Let ¥ = {a1 < a2 < -+ < ay} be
an alphabet and w € X}, The alternate Parikh q-matrix mapping

Eq is a morphism from X, to a collection of k-dimensional upper
triangular matrices over Z[q]

g+ 2j, = Mi[q]
defined as follows:

Yglar) = (mij)izij<k
such that
e my =1
e my; =q,i 7!
o mygpy = —1lifl <k
e all other entries are zero.

Consider the alphabet ¥3 = {a < b < c}. Then,

¥, (babba) = 1, (b



Now we extend the concept of alternate Parikh g-matrix with re-
spect to a word v as follows.

DEFINITION 7. Let ¥,k > 1 be an ordered alphabet and as-
sume that w € X} and w = byby - - - by, with by # b1 for all
1 < i < |u|. Then the alternate Parikh g-matrix mapping with
respect to the word w is a morphism

Yy 0 X, ¢ Miy41[q]
defined by the following conditions:
Let 1 < iy < ig < ---iy < |u| be such that 6y, o = 1, for all s
such that1 < s < t. If ¥ (a) = (mi;(@))1<i,j<lul+1, then
0 j<i,
g Jj=i#i,1<s<U,
m,, =41 j=i=i,,1<s<t,
-1 j=is+1,1=1,1<s<H,
0 otherwise.

EXAMPLE 5. Consider the alphabet ¥3 = {a < b < c}, u =
baa and let w = ab3ab. Then

g0 0 0
— 01 -1 0
vila) =190 1
00 0 g¢q
and
1 -100
— - [0 qgo00
wq(b)_ 00 qO
0 0 0g¢g

and for the word w,

¥y (ab’ab) = ¥y (a) g (b)dy (b) vy (b) vy (a) g (b)

¢ -2+ +4Y) (4P +4qY) 0

_ |0 q* —2¢* q*

— 1o 0 q* —(¢*+¢°)
0 0 0 q°

DEFINITION 8. Let X1 = {a; < az < -+- < ap < @41}
be an alphabet and u,w € {a; < az < -+ < ap}', u =
biby - - - byy| . The alternating q-counting scattered subword b; ; of
a word w with respect to the word u denoted by S, ,, ; (q) is de-

fined by

jit1
g () = (_1)i+j+1 qtgi(\vtlf\vt\bt)

w,by, ’

w=v;bivibjvjpq
1<i<j<]ul
THEOREM 9. Let Ypi1 = {a1 < az < -++ < ag < @41}
be an alphabet and u,w € {a; < az < -+ < ap}, u =
biby -+ - by . The extending alternate Parikh g-matrix 3 (w) =
(Mij)1<i,j<|ul+1 With respect to the word u has the following prop-
erties:
(1) miy=0,1<j<i<|ul+1
(2) myy = ¢ 1< i < ful 4+ 1
_ Qu .
) miar1) = Sy, , (@), where 1 <0 <1< [ul.
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PROOF. We prove by induction on |w| = n. If n = 0, that is
w = A, the proof is obvious, since ¥¥(w) = Ijy41. Forn = 1,
that is w = a € ¥, it follows from the definition.
Let us assume that the properties are true for all words of length
atmost n and let w be of length n + 1. Hence w = w’a, where
|w'| =n and a € Xj. We have

Pa(w) = Pg(w').Pi(a).
Let

Vi (w) = (M) 1<ij<pui1 » Ve (a) = (nij)1<i j<pul+1
and
17}{(10) = (mij)lgi,jé\ulﬂ

Since the product of two upper triangular matrices is an upper tri-
angular matrix we have m;; = 0, fors > j.
[ul+1
Now we have m;; = > mj,ny;.
p=1
[ul4-1
When ¢ = j, mi; = Zl m’ipnpi = m’“n“
o=

Let 1 < 4p < i2 < ---i; < |u| be such that Ob; .0 = 1, for
1<s<t.

Ifi #i5,1 < s <t thenm};, = q‘“’,‘*‘“’,‘“i , by induction hypoth-
esis and n;; = q. Therefore

’ ’ ’
;= gVl = glwel-fw

/
- fwl—fu/ahu, — glwl-lwl,;

/‘“i =q

Ifi =14, 1<s <t thenm};, = q‘w,‘*‘w,‘“z‘ , by induction hypoth-
esis and n;; = 1. Therefore

My = q\w'l—\w’lui — q\w’a\—\w’alui — q\w\—lw\ui .
To prove m;(+1) = S/Zyui,l(q), where 1 < i <[ < |ul, we see
that
Jul4+1
! ’ !
Mi(i+1) = Z M Mp(141) = MyNi+1) + M1y NU+1)(1+1)
p=1

(1) If b # a, ny41) = 0 and we have
mi(+1) = m;‘(l+1)n(l+l)(l+1)-
There may arise two cases:
(@ Ifby1 = a,thenngyrygyr) = 1and
Mi(1+1) = m;(z+1) = SIZ’,ui,l (q) = S/Z),ui,l (9)
(b) If bl+1 7’é a, then Nau+1)(+1) =4 and
Mi(i+1) = q'm,i(lJrl) = qS/ZJ’»Ui,z(q) = S,zhui,z(q)

(2) Ifb; = a, then ny1) = —1and ng41)a+1) = ¢ and we have

Mi(41) = —My + qM ) (3)
By induction hypothesis we have

! U ! U
my = qu’,uiyl,l () and Mia4+1) = Suqf’,ui,,(Q)
We see that there are two ways to choose the scattered subword
u;; = b;; from w = w'b;. First one is to choose the subword
b;,;—1 from w’ and the last letter b; and the second one is choose
the subword b, ; from w' itself. In the first case,



—-my = _Sﬁf/,bi,,,l (2)

G G D SR

U
w =v;b;vp_1b_1v;

1
> (vel=lvely, )
=i

141
) > (vel=lvely,)
= (_1)z+l+1 qt=i
w=vib;-v;_1bj_q1viby A

and in the second case,

I

qm;(l+1) = ‘I~Sw/,bi,l(q)

jt+1
= (_1)i+l+1q Z q;::i(\ut\—\ut\bt)

w'=vibi-vibui4q

= (—1)HH Z

w'=vibivibivi4

_ (_1)i+l+1 Z

by /
w=v;b; Ulblvl+1

1+1
> (jvel—lvelp, )+1
qt:'L

1+1 , ,
> (v l=lvils,)
qt:i

where v; = v; for all 7 except ¢ = [+ 1 and ’U2+1 = U410,
From (B) we have

MiGr1)y = —My + @My
= =S, (@ +aSys, (@)
= Sﬁibi’l(q)

and the proof follows from induction.

O

The next result shows the relation between the extending Parikh
g-matrix mapping of a given word and its alternate.

THEOREM 10. Let Xy, k > 1 be an ordered alphabet and as-
sume that w € X}, and w = byby - - - by, with by # biy1 for all
1< < |u|. Then

by (W) (mi(w)) = ¢ 41

PROOF. We prove it by induction on the length of the word w. If
|w| = 1, then w = a, for some a € . We also have mi(w) = w.
We will show that

P (a)i(a) = qliusa-
Let1 < iy < iy < ---4; < |u| be such that ;.0 = 1, for all
s such that 1 < s < £. Then if 9} (a) = (m4;(q))1<4,j</u/+1 and
Yu(a) = (mi;(q))1<i j<jul+1, we have
13 <4,
j=iF iy, 1 <s<t,
j=i=1s,1<s<H,
J=is+1,i=1,,1 <5<,
: otherwise.

23
I
oK O
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and
0 j<i
q j=iFds,1<s<H,
m;jz 1 j=i=is,1 <5<t

1 ij=dg4l,i=id.,1<s<t,
0 : otherwise.
Let wg(a).Fg(a) = (n4;(q))1<i,j<|ul+1- Then we have,
Jul+1

2 : ’
’ﬂij = milmlj.
=1

When j =i, ny; = my;.mi; =g, for1 <i < |u|+ 1.

Since the product of two upper triangular matrices is upper trian-
gular,
n;; =0, fori > j.
When 7> 741, Ni; = m“m'm + mi(i+1>m'(i+1)j = 0, since
m; =0andmj,; ), =0.Whenj=1i+1,
! !
Mi(i1) = MaiMyip1y T M) M (1) (1) -

Now we have two cases either m;; = q or m;; = 1 depending on
Op, 0 = 1.
i

(1) If my; = gq, then m;;41) = 1 and since u does not
have consecutive equal letters, m(j41)(i+1) = 1, therefore
M1y pry = g and my, ) = —1. Thus

niGi+1) = ¢.(=1) + 1.¢ = 0.
(2) If my; = 1, then m;(;41) = 0 and m;(iﬂ) = 0. Therefore
Nigi+1) = 0.
Thus we have shown that
q ifi=j,
Nni; = .
J 0 otherwise.

Hence
wg(a).@(a) = qljy41-

If |w| > 1, then w = w'a with |w'| = |w| — 1 and

Yy (W) (mi(w)) = ¥y (w'a).dy (ami(w))
= i (w).qlu 4108 (mi(w'))
= g1y (W) (mi(w))
= q.q‘“ﬂ‘.ﬁu‘“, by induction hypothesis.

= ¢y
and the proof follows. [J

If w has consecutive equal letters, then the above result does not
hold. For example, consider ¥» = {a < b}, v = baa and w = a.
Then we have |u| + 1 = 4 and

1000 g0 0 0
baa 70(]10 aa 701*10
(@)= 1004 1] Y@= g0 1 1
0001 00 0 g¢



q0 O 0

baa “aa _[0g1l-q -1

wq (a)'¢q (a) = 00 g¢q 0 #q.14
00 O q

However, if u does not have consecutive equal letters, then the re-
sult holds.

5. REDUCTION TO PARIKH (-MATRIX

In this section we show that the Parikh g-matrix mapping induced
by a word is a composition of Parikh g-matrix mapping and a word
substitution morphism. Using this it can be easily proved that the
value of each minor of an arbitrary Parikh g-matrix is a non nega-
tive integer for non negative q.

DEFINITION 11. ([lI2)]) Let Xk, k > 1 be an ordered alphabet
and w = byby - - by with b; € Xy for all 1 < i < |ul. Also let
X, = {an <c2 <+ <} be an ordered alphabet. For each
a € Xy the corresponding word for a induced by u in E(u‘ is the
word s(a) = ¢;,¢;, -+ - ¢;,, where t = |u|, and 1 < ¢;; < ¢;, <
<o+ < ¢, < |u| such that b;; = a for all s such that 1 < s < t.
The ¥, u, Ziu‘ substitution morphism is the monoid morphism

O’Ek,u,Z/ : (227 7A) — ( @\77)‘)

[u|
defined by

foralla € ¥y, ox, s (a) =mi(s(a)),

[u|
where s(a) is the corresponding word for a induced by w in X[,
For example,

EXAMPLE 6. Let 33 = {a < b < ¢} and u = abaa and
Yy={d<e< f<g} Then s(a) = dfg, s(b) = e, s(c) = A
and therefore o(a) = gfd, o(b) = e and o(c) = A\ And for a
word w = abacab € X,

o(w) = o(a)o(b)o(a)o(c)o(a)o(b)
= gfd.e.gfd.N.gfd.e = gfdegfdgfde
Now we have the theorem as follows.

THEOREM 12. Let ¥, k > 1 be an ordered alphabet and u =
bibg -+ -byy, with by € Xy forall 1 < i < |ul. Also let Z?u‘ =
{c1 < ca < -+ < ¢y} be an ordered alphabet. Then

E/
1/’,;” = 1/)q C0s,,u,%

|

E/
where g Il js the Parikh g-matrix mapping over the ordered al-
phabet 33|,

PROOF. It is enough to show for letters in ¥;. Let a € ¥X§. We
have to show that

$(a) = b (o(a)).

Let 1 < iy < iy < ---4¢ < |uf be such that &, , = 1, for
1 S S S t and 1/):;((1) = (mij(q))lsi,jg‘u‘+1. Then we have

17 <i,

j=iF s, 1 <s<t,

j=i1=1s,1 <5<t
j=is+1,i=14,,1<s<t

: otherwise.

:S
I
oK O
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E/
Now o(a) = ¢,ci, , CipCi,. Let g " (c(a)) =
(n45(9))1<i,j<|ul+1- then using Theoremwe have

13 <i,

j=i#Fds,1 <s <t

g=1=1s,1 <5<t

=i+ 1,i=144,1 <5<t

: otherwise, since there is no scattered
subword ¢; ; in o(a) where j > i.

o =R = O

Therefore m;; = n,;, for all 4, j. i.e.

2/
Yu(a) =g " (a(a)).
Hence the theorem follows. O

We have shown in [4]] that the minor of an arbitrary Parikh g-matrix
is a polynomial in ¢ with non negative co-efficients. From Theo-
rem [12] it follows that the algebraic properties of Parikh g-matrix
hold for extending Parikh g-matrices with respect to a word w.
Therefore we have the following corollary. The value of each mi-
nor of an arbitrary extending Parikh g-matrix with respect to a word
is non negative for non negative q.

6. CONCLUSION

In this paper the notion of Parikh g-matrix with respect to a word
has been introduced. Some basic properties of this extending
matrix have been investigated. Also the alternate extending Parikh
g-matrix of a word is defined to find the inverse of extending
Parikh g-matrix of the word. It has been shown that this extending
Parikh g-matrix mapping can be obtained from Parikh g-matrix
mapping and a word substitution morphism.

We know that Parikh g-matrix mapping is not injective, a similar
analogue can be drawn for this extending Parikh g-matrix map-
ping. i.e. one can study the ambiguity of this extending Parikh ma-
trix mapping And the properties of these kind of ambiguous words
with respect to a given word in future. It will be quite interesting
to study commutativity of this mapping, in other words, given a
word u, when the Parikh g-matrices of two words with respect to u
commute. Also one can study the behavior of this mapping under
morphisms like Istrail, Fibonacci and Tribonacci etc.
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